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PARALLEL APPROACH TO THE SOLUTION OF STATIONARY
REACTION-DIFFUSION PROBLEM

Daniela Bimova

Technical University of Liberec
Faculty of Science, Humanities and Education
Department of Mathematics and Didactics of Mathematics
Studentska 2, 461 17, Liberec, Czech Republic
daniela.bimova@tul.cz

Abstract

The paper is devoted to the parallel solution of the two-dimensional stationary
reaction-diffusion problem. By the usage of parallel approach to the linear algebra representa-
tion we create the parallel algorithm for computing a numerical solution of the
two-dimensional stationary reaction-diffusion problem. We compare calculation times
of computing the approximate solution of the system of (linear) difference equations for
different sizes of the system matrix by the numerical conjugate gradient method on 1, 2, 3,
and 4 processors, respectively.

Keywords: Stationary reaction — diffusion problem, parallel linear algebra, finite difference
method, conjugate gradient method.

Introduction

Our model problem is represented by the stationary reaction-diffusion equation, which dis-
cretization via the finite difference method leads to the system of linear algebraic equations.

We choose the numerical conjugate gradient method for solving the system of linear al-
gebraic equations in this paper and we try to apply this method in parallel algorithm imple-
mented in Fortran. The aim of this paper is to find how we save the calculating time compu-
ting the system of linear algebraic equations on 2, 3, or 4 processors instead of on one proces-
sor. We perform our calculation in numerical experiment in which we compute the vector of
the approximate solution (for different mesh sizes of the grid) of the system of linear differ-
ence equations by the conjugate gradient method.

We have discussed the analogous problem using the method of steepest descent in [1].

1. Setting of Stationary Reaction-Diffusion Problem

We consider the two-dimensional boundary value problem in this chapter. It is the analogy
of a one-dimensional boundary value problem mentioned in [2].
The task is to find a function u: Q — R fulfilling the stationary reaction-diffusion equation

—eAu+k-u=fin Q=<a,b>><<c,d>, a,b,c,deR,a<b,c<d, ¢ >0 keR (1)
u|.. =g onsQ, 2)

where f: Q — R is the given function and where g: 6 Q — R represents a Dirichlet boundary
condition.



For mneN we bring up (m+1)x(n+1) of evenly spaced points X, =|x,»,|=
=[a+i-hc+j-h], where i=0,1,...,m, j=0,1,...,n and where h is the spatial step. We
denote U, , the approximate solution at the points X, ,,i.e. U, ~u(x, »,)~u (X, ), and we
put £ :f(xmy/):f(Xi,f)-

For every regular knot X, ;we use three-point stencil for approximation the second deriv-
atives, i.e.

S’u Ui+ '_2Ui '+Ui— . Su Ui j+ _ZUi ‘+Ui j—
( l’yj)z 1, 2,/ 1, j , 2(xi’yl_)z LJH 2,1 S
h oy h
Applying this to (1) we obtain the difference equations for the regular knots X, , = [xi, ij, it
means we have the equations of the form

2
~U,,,-U,, +@+k-0*)U,-U,,, -U,, =%FM, i=1,2,..,m-1,
j=L2,...,n—1,
keR

This is the standard five-point scheme. The approximate values of the sought function u
in knots of the given grid are represented by the numerical solution of the system of (linear)
algebraic equations

AU =F (3)
with an unknown vector

U=(Us Uiy isUs 1y Uy oo Uy s n Uy JF e ROV

m—1,n—1

and a matrix A, which we can write in the following way

L -1 0 - 0
-1 L
A=l 0 0|
: L -1
0 0 -1 L
where
4+k-h? -1 0 0
-1 44k-ht :
L= 0 0 )
: S Atk -1
0 0 -1 44k b’

| is the identity matrix, and O is the zero matrix. As well as the vector of the right side of the
mentioned system of (linear) difference equations we can write as follows



hz

TFl,l +U0,1 +U1,0
12
1TFl,2 +Uo,2

hZ

TFl,n—l + UO,n—l +U
hZ
TFz,l +Uz,o

]2

p Fz,z

&

1,n

F= LF,  +U,,

& 2,n—1

hZ
TFm—l,l +Um,1 +Um—1,0

02
?Fm—l,Z + Um,2

+ Um,n—l

sy oy

& m—1,n—1

+ Um—l,n

According to (2) we consider the following Dirichlet boundary conditions:
U,=2(X,) U,=gx,,) Yi=1,2,....,m—1,
U, =g(X,,) U,,=gx,,) Yj=12..,n-1.

2. Parallel approach to the solution of the system of linear algebraic equations
2.1. Matrix mapping in parallel linear algebra

The way, in which the matrix is mapped on the net of processors, determines efficiency and
elegance of an algorithm in most the cases. We have chosen the striped mapping cyclically by
rows of a matrix for our stationary reaction-diffusion problem.

2.2. The striped mapping of the matrix cyclically by rows

In this paragraph we describe how we map a matrix using MPI in parallel algorithms.

Let us assume that there is given the matrix A of the mentioned shape and of the type
(n, n). In the parallel algorithm we work generally on p processors. The first task is to map the
matrix A onto the particular processors. The matrix A will be mapped by the striped mapping
cyclically by rows onto the particular processors. The striped mapping assumes that the pro-
cessors are connected into the linear virtual array and that they are numbered 0, 1,2, ..., p—1,
where p is the number of used processors, in general. The matrix A (denoted A_global) is
generated and known only by so called master processor. The master processor distributes
data (the row vectors of the matrix A) into the particular processors. We obtain new matrices
(denoted A_local) of the type ( n/p1, n), where n is the number of rows of original matrix and
where p is the number of used processors, by the data distribution. Matrices “A_local” consist
of the appropriate rows of the matrix A.



The analogous situation is true for mapping the vector F (of the right side of the system
of linear algebraic equations). There is one small difference, only one element (not the whole
row) is sent in every step of the distribution.

2.3. Product of a matrix and of a vector in parallel algorithm

We use the iterative methods for solving the system of linear algebraic equations. Part of eve-
ry iterative method is the product of a matrix and of a vector. That is why we describe product
of a matrix A and of a vector U from the matrix equation

AU =F
using MPI in parallel algorithms in this paragraph.

Every processor knows only a part of the vector U, with whom we want to multiply the
matrix A, on the basis of the previous mapping of a vector onto the particular processors. (We
assume that the given vector U is mapped in the same way in which the vector F was
mapped). That is the reason why every processor has to find the rest part of the vector U,
which it does not know. Every processor can call the command “MPI_ALLGATHER” by
which it can find the missing information about the rest parts of the vector U.

If all the processors know all the elements of the vector U, we can perform dot product
and calculate the appropriate element of the result vector.

2.4, Scalar product of two vectors in parallel algorithm

Except of the product of a matrix and of a vector, the scalar product of two vectors occurs in
the iterative methods, too. In this paragraph we describe process of computing a scalar pro-
duct of two vectors in parallel algorithms.

Every processor knows only a part of the vector U as well as of the vector V (which we
want to multiply scalarly) on the basis of the previous mapping (the striped mapping cyclical-
ly by rows) of a vector onto the particular processors. That is why we firstly multiply scalarly
the appropriate elements of the vectors U, V. Secondly, we call the command
“MPI_ALLREDUCE” that sums over all processors and distributes the resulting sum onto all
the processors. All the processors finally know value of the scalar product of the vectors U, V.

3. Numerical experiment of stationary reaction-diffusion problem

We consider the two-dimensional stationary reaction-diffusion problem

—sAu+k-u=finQ=[0,1], 4)
u|m =0 on Q. (5)

We set ¢ =1, k=1 and cover the domain Q by the grid of knots with the spatial step h in the
direction of both the coordinate axes x and y. We choose function f in the problem (4)
so that the function

u(x, y)=64-x-y-(1-x)-(1-p)-(y—x) (6)
is the exact solution.

The approximate values of the solution u in all the inner regular knots of the given grid
are the numerical solution of the problem (4) — (5). We find the numerical solution by the
conjugate gradient method with prescribed tolerance 107 for the norm of residue.



Table 1 illustrates the development of calculation times according to the number of used
processors with respect to spatial step.

Tab. 1. Calculation times needed for computing the vector U of the approximate solution for
different mesh sizes of the grid on one, two, three, and four processors

Step Number l\_Iumb_er o | Camliion 1 processor | 2 processors | 3 processors | 4 processors
of knots iterations number

h=1/25 576 56 260 1s 1s 1s 1s

h=1/49 2 304 110 963 15s 10s 7s 5s

h=1/73 5184 163 2112 2min35s 1min13s 49s 35s

h =1/97 9216 217 3704 13 min01s 5min50s 3min45s 2min57s

Source: Own based on computations on the cluster

There is shown the graph of the exact solution of the problem (4) — (5) in Fig. la
and there are drawn the contours of the exact solution of the problem (4) — (5) in Fig. 1b.

Source: Own based on exact solution of (6)

Fig. 1a. Exact solution

0.8
0.6
0.4

0.29

o

Source: Own based on exact solution of (6)

Fig. 1b. Contours of the exact solution

Furthermore, there are drawn the graphs of the approximate solutions of the problem
(4) — (5) for the different mesh sizes in Fig 2a — 2d. The graph of the approximate solution for

the mesh size h =1

=1

is sketched in Fig. 2a, for the mesh size h =

1

size h = L in Fig. 2c, and finally for the mesh size h = % in Fig. 2d.

Source: Own based on numerical experiment

Fig. 2a. Approximate solution,
mesh size h =4

12

in Fig. 2b, for the mesh

Source: Own based on numerical experiment

Fig. 2b. Approximate solution,
mesh size h =;




Source: Own based on numerical experiment Source: Own based on numerical experiment

Fig. 2c. Approximate solution, Fig. 2d. Approximate solution,
mesh size h=; mesh size h =4
Conclusion

We discussed the two-dimensional stationary reaction-diffusion problem. We described the
striped mapping of a matrix cyclically by rows in parallel programming. We showed the pos-
sibilities of applying the basic principles of linear algebra — product of a matrix and of a vec-
tor, scalar product of two vectors — in parallel algorithm. Finally, we commented the numeri-
cal experiment in which the mentioned theory is applied in practice.

We can summarize on the basis of the numerical experiment results that computing the
approximate solution of the system of linear difference equations is approximately two times
(three times, resp. four times) quicker, if we calculate the system of equations on two (three,
resp. four) processors instead of on one processor. Mentioned results are best seen from the
calculation times for bigger mesh sizes of the grid. The results are written in the Tab. 1.
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PARALELNI PRISTUP K RESENI STACIONARNIHO
REAKCNE-DIFUZNIHO PROBLEMU

Clanek je vénovan paralelnimu fe$eni dvoudimenzionalniho staciondrniho reakéng-difazniho
problému. Pomoci paralelniho pfistupu k reprezentaci linedrni algebry vytvoiime paralelni
algoritmus pro vypocet numerického feSeni dvoudimenzionalniho stacionarniho reakéné-
difazniho problému. Porovname Casy potiebné k vypoctu ptiblizného feSeni systému (linear-
nich) diferencidlnich rovnic pro rizn¢ velkou matici soustavy numerickou metodou sdruze-
nych gradienttina 1, 2, 3 a 4 procesorech.

PARALLERER ANSATZ ZUR LOSUNG EINES STATIONAREN
REAKTIONSDIFFUSEN PROBLEMS

Dieser Artikel beschéftigt sich mit der parallelen Lésung eines zweidimensionalen stationdren
reaktionsdiffusen Problems. Mit Hilfe eines parallelen Ansatzes zur Représentation linearer
Algebra bilden wir einen parallelen Algorithmus fiir die Berechnung einer numerischen Lo-
sung eines zweidimensionalen stationdren reaktionsdiffusen Problems. Wir vergleichen die
Zeiten, die zur Berechnung einer anndhernden Losung des Systems (linearer) differenzialer
Gleichungen einer grofBen Matrix eines Systems durch die numerische Methode dualer Gradi-
enten auf 1, 2, 3 und 4 Prozessoren nétig sind.

PARALELNE PODEJSCIE DO ROZWIAZYWANIA STACJONARNEGO
PROBLEMU REAKCYJINO-DYFUZYJNEGO

Artykut poswigcony jest paralelnemu rozwiazywaniu dwuwymiarowego stacjonarnego pro-
blemu reakcyjno-dyfuzyjnego. Przy pomocy podejscia paralelnego do reprezentacji algebry
liniowej stworzymy algorytm rownoleglty do wyliczenia numerycznego rozwigzania
dwuwymiarowego stacjonarnego problemu reakcyjno-dyfuzyjnego. Poréwnamy czasy
niezb¢dne do wyliczenia przyblizonego rozwigzania uktadu réwnan rézniczkowych (lini-
owych) dla macierzy uktadu o réznej wielkosci przy pomocy metody numerycznej gradi-
entdOw sprzezonych na 1, 2, 3 1 4 procesorach.



ALGORITHM FOR ELIMINATION OF SYSTEMS WITH SPARSE ASYMMETRIC
REDUCIBLE MATRICES

Daniela Bittnerova

Faculty of Science, Humanities and Education
Department of Mathematics and Didactics of Mathematics
Studentska 2, 461 17, Liberec, Czech Republic
daniela.bittnerova@tul.cz

Abstract

In the paper, an algorithm for finding an optimal or almost optimal permutation for an
ordering of elements of a matrix, which is sparse, asymmetric and reducible, is suggested.
Using this algorithm we can solve large sparse systems of linear equations more efficiently.
The algorithm is a modification of the algorithm presented in [6], therefore the same
indications and symbols are use.

Keywords: Asymmetric reducible sparse matrix, algorithm.

Introduction

A matrix can be considered as sparse if the number of its zero elements is much greater than
the number of nonzero ones. Sparse matrices occur in many fields of applied mathematics, for
example at partial differential equations solving, but also in many other fields of science, like
structural analysis, management analysis, power system analysis, surveying etc. Solving
a practical problem we obtain large systems of linear equations with sparse matrices. Hand in
hand with a development of a parallel programming for large quantity data, the importance of
an optimization of sparse matrices increases. There exist lots of ways how to do it. Some of
them go out from graph structures of associated matrices. In the paper, one such algorithm is
suggested. It is a modification of the algorithm presented in [6], where symmetric sparse
irreducible matrices were discussed, for generally Boolean asymmetric reducible sparse
matrices. Using such algorithm we are able to solve large sparse systems of linear equations
by some direct method. Indications and symbols are kept from the paper [6].

1. Basic Theory and Assumptions
Let A=(a ) be a sparse matrix of order n, V=(v,;), W=(w,,) be matrices of order n,
where

vi; €01}, Vi j=1--nvy, ,=1ca,#0

w,, e{0;1}, Vi, j=L-n w, :1<:>(a”. £0 v a; #0).

The matrix A is called Boolean symmetric if V =W. In the opposite case, it is said
Boolean asymmetric.

The graph |: G(A)=(X,E) iscalled |: the non-oriented graph associated to the matrix A,

G%(A) = (X, E% oriented



if X:{xl, - } is a set of nodes of the graph |: G(A) such that the node X; corresponds

G(A)
to the row i of A, and the set |: E isaset of all |: non-oriented edges of the graph — G(A),
E° oriented GY(A)

17 ]

i.e. |: E=1{{x; x},xieXijeX/\wi'jzl,kj}.
{[x,, J] X; eX/\XjeX/\Vi’jzl,i;tj}

If G is a connected graph associated to the matrix A, it implies the matrix A is irreducible. Let
us denote:

N ={y e X;{x; y}€E JU{x]
N, () =1y e X;[x y]E® jux)
N, () = {y e X;[y; x] e E® juix)

{
D) ={{y; z}2¢E; yeN(x)AzeN(X) Ay =2}
D,(X) = { z|¢ E°; yeN(x)/\ZGN(x)/\y;tz}
D,(x) = { 7] E°; yeN(x)/\ZEN(x)/\y;tz}
Evidently,

N is the set of all successors (neighbours) of the node x including x in the graph G,
N1 (x) is the set of all |: heads (ended nodes) of all oriented edges |: from x in G® including x.
N2(x) tails (starting nodes) to

The sets D(x), D1(x), Do(x) describe relations of successors in the graph G° each other, in
relation to the fill in of matrices L and U in the LU-decomposition of the matrix A (and/or to
the fill in of matrices L, D in the LDL "-decomposition). The numbers of elements of the sets

N(x), N;(%), N,(x), D(x), D;(x), D,(x) are denoted by the symbols n,(G), n(G°),
n’(G°), d.(G), d'(G°), d?(G°), respectively. The number di(G) (called “fill in”)
determines a number of new edges after elimination of the node x;.

The graph |: G, =(X={x} E(X-{x}) v D(x)) is called the graph
Ggi = (X_{Xi }, EO(X_{Xi }) o Dl(xi)u DZ(Xi ))
produced from the graph G by an elimination of the node x;.
|: G°
With respect to the found algorithm, let us denote Go= G, G =G°,
|: G, be a graph produced from |: G, _, by an elimination of the node x;, k =1, 2, - -1.
GO
k-1

k



2. Algorithms

Our goal is to find an optimal, respective almost optimal, permutation to change the given
ordering of rows and columns of the matrix A so that the elimination of a system with the
matrix A is as efficient as possible. In [6], two algorithms are presented. They are defined for
irreducible sparse symmetric systems. The following algorithms are determined for reducible
sparse generally asymmetric systems. The Algorithm 1 deals with matrices as if symmetric,
Algorithm 2 deals with asymmetric matrices.

Algorithm 1

Step 0:

Put S°=9, G, =G.

Step k=1,---,n-1:
1. Put R* =S** for S** = Jelse R* :{xj; X eG,,}.
2. sf:{xj eRk;dj(Gk_l):erlideq(Gk_l)}.

3. i, = min {j}.

XjESl
4. Eliminate the node Xi from the graph G, , (i.e. the index i, constructed in the
permutation p is equal to the integer k).
k
5. SK=1{x, eN(X )G,/

Algorithm 2
Step O:
Put S° =0, GJ =G°.
Step k=1,---,n-1:
1. Put R*=S"" for "' = & else R* :{xj; X; €Gy, }.
2. S¥ :{xj eR¥; dj(Gﬁl):Xmideq(Gﬁl)}.
qe

3. i, = min {j}.
Xj€S¥

4. Eliminate the node Xi from the graph G|_, (i.e. the index i, constructed in the
permutation p is equal to the integer k).
5. SK=1{x, (N, (x ) UN,(x,))"GS}

Sometimes, Boolean symmetric matrices of linear systems contain a row or column, of which
the number of non-zero elements approximates to n.



Then it is suitable to define a maximal permissible number of elements dmax of the set D(X,),

and transport nodes x;, for them d.(G) > dpax, resp. di(GO) > dmax, 1N the desired permutation

to the last positions. We will eliminate these nodes from the graph G, resp. G°, and Algorithm
1, resp. Algorithm 2, deals with remaining nodes.

Example 1:
Let
1 2 3 4 5] 1 -1 20 3
21 00 2 -4 1 0 0 O
A=3 0 -1 0 1|,B=f 0 0 3 0 4
4 0 0 20 2 0010
52 1 0 3| i 1 00 4]

be matrices. Applying the Algorithm 1 above, we have got the permutation matrix
P=(2,5,3,1,4)and then

01000 00010
00001 10000
P=|0 01 0 0|,PT={0 0 1 0 0f,

10000 00001

0 0 0 1 0] 0100 0

1 2 0 2 0] 1 0 0 -4 O]

2 3 150 40 0 O
PAP'=|0 1 -1 3 0f,PBP"= 4 3 0 0f.

2 5 31 4 -1 32 1 0

0 0 0 4 2 | 000 2 1]

The products PA and PB exchange rows of the matrix A and B, AP and BP' exchange
columns of A and B. Algorithms 1 manipulate with matrices as they are Boolean symmetric.
It removes (almost all) non-zero elements of diagonals and produces (almost all) non-zero
vectors perpendicular to it. Let us look at the structures of the matrices A and B (non-zero
elements are indicated by the symbol x, the symbol e denotes non-zero elements which we
must fill in B to obtain the symmetric matrix B):

X X X X X| X X X o X

X X X X X .
A=|X X X|{, B=|e X X

X X X X

X X X X o X o X

Then the matrix B has the same structure as A.



Using the algorithms 1, we have got

X X X e X
X X X o o
PAP"=| x x x |, PBPT=| x X e
X X X X X X °
L X X] i X |

Example 2:

In the Table 1, we see how the almost optimal permutation is changing depending on the
choice of the number dpax.

Tab. 1. The dependance of the permutation on dmax

Matrices A, B Jmax =0 Omax =1 Omax =2

i D(i) | inv; | per; D(i) inv; | per; D(i) inv; | per;

[2,3], [24],

1] 12345 |[231] 5 | 2 |[23L,[231| 5 | 2 | 34 [451 | 5 | 2

2 125 g | 1] 3 %] 1 | 5 % 1 |5
3 135 g | 2| 4 %] 3 | 3 % 3 | 3
4 14 g | 3]s %] 4 | 4 % 4 | 4
5/ 1235 |[23]] 4 | 1 [2,3] 2 | 1 [2,3] 2 | 1

Source: Own based on computations

The highlighted node i is the node, for that the number of elements of the set D(i) is greater
than the chosen number dma.x and that is transport to last free positions in the permutation P.

If dmax = 2 then the permutation matrix P is of the form P =(2,5,3,4,1) and

1 2 00 2 1 000 -4
23 1065 1 400 O

PAP"=|0 1 -1 0 3|,PBP'=| 0 4 3 0 0
00 02 4 0001 2
2 5 3 4 1) -1 320 1]




The structures of non-zero elements are:

PAPT = ) PBPT=| x x ..

X X X X X

X
X X X X X|] (X X X o X|
The advantage of these algorithms is a less number of computing operations for a solving of

systems of linear equations since we calculate with almost all non-zero elements of given
matrices of systems.

Conclusion

In a science papers and books, there exist lots of algorithms and methods, how to solve large
linear systems with a sparse matrix. Principles of computations are different. Some of them
use graphic structures of matrices. The algorithm above is one of them. The other ways could
be found, for example in [2] -[6].
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ALGORITMUS PRO ELIMINACI SOUSTAV S RIDKYMI NESYMETRICKY MI
ROZLOZITELNYMI MATICEMI

V c¢lanku je uveden algoritmus urceny k nalezeni optimalniho ¢i skoro optimalniho
usporadani prvki matice, kterd je tidka, nesymetrickd a rozlozitelna (reducibilni). Pomoci
tohoto algoritmu miizeme efektivnéji fesit velké fidké soustavy linearnich rovnic. Uvedeny
algoritmus je modifikaci zndmého algoritmu pro symetrické nerozlozitelné matice.

EIN ALGORITHMUS FUR DIE ELIMINIERUNG DER SYSTEME MIT SELTENEN
ASYMMETRISCHEN ZERLEGBAREN MATRIXEN

Im Artikel wird ein Algorithmus vorgestellt, der zu einer optimalen oder fast optimalen
Anordnung der Matrixelemente fithren soll. Diese Matrix ist selten, asymmetrisch und
zerlegbar (reduzierbar). Mit Hilfe dieses Algorithmus konnen wir grofle seltene Systeme
linearer Gleichungen effektiver 16sen. Der angefiihrte Algorithmus ist eine Modifikation eines
bekannten Algorithmus fiir eine symmetrische, nicht zerlegbare Matrix.

ALGORYTM DO ELIMINACJI UKEADOW Z RZADKIMI NIESYMETRYCZNYMI
MACIERZAMI ROZKEADALNYMI

W artykule przedstawiono algorytm przeznaczony do znalezienia optymalnego lub prawie
optymalnego ukladu elementéw macierzy, ktora jest rzadka, niesymetryczna i rozktadalna.
Przy pomocy tego algorytmu mozna bardziej efektywnie rozwigzywa¢ duze rzadkie uktady
réwnan liniowych. Podany algorytm stanowi modyfikacj¢ znanego algorytmu dla
symetrycznych macierzy nierozktadalnych.
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Abstract

Iterative methods for solving variational inequalitiesimfinite dimensional Hilbert spaces as
a rule require some discretization. This leads to variatiorequalities over families of spaces.
In the present paper this problem is addressed by an itenadthod with only a finite number
of steps at each discretization level. First, abstract odsthare studied and later an optimal
control problem with elliptic state equations and some looamthe controls is considered. The
discretization technique rests upon a nested family ofguigse lineaC®-elements conforming
finite element discretizations.

Keywords: Optimal control; iteration-discretization; projectiotyarithm; elliptic state equa-
tion; finite element discretization.

I ntroduction

The solution of variational inequalities in function spacdten requires discretizations as well
as iteration methods for solving the obtained finite dimenai problems. Similarly, the practi-

cal application of iteration methods in function spaces adeaneeds some finite dimensional
approximation of the iteration procedure. Both processes discretization and iteration, are
not finite. The aim of our paper is to provide a sketch of thesdéeveloped in [3] for a new

iteration-discretization method for variational ineqtyaproblems over the fixed point set of
a quasi-nonexpansive operator which bases on appropxitgeseons to families of problems

and mappings. We give partially an overview over the proldetting and illustrate underlying

analytical results. The related proofs can be found in [3].

1 Variational Inequalities over Sets of Fixed Points

Let .7 denote a real Hilbert space with the inner prodiict and the related norm- || and
T : 2 — 2 be a quasi-nonexpansive operator, i.e. an operator with FxX) and

|ITu—2|| < |ju—Z] forallue .7, forallze FixT,

where
FiXT :={ve #Z : Tv=Vv}.



Further, let a mapping : 77 — ¢ be given which i-Lipschitz continuous ang-strongly
monotone ovep?’, i.e. with somek > n > 0 holds

|7 (u) — Z (V)| < K|lu—V| forallu,ve 7 (1)

and (F(UW)—ZF(V),u—V)>nllu—v||? foralluve 7. (2)

We consider the problem, call&édP(.%# ,FixT),
Find u € FixT with
(Z(u),u—uy >0foralluecFixT. (3)

Since FixXT is non-empty, closed and convex there exists a unique eolutof the problem
VIP(.Z ,FixT). Problems of this type are considered in e.g. [1], [5], [8Hl ahe book [2]
provides a comprehensive discussion of them.

Having infinite-dimensional Hilbert space®” in mind, the numerical treatment of
VIP(.Z FixT) requires an appropriate discretization. L& C 27 denote a family of nested
closed subspaces afd : 77 — 7 a family of quasi-nonexpansive operators that satisfy
Fix Ty C FixT and ) Fix T # 0. Further, let{ .7}y o with % . 7 — J; be a sequence of

k=0
operators which are-Lipschitz continuous ang-strongly monotone over#;. Now, instead

of VIP(.Z,FixT) we will consider the following sequence of probleMi&(.%, Fix Ty)
Find ¢ € Fix Ty with
(F(TF),u—UF) > 0for all u € FixTy. (4)

The corresponding conditions for the approximation willdgpesented in the further part of the
paper (see Theorem 1). As foilP(.%,FixT) the made assumption guarantees that each of
the problemsVIP(.%, Fix T) possess a unique solutiof. However, we will not solve each
problemVIP(.Z, FixTy), but propose and analyze an iteration-discretization guore that
approximate the solution ofIP(.#,FixT) by simultaneously performing iteration steps and
refining the discretization.

2 Iteration Methods Based upon Families of Operators

With u € (O,i—’}) and {Ax}e o C (O,u] we consider the following iteration for solving
VIP(Z,FixT):
U = (1 = A Zi) T, (5)

wherel denotes the identity operator anie .77 is arbitrarily chosen. An alternative recursion
is defined by
U = Tie (1= A Fi U, (6)

which we study later under the additional assumption thatojeratordy are projections on
closed convex sets. Both iterations can be seen equivatentr@insformations. Despite the fact
that the sequences generated either by (5) or by (6) do notidei we use the same notation
since in the sequel we clearly distinguish which of the iiere is applied. First, we analyze
the iteration (5). Denote

S= (I = AF) T (7)



Iteration (5) can be shortly written in the form
Ul = sk,

Letp € (0,%’}), define

T::l—\/1+u2K2—2un. (8)
Sincen < k, consequentlyr is well defined and we havee (0, 1].
Lemmal Letu € (07 %72) Then the operators (G= | — u.% satisfy
1Gx—=Gyyll < (1—T1)lIx—y|| ~ forall x,ye .
From the lemma above with (7) we obtain
Corollary 1 Letu € (O,i—’%) andAy € [0, u]. Then
AT

|Scu—Sv|| < (1— T) || Tku— TiV|| forall u,ve ..

For the further analysis we make the assumption:

There exist € (] Fix T and some € R such thaf|.Zz| < ¢ (9)
k=0

for all k > 0. Thek-Lipschitz continuity of % for anyr > 0 yields the boundedness [pf#u||
foranyue B(zr) :={ve 4 |v—2z|| <r}.

Lemma?2 Let P’ € 2 be arbitrary and{u"}@":0 be generated by (5). Then the sequences
(U)o, { ATUR g and {Teuk — Prixt UK} are bounded, wheregRt denotes the metric
projection ontoFixT.

Define )
kT
ay = —— (10)
H
and
W K2 k 0K 7 0K
By = ak7<|]<§4’ku 12+ 2(FATu" — 40", Fu >) (11)

It is clear thatay € (0, 1].
Lemma3 Let 1 be given by (5) and € Fix Ty be the unique solution of V[BZ, Fix Ty).

Then
Ut — )12 < (12— ag) U — OF)12 + awBye (12)

Before we turn to the convergence theorem we provide thevollp auxiliary result.



Lemma4 Let{ac},’ , C R, be a sequence satisfying the inequality
A1 < (1—ak)ak+ akBy+ Vi (13)
where {ay}e o C [0,1], {Brteoo C Ryy {Vitkeo: C Ry. If S g0k = oo, limsup B, <0

andyp oV < +othen
lim ax = 0.

k— o0

Theorem 1 Let U € FixT be the unique solution of V(B ,FixT) and letd® be the unique
solution of VIR.%, Fix Tx). Suppose that. # ¥}y is bounded and that

S N~ < +eo. (14)
k=0

Let{Ak}x_o C (O, 1] be a sequence with
;!i_r]l,)\k =0 and kZO)\ k = +oo. (15)
Then for any 8 € J# the sequencégu"}‘fzo generated by (5) converges stronglyuto

3 Iterations by a Sequence of Contraction Mappings

Now, we study the convergence behavior of the alternatemtion process (6), i.e. the case
Where{u"}[f:0 is generated by the iteration

Ukle = VkUk =Ty (| —A kﬁ\k) Uk. (16)

For this type of iteration we apply metric-projections agi@orsT,. These operators are non-
expansive. Unlike in the preceeding section here the pdeasiy have not to tend to zero.
For the operatorsy = T (I — Ax%k) with Lemma 1 forA := 1 we obtain

IIVku—Wev|| < alfjlu—v|| forall u,ve 4, (17)
whereo :=1—1 < 1. Further, the may :=T(l —A.%) is assumed to satisfy

IVu=VyV|| < allu—v| forall u,ve 7. (18)
As a consequence the operatgrgndV possess unique fixed pointsandu, respectively, i.e.,

K=V, k=0,1,2.. and u=V0Q (19)

Theorem 2 Let the conditions (17), (18) be satisfied anddeandu® denote the unique fixed
points of the operator V and\Vrespectively. Assume that the approximation property

S i < +oo (20)
k=0

holds. Then for any Ue % the sequencééu"}°k°:o generated by (16) converges to the fixed
pointu of V.



Proof With the fixed point property of“for the operato¥ holds
U — T = | = || < o] |u = ¥
With the triangle inequality this yields
UL — T < (Ut — O (|0 - 0P| < o= O O - T
and we obtain
Ut — Y| < ol — O || 0F — O] 4 (0Tt —all, k> 0. (21)
Let defineay := ||uk— UK||, ax:=1— 0o, B, :=0and
Vie:= ([0 = + o — .
Then (21) can be expressed by (13). Triviaﬁgy ok = 4o and limsup B, < 0. The made as-

sumption (20) yleldsz Yi < +o0. Now, we can apply Lemma 4 and obtaln Ilmk k|| =
With (20) this completes the proom

4 An Optimal Control Model Problem

Next, we apply the iteration method introduced above to seanational inequality problem
that arises from the optimality criterion of an optimal aahfproblem with bounds upon the
controls.

Let Q ¢ R? be some open convex polyhedron dndts boundary. Consider the optimal
control problem

y,u) 2/y d / — min! (22a)

s.t.—Ay=uinQ, y+%:0 onl, ueQ:={u:u<b a.e. inQ} (22b)

with givena > 0, d € L»(Q) andb € R. The state equation is understood as weak formulation.
Let Y := H(Q) be the Sobolev space of functions orthat possess the first order weak
derivatives inL(Q). Further, we le = L»(Q). Definea(-,-) : Y xY — R by

a(u,v) ::/Du-Dv+/uv forallu,veYy.

Now, the weak formulation of (22b) is given by
yey: a(y,v) = (u,v) forallveY. (23)

The Lax-Milgram Lemma (cf. [4]) guarantees that for ang U the equation (23) possesses
a unique solution. This defines a linear oper&otJ — Y by

SueY: a(suv) = (u,v) forallveyY (24)



and with the ellipticity constant > 0 this satisfies
ISuls < lulo (25)
Using the operatoBwe obtain the reduced form of (22)
J(u) := %(Su— d,Su—d) + %(u, uy— min! st ueQ. (26)

This problem has a unique solutiare Q and this solution can be characterized by a variational
inequality that satisfies the general assumptions madeedboithe abstract problem (cf. [4],

[7D.

Theorem 3 The problem (26) possesses a unique solutienQ. Thereu € U forms the solu-
tion of (26) if and only if
(J(@,u—0) >0 forallue Q (27)

holds.

The structure od(-) yields
J(u) =S (Su-d)+au, (28)

whereS" denotes the adjoint & given by
a(zw) = (zv) VzeY and S'vi=w

Now, we can show that (27) is of the considered abstract tfmest, the Hilbert space? is
just the spac&) = L»(Q). The setQ C U is closed and convex. Thus, the metric-projection
Po:U — Qis well defined by

PoucQ: |Pou—ullo < [[v—u]jo forallve Q,

and we have
ueQ <= ucFixPRy.

FromQ # 0 and from the nonexpansivity 8% we obtain thall := Pq is a quasi-nonexpansive
operator. Further, the operatér : U — U is defined by

ZFu:=S(Su—d)+au.
Trivially, it is Lipschitz continuous because df— H?(Q) this yields
| Fu—Zv|| < (IS IS+ a) |[u—V| forallu,ve U
and with (25) we obtain
1
| Fu—Zv| < (?qta) |lu—v|| forallu,veU. (29)
Further, we have

(Fu—Zv,u—v) > allu—v||?> forallu,veU.

This proves that the problem (27) satisfies all assumptioadenfior the general problem. As
a consequence some parameter 0 can be found such that the iteration

U =Tk —A2d), k>o. (30)

for any u® € U converges to the optimal solutian€ Q of the considered control problem.
However, the iteration (30) is in the function spatand requires an appropriate discretization.



5 Familiesof Conforming Discretizations

Let Uy C U, Yk C Y we apply a piecewise line&®-discretization over nested famili€sZ}
of uniformly regular triangulations (see [4]). Witix we denote the maximal diameter of the
triangles in{ %}. We denote the related grid points By := {xkvl}'j\'il. We have

Q€ Qui1, k>0 (31)

Let ¢ j € C(Q2) be piecewise linear overi with

kai(Xk’j)=5ij, i,j=1,...,N,, k>0.

g

This means we assunj@, ; } to form a Lagrangian basis b as well as ofYy, where

Uk =Y = spaﬂ{ P }']\Iil

With (31) this implies UgCUg1 C---CU, Yk CYa1 C---CY.
For givenu € U the conforming discretization of the state equations hagddrm:
Yk € Yk ! a(yk,Vv) = (u,v) for all v e Y. (32)

Again, the Lax-Milgram Lemma implies that for amyc U problem (32) possesses a unique
solution. Thussu := y defines linear mapping& :U — Yy C Y. Let

Qu:={ueUy: u<b}.

This yields the following discrete problems
1 a .
J(u) = E<S4<u—d,5‘ku—d> + E(u,u> — min!  s.t. ue Q. (33)

Problem (33) has a unique solutiop € Q. Analogously to the continuous case we define
kU — Y¢ by
Fui=S(Su—d)+au forallue U

andTy := Pq,, the metric-projection ontQy. Then
Ujr1 = Te(uj — AFyj), j=>0. (34)

forms an iteration technique on the discretization ldwelFor sufficiently smallAy > 0 the
sequence generated by (34) converges to the unique solfftifrthe discrete control problem
(33). As mentioned in Section 3, there are two different sypkiterations. Instead of (34) we
may also apply iteration-discretization method

Ukr1 = Tk(Uk — AFuk), k=>0. (35)

with appropriate parameteds, > 0. This recursion differs from (34) by acting on a family of
discrete problems, where on each discretization level amhaximal number of iteration steps
Is performed. In particular, if the discretization changesach step then (35) means that only
one iteration step is performed per discretization.

Now, we derive that (35) fulfills the assumptions made in ®ac3. For the proofs we refer
again to [3].



Lemma5 Let Uy # 0 thenFix Ty # 0, k > 0 holds. Further, we have
Fix Ty C Fix Ty 1 C FiXT k> 0.

Lemma6 The continuous optimal control problem (26) has a uniqueitsmh u and for any
k > 0 the discrete control problem (33) possesses a unique salUfic Q. Further, there is
a constant ¢ O with

|7 <c, k=>0.

Theorem 4 LetU € Qy denote the solution of the discrete problem (33) ameiQ the solution
the original continuous problem (26). Then there existsm@stant c> 0 such that

|o*— 0 < che. (36)
In principle, the estimate given in Theorem 4 could be refiiwed
ok~ @] < chy’?

if the technique proposed in [6] is applied to the discretraof the elliptic control problem

under consideration. In our application, however, the bldi@6) is already sufficient to ensure
the convergence for simple refinement strategies. Indéed is generated by subdivisions
of all triangles using the midpoints of all edges then we iobiig, ; = hx/2 and consequently

Y hg <+ holds. Thus, the proposed iteration-discretization tepiemconverges.
=0

Conclusion

The present paper provides some theoretical approach smtloétaneous refinement of the dis-
cretzation of function spaces and iterations for solvingateonal inequality problems over the

fixed point set of a quasi-nonexpansive operator in Hilbgaices. This approach forms some
basis for implementable algorithms because it avoids dasfaite processes. The increase
the efficiency of the discussed methods further improveseng. preconditioning, have to be
investigated in the future.
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I TERACNE—DISKRETIZACNI METODY PRO VARIACNI NEROVNOST

IteraCni metody prafeSeni variatnich nerovnostv Hilbertovych prostorech nekoigeé dimenze
vyzaduj diskretizaci. To vede keSeni posloupnosti variénich nerovnostv prostorech konené
dimenze. Tato f@ce se &nuje iter&nim metodm, kteé vyzaduj pouze konény pocet kroKi
na kadé diskretiz&ni Grovni. Nejprve je studddna abstrakintloha a masled@ konkétri
Uloha optimalniho fizen s eliptickou stavovou rovnica s omezeimi nafidici proménnou.
Diskretizace je provedena pomaiosloupnosti do sebe vignych pocastech linarrich, spo-
jitych, konformiich koné&nych prvk.

EIN ITERATIONS-DISKRETISIERUNGSVERFAHREN FUR EINE
VARIATIONSUNGLEICHUNG

Iterationsverfahren zur Behandlung von Variationsunglengen in undendlichdimensionalen
Hilbert-Raumen erfordern in der Regel eine Diskretisierung. Diébetfauf Variationsungle-
ichungeniber einer Familie von &umen. In der vorliegenden Arbeit wird dieses Problem durch
ein Iterationsverfahren mit einer nur endlichen Zahl vohr&ten je Diskretisierungsniveau be-
handelt. ZuAchst werden abstrakte Methoden untersucht uatesauf ein Problem der opti-
malen Steuerung mit elliptischen ZustandsgleichungerSiederrestriktionen angewandt. Die
Diskretisierung erfolgt durch eine sich verfeinernde Ransiickweise linearer, konforme?®
finiter Elemente.

METODA ITERACYJNO-DYSKRETYZACYJNA DLA NIEROWNOSCI
WARIACYJINEJ

Metody iteracyjne dla niéwndsci wariacyjnych w nieskitczenie-wymiarowych przestrzeniach
Hilberta zazwyczaj wymagajdyskretyzacji. Ta z kolei prowadzi do nbevnacsci wariacyjnych
okreslonych na rodzinie przestrzeni. W niniejszej pracy dlatpgblemu stosujemy meted
iteracyjra, w ktorej na kadym poziomie dyskretyzacji przeprowadzanych jestiskenie wiele
krokbw. Najpierw badamy metody abstrakcyjnejid nastpnie stosujemy do problemu stero-
wania optymalnego z eliptycznynbwnaniem stanu i z ograniczeniami na sterowanie. Przy
dyskretyzacji stosujemy rodzrzagszczagcych s¢ elemeriiw skahczonych, kbre a2 kawat-
kami liniowe, cagte i konforemne.
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Abstract

The paper is concerned with theoretical and computati@asaleis of a numerical resolution of
the convection-diffusion equation. We use an implicit sokédor the time discretization and
an adaptive wavelet-based method for a spatial discrefizaiVe use a well-conditioned cubic
spline-wavelet basis and a method for an inexact multipbosof wavelet stiffness matrix with
a vector which we have recently proposed in [1, 2]. The thexakeadvantages of our scheme
as well as numerical examples will be presented.

Keywords: Convection-diffusion equation; spline; wavelet; adapyivi

Introduction

In this paper we consider a numerical approximation of thevection-diffusion equation

%:uAu—bdivu—qurf for xeQ, te(0,T), Q)

with initial and boundary conditions
u(x,00=w(x) for xeQ, u(xt)=0 for xeadQ.

We assume thatt > 0, b andc are constantsy: Q x (0,T) = R, f,u® € L?(Q). We
consider only the domai? = (0,1)". Itis well-known that the solution of (1) typically contain
layers and that the numerical solution by the Galerkin meth uniform mesh suffers from
the Gibbs phenomenon. Thus, itis convenient to solve thiel@moadaptively. In this paper, we
use a modification of the wavelet-based adaptive method fédror a spatial discretization,
because it has several advantages, namely:

e The adaptivity in the context of a wavelet discretizatiosimaple. It consists in keeping
the large wavelet coefficients and discarding the smalleson

e The algorithm is asymptotically optimal. It means that thenber of floating point oper-
ations depends linearly on the number of nonzero waveldficieats.



e The condition numbers of stiffness matrices are unifornuyrided.

The paper is organized as follows: In Section 2 we use thevimckEuler formula for a
discretization in time and derive a variational formulatior the given time level. We define
an equivalent?-problem and propose iterations for solving this problerSéttion 3. In Sec-
tion 4 we introduce an implementable version of the iteratiand discuss computational issues.
Numerical examples are presented in Section 5.

1 Discretization

Leth > 0, t, := kh andu® be an approximation af(-,t). For simplicity, we use the backward
Euler method for a discretization in time:

Gk ) ) ’
——— =phu 1 pdivut — cuftt 4 f.

Then the variational formulation of our problem at the tireedlty is
ac(Utv) = K V), veHi(@). 2)

where a continuous bilinear forex : H3 (Q) x H3 (Q) — R and fk € Hy* (Q) are given by

ax (u,v) ::u/ Du-Dvdx+b/ vdivudx+ (}—}—C)/ uvdx
Q Q T Q

fK(v) ::}/ u"vdx+/ fvdx,
T.Jo Q

whereH} (Q) denotes the subspace of all functions from a Sobolev spa¢@) with zero
traces oo Q, Hal (Q) denotes its dual. In the sequel, we solve (2) by waveletebasthod.
For this reason we propose the definition of a wavelet bassobblev spacels(Q).

FamilyW :={y),A = (j,k) € #} foraninfinite set # = ZoU _Zy,# o < o, is called
thewavelet basis of Hg (Q), if

i) Wis a Riesz basis dfi} (Q), that meansp generate$i} (Q) and there exist constants
c,C € (0,0) such that for allb := {bA})\e/ €12(_#), whereA = (j,k) and|A| = j
denotes the level, holds

clb <|| T ba2 My,

AeJ

<Cllbl|.
H3(Q)

ii) Functions are local in the sense that di@y) < C2 A for all A € _#, whereQ, is
support ofy, .

iii) Functions have cancellation properties of the ordgire.

(v, ) < 27™A Vum,), A€ Fy, VE Ho (Q),

where(-,-) denotes th&? (Q) inner product.



In this paper,W will be a cubic spline wavelet basis adapted to homogeneorshi2t
boundary conditions from [1] that has a cancellation priypef the order six. The basis func-
tions are local and also their duals are local. Its strudtire

W=ao,U W, 3)
j=4

where®,4 contains scaling functions aridl; is formed by wavelets on the levgl Also the
smoothness of basis functions is an important propertyhildase, the Sobolev exponent of
smoothness is.3.

2 Wavelet Method

In this section we propose a method for solving (2) based orelets. LetDy be a diagonal
matrix with diagonal elementg/ay (Y, Yy ). ThenD,;lLIJ is a wavelet basis ikiJ (Q) and the
equation (2) can be reformulated as an equivalent biinfmaé&ix equation

Akyk =K (4)

whereAk =D, Tay (W, W) D, Lis a diagonally preconditioned stiffness matri%—= (u¥)" D '
andfk = D 1k (W),
Then,uk solves (2) if and only itk solves the matrix equation (4). Moreover, the maitx

satisfies
condAK < C < . (5)

While the classical adaptive methods use refining and demgfmigiven mesh according
to a-posteriori local error indicators, the wavelet apptos somewhat different and follows a
paradigm which comprises the following steps:

1. One starts with a variational formulation but insteadwhing to a finite dimensional
approximation, using the suitable wavelet basis the cantis problem is transformed
into an infinite-dimensiondP-problem.

2. One then tries to devise convergent iterations fot thgroblem.

3. Finally, one derives a practical version of this idealizeration. All infinite-dimensional
guantities have to be replaced by finitely supported onesremautine for the application
of the biinfinite-dimensional matriA approximately have to be designed.

We solve the discrete infinite-dimensional problem (4) agpnately. For notational sim-
plicity we omit the indexk in this section. MatrixA := AK is not symmetric positive definite,
but one can obtain a symmetric positive definite formulabigrsquaringl := ATA, g:= ATf.
Then (4) is equivalent thu = g. There exists some relaxation weightwith

N-wlL]<p<1 (6)
Thus simple iterations of the form
U™ = u"+ w(g—Lu") 7)

converge. Neither we can evaluate the generally infinitayagrexactly, nor we can compute
Lu, even wheru has a finite support. Thus, we need to approxingasad productLu with
some given precision.



3 Adaptive Wavelet Scheme
We use the following implementable version of the ideakitien (7).

SOLVE L, g, €] — ug
Let w satisfy (6) andK € N be fixed such thgd¥ < 1/10.
Setj:=0,up:=0,&:=[[L gl
While € > € do
ji=j+1¢ :=100K¢_1, gj := RHS[Q, 5pix ], Z0 1= Uj_1,
l:=1+1,res =0,
If | <K and|res|| > (]|L || - 155 ) & do
=141,
res :=gj — APPLY [L, 21, 5oo ),
=7 1+wres,

end if,

uj := COARSE[z,0.7¢j],
end while,
Ug := Uj.

Let us comment particular subroutines. The subrouB@ARSE computes a vectov,
which is close to the vector of¥ of N-largest coefficients of for which ||v—vN|| < &. Since
sorting of all elements of requires& (MlogM) operations, wher# is the length ofv, the
procedureCOARSE uses so called binning [8].

COARSE]v, €] — v¢

1. Setq := [Iog ((#suppv) Hlez/sﬂ.
2. Regroup the elements winto the setdy, ..., Bq, wherev, < B; if and only if

1/2

27 vl < val <27 |Vlf, O<i<a. (8)

Possible remaining elements are put into theBget
3. Createv; by collecting nonzero entries froBy and when it is exhausted froBy and so
forth until
[v—ve| <. 9)

The subroutine
RHS([g,€] — g (10)

approximates the right-hand sigdy the finitely supported vecta; such that
l9—gell <e. (11)

It can be realized by computing in a preprocessing step dyhégiturate approximation @in
the dual basis along with the corresponding coefficientsthed applying ofCOARSE to this
finitely supported array of coefficients.

In [2], we proposed the improved matrix-vector multiplicat in the context of adaptive
wavelet methods. Unlike [3, 9], we are not searching fogatest vector entries in absolute
value, but instead we trace actual decay of matrix and vecties. Let us denote

Laas (A=Al <k,

(L= { 0, otherwise. (12)



and
Si= max‘(Lk)AﬁA, AMNe g (13)

for k> 0, andvy contains all vector entries greater than a given toleranddedi by S ,. Then
we can compute

K
Lv ~wg = Z L (V.
k=0

We can choosK& such that
Jwk —Lv| <& (14)

In [2], it was shown that the number of floating point openasimeeded for computation of the
approximate produdtV , depends linearly on the number of nonzero elemenigof

Theorem 1. Under the above assumptions, for any € > 0, the approximations u, produced by
SOLVE satisfy
lu—uiD W] <€ (15)

and
#flops < C#suppug, (16)

where the constant C does not depend on .

Proof. Since the used subroutines are asymptotically optimalalyenptotical optimality of
SOLVE can be proven by similar way as in [6]. O

As an alternative to the Richardson iterations the steepeEstethit approach was studied
in [7].

4 Numerical examples
In this section, we present two numerical examples.
Example 1. Let us consider the equation
pu’ +u —u=1, (17)
with homogeneous Dirichlet boundary conditions
u(0)=u(1)=0. (18)

It is known that the exact solution is given by

d_1)dx— (1—€)ex
U(X):( ) ek—é ) -1 (19)
where
ko “iEvIFa o o VITA (20)

2U 2u
The condition numbers of stiffness matrices A® for this equation corresponding to the multi-
scale wavelet basis with s levels of wavelets are displayed in Table 1. It can be seen that they
are indeed uniformly bounded.

In this case a boundary layer occurs near the point 0. The graph of u for u = 1023 is
displayed at Figure 1. We solved this equation by an adaptive wavelet scheme from Section 3.
Convergence history is shown in Figure 1. Only 54 basis function were used for achieving the
error 3.27-107° in the L®-norm.



Tab. 1. The condition numbers of stiffness matrices AS corresponding to the multi-scale wavel et

basis with s levels of wavelets

75.1
96.7
101.2
101.2
101.8
101.8
101.8
101.8

O~NO OIS~ WN P

Source: Own
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-0.4

-0.5

L*-norm of the error

-0.6

10 : : :
7 02 04 06 08 1 101'5 101'6 101'
number of basis functions

7

Source: Own

Fig. 1. The graph of the exact solution (left) and convergence history (right) for Example 1. for
u=103

Example 2. Let us consider the equation

%:uu’#u’—e‘, (21)
with initial and boundary conditions
u(x,0)=u(x) for xe[0,1, u(0,t)=u(Lt)=0 for te][0,1], (22)
where u(x) isgiven by (19). Then the exact solution is
u(xt) =u(x) €. (23)

For 4 =103 and T = 0.05we need only 355basis functions to obtain an error less than 103
atthetimeT = 1.

Conclusion

In this paper we proposed an adaptive wavelet-based metimatufmerical resolution of the
convection-diffusion equation and we briefly reviewed s@spects of a wavelet discretization
in connection with our numerical scheme. Computationalidedad theoretical results one can
findin[1, 2, 4, 5, 6].
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ADAPTIVNI WAVELETOV E SCHEMA PRO KONVEKTIVNE-DIFUZNI ROVNICI

Clanek se zajwa teoretickmi a wWpotetrimi aspekty numeriddhofeseri konvektivre-diftiz-
nich rovnic. Pouijeme impliciti schema procasovou diskretizaci a adaptiviwaveletovou
metodu pro prostorovou diskretizaci. Rgame dolie podmnénou kubickou spline-waveleto-
vou bazi a metodu pro fiiblizné nasobenwaveletowe matice tuhosti s vektorem, kéejsme
nedavno navrhli. Budou prezentamy teoretick whody n&eho scematu a ta& numericlke
priklady.

DAS ADAPTIVE WAVELET-SCHEMA FUR KONVEKTIV-DIFFUSE
GLEICHUNGEN

Dieser Artikel befasst sich mit theoretischen und rectsoben Aspekten der numerischen
Losung konvektiv-diffuser Gleichungen. Dazu verwendeneirrimplizites Schemaiir die
zeitliche Diskretisierung und die adaptive Wavelet-Melbdir eine Aaumliche Diskretisierung.
Wir benutzen die gut bedingte kubische Spline-WaveletBasd -Methodeiir eine anahernde
Multiplikation der Zahigkeits-Wavelet-Matrix mit einem Vektor, den wir vor htdanger Zeit
entworfen haben. Es werden theoretische Vorteile unserthen®as und auch numerische
Beispiele vorgestellt.

ADAPTACYJNY SCHEMAT FALKOWY DLA ROWNANIA
KONWEKCYJNO-DYFUZYJNEGO

W artykule przedstawiono teoretyczne i obliczeniowe agpakmerycznego roz\g@zywania
rownanh konwekcyjno-dyfuzyjnych. Zastosowano schemat nieja{dygkretny) dla czasowej
dyskretyzacji oraz adaptacgmeto@ falkowa (waveletowa) dla dyskretyzacji przestrzennej.
Wykorzystujemy dobrze uwarunkowakubiczra baz splajno-falkova oraz metod przyblzo-
nego mnaenia falkowej macierzy sztywsoi z wektorem, kire niedawno zaproponowsiny.
Zostaty zaprezentowane teoretyczne zalety naszego stinenaa przyktady numeryczne.
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Abstract

One of the most important part of adaptive wavelet methods is an efficient approximate multi-
plication of stiffness matrices with vectors in wavelet coordinates. Although there are known
algorithms to perform it in linear complexity, the application of them is relatively time con-
suming and its implementation is very difficult. Therefore, it is necessary to develop a well-
conditioned wavelet basis with respect to which both the mass and stiffness matrices are sparse
in the sense that the number of nonzero elements in any column is bounded by a constant. Then,
matrix-vector multiplication can be performed exactly with linear complexity. We present here
a wavelet basis on the interval with respect to which both the mass and stiffness matrices cor-
responding to the one-dimensional Laplacian are sparse. Consequently, the stiffness matrix
corresponding to the n-dimensional Laplacian in tensor product wavelet basis is also sparse.
Moreover, the constructed basis has an excellent condition number. In this contribution, we
shortly review this construction and show several numerical tests.

Keywords: Wavelet; Hermite cubic splines; sparse representations.

Introduction

A general concept for solving of operator equations by means of wavelets was proposed by A.
Cohen, W. Dahmen and R. DeVore in [2, 3]. The aim of this concept consists in the approxi-
mation of the unknown solution # which should correspond to the best N-term approximation,
and the associated computational work should be proportional to the number of unknowns.
It consists of the following steps: transformation of the variational formulation into the well-
conditioned infinite-dimensional problem in the space /2, finding of the convergent iteration
process for the /> problem and finally derivation of its computable version. The essential step
to achieve this goal is an efficient approximate multiplication of quasi-sparse wavelet matrices



with vectors.

In [2], authors exploited an off-diagonal decay of entries of the wavelet stiffness matrices
and designed a numerical routine APPLY which approximates the exact matrix-vector product
with the desired tolerance € and that has linear computational complexity, up to sorting op-
erations. The idea of APPLY is following: To truncate A in scale by zeroing a; ; whenever
0(i,J) > k (6 represents the level difference of two functions in the wavelet expansion) and
denote the resulting matrix by Ak. At the same time to sort vector entries v with respect to the
size of their absolute values. One obtains vk by retaining 2% greatest coefficients in absolute
values of v and setting all other equal to zero. The maximum value of k should be determined
to reach a desired accuracy of approximation. Then one computes an approximation of Av by

W= Akvo+Ak_1(Vi— Vo) +... +Ag(Vk — Vk_1) €))

with the aim to balance both accuracy and computational complexity at the same time. In [6],
binning and approximate sorting strategy was used to eliminate these sorting costs and then an
asymptotically optimal algorithm was obtained. The idea is following: Reorder the elements of
v into the sets Vp, ..., V,, where v) €V, if and only if

p-i-l V]2 <vy < 2~ Ivll2, 0<i<gq.

Eventual remaining elements are put into the set V. And subsequently to generate vectors vy by
successively extracting 2% elements from | J; V;, starting from V; and when it is empty continuing
with V| and so forth. Finally, the scheme (1) is applied. Further improvements of this scheme
were proposed in [1, 4].

The described scheme was shown to possess the best possible rate of convergence in linear
complexity and since tensor product wavelets are applied, this rate is independent of the space
dimension [4]. Although it has optimal computational complexity, the application of the AP-
PLY routine is relatively time consuming and moreover it is not easy to implement it efficiently.
Therefore, it is necessary to develop a well-conditioned wavelet basis with respect to which both
the mass and stiffness matrix are sparse. This means that the number of nonzero elements in
any column as well as the condition number of stiffness matrices are bounded independent of
the matrix size which is not generally true using a wavelet discretization. Then, a matrix-vector
multiplication can be performed exactly with linear complexity.

The remainder of this paper is organized as follows. In the next section, we present a
construction of a wavelet basis on the interval based on Hermite multiwavelets with respect to
which both the mass and stiffness matrices corresponding to the one-dimensional Laplacian are
sparse and very well-conditioned. We also identify several free parameters in the construction
of the second two wavelets which can be used to improve properties of a constructed basis. In
the last section, we present several numerical tests to compare a proposed basis with the basis
proposed in [5].

1 Hermite Multiwavelets

We start with Hermite cubic splines as the primal scaling bases on the interval. They are defined
by

(x+1)2(1-2x) —1<x<0 (x+1)%x  —1<x<0
o(x)=1¢ (1-x)22x+1) 0<x<1 ,;(x)=4 (I-x)*x 0<x<I
0 otherwise 0 otherwise



For n > 1, let V,, be the space of piecewise cubic splines v € C'(0,1) N C[0, 1] for which
v(0) = v(1) = 0. The dimension of V,, is 2"*! and the set

q)n = {(])1(2”)(:—]) . ]: 1,...,2”- I}U {(])2(2"x—j)|[071} . ]:0”271}

is the basis for V;,. Let W,, be the complement of V), in V,,;.| then we have the following decom-
position of the space Hj(0,1)

H(;(O,l) =Vi+Wi+Wo+Ws....

We follow the construction proposed in [5] and construct four wavelets. Wavelets from the
space W, are orthogonal to the scaling functions from the space V,, for n > 1. This property
ensures that both the mass and stiffness matrix corresponding to the one-dimensional Laplacian
have at most three wavelet blocks of nonzero elements in any column and then the number
of nonzero elements in any column is bounded independent of the matrix size. The first two
wavelets have supports in [—1, 1] and are uniquely determined by the above orthogonality con-
dition and by imposing that the first one is odd and the second one is even. The second two
wavelets have supports in [—2,2]. And we impose on them the orthogonality condition and
again one of them should be odd and the second one even.

Then the space W, is defined by

P, = {yi(2"x—2j—1),yp(2"x—2j—1): j=0,..2""' -1}
U{ys(2x=2j): j=1,....2" =1} u{ys(2"x = 2))|p : j=0,....,2" " }.

There remain several free parameters in the construction of the second two wavelets. In [5],
these parameters were used to prescribe the orthogonality to the first two wavelets. We try to use
these parameters to obtain better conditioned basis and alternatively also more sparse stiffness
matrices. Some preliminary results are presented in the next section.

2 Numerical Experiments

We will limit ourselves to the equation —pu” + qu = f with the Dirichlet boundary conditions

u(0) = u(1) = 0 and with positive constant coefficients. The corresponding Galerkin approxi-
2n+2

mation problem is the following: Find u,, = Z ¢;v; such that
i=1

1 1
/ pu:lv/—kqunvdx:/ fvdx Yv eV,
0 0

To solve arising system of equations, we use the standard wavelet diagonal preconditioning and
then apply the conjugate gradient method. The iterations are terminated if the difference of two
consecutive iterations is less than 107”2 /cond(A,), where cond(A,), denotes the condition
number of the corresponding stiffness matrix.

First, we solve the above problem with p = ¢ = 1 and with p = 1, ¢ = 0. In both examples,
the exact solution is u = x(1 — *~30) which exhibits a steep gradient near the point 1. See
Figure 1. Obtained results are summarized in Table 1. In this table, NIT represents the number
of iterations, NEW denotes new wavelets, and finally DS denotes wavelets proposed in [5]. The
achieved approximation error was the same in all cases.
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Fig. 1. The exact solution

Tab. 1. Obtained results

p=1,4=0 p=q=1
n | [Jun —ul]r, | NIT DS | NIT NEW | NIT DS | NIT NEW
1 | 6.0e-02 5 4 5 4
2 | 1.7e-02 7 6 7 6
3| 2.6e-03 9 7 8 7
4 | 2.7e-04 10 9 10 9
5| 23e-05 13 10 12 11
6 | 1.8e-06 14 12 14 12
7 | 1.2e-07 16 13 15 13
8 | 8.3e-09 17 15 16 15
9 | 5.3e-10 19 16 19 16
10 | 3.4e-11 19 17 19 18

Source: Own

Conclusion

The presented numerical results affirm that the proposed wavelet basis is better conditioned
then the wavelet basis proposed in [5] which resulted in slightly smaller numbers of required
iterations. Moreover, the numbers of nonzero elements in stiffness matrices corresponding
to Poisson equation were substantially smaller. We believe that it will be possible to further
improve the proposed construction.
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O RIDKE REPREZENTACI LAPLACIANU

Jednou z nejdilezitéjSich ¢asti waveletovych adaptivnich metod je efektivni priblizné nasobeni
matice tuhosti s vektory ve waveletovych soufadnicich. Pfestoze jsou zndmy algoritmy pro
pfibliZzné nédsobeni s linearni sloZitosti, jejich aplikace je relativné Casové narocna a jejich im-
plementace velice obtizna. Proto je dilezité vyvijet dobfe podminéné waveletové baze, pro
které jsou jak matice hmotnosti, tak matice tuhosti fidké ve smyslu, Ze pocet nenulovych prvki
v libovolném sloupci je omezeny konstantou. Potom je totiZ moZné ndsobit matici s vek-
torem presné s linedrni presnosti. V tomto prispévku prezentujeme waveletovou bazi adapto-
vanou na interval, vzhledem ke které jsou jak matice hmotnosti, tak matice tuhosti odpovidajici
jednodimenzionalnimu Laplacidnu fidké. Nasledné je rovnéz matice tuhosti odpovidajici n - di-
menziondlnimu Laplacidnu ve waveletové bazi, kterd vznikne tenzorovym soucinem jednodi-
menziondlnich bazi, fidkd. Navic jsou konstruované baze velmi dobfe podminéné. V tomto
piispévku kratce predstavime tuto konstrukci a ukdZeme nékolik numerickych testu.

UBER DIE SELTENE REPRASENTATION VON LAPLAZIAN

Eine der der wichtigsten Teile der adaptiven Wavelet-Methoden besteht in der annihernden
Multiplikation der Zahigkeitsmatrix mit Vektoren in den Wavelet-Koordinaten. Obschon Al-
gorithmen fr eine annidhernde Multiplikation mit linearer Komplexitit bekannt sind, ist deren
Anwendung zeitlich gesehen relativ aufwindig und ihre Implementierung sehr beschwerlich.
Daher ist es wichtig, eine gut bedingte Wavelet-Basis zu entwickeln, fiir welche sowohl die
Massen- als auch die Zdhigkeitsmatrix insofern selten sind, als die Anzahl der Null-Elemente
in einer beliebigen Kolumne durch die Konstante begrenzt ist. Hernach ist es nimlich moglich,
die Matrix mit dem Vektor genau mit linearer Genauigkeit zu multiplizieren. In diesem Beitrag
prasentieren wir die ans Intervall angepasste Wavelet-Basis, hinsichtlich derer sowohl die Ma-
ssen- als auch die dem eindimensionalen Laplazian entsprechende Zihigkeitsmatrix selten sind.
Auch die dem n-dimensionalen Laplazian in der Wavelet-Basis entsprechende Zahigkeitsmatrix,
die durch das Tensorprodukt eindimensionaler Basen entsteht, ist selten. Dariiber hinaus werden
die konstruierten Basen sehr gut bedingt. In diesem Beitrag stellen wir kurz diese Konstruktion
vor und zeigen einige numerische Tests.

O RZADKIEJ REPREZENTACJI LAPLASJANU

Jedna z najwazniejszych czesci falkowych metod adaptacyjnych jest efektywne przyblizone
mnozenie macierzy sztywnosci z wektorami we wspétrzednych waveletowych. Chociaz znane
sa algorytmy stuzace do przyblizonego mnozenia o ztozonoSci liniowej, ich stosowanie jest sto-
sunkowo czasochtonne a ich wdrazanie bardzo trudne. Dlatego wazne jest opracowywanie do-
brze uwarunkowanej bazy falkowej, dla ktérej macierze masy, jak rOwniez macierze sztywnosci
sa rzadkie, to znaczy liczba elementéw niezerowych w dowolnej kolumnie nie jest ogranic-
zona stata. Woéwczas bowiem mozna macierz z wektorem mnozy¢ z doktadnoscia liniowa.
W niniejszym artykule zaprezentowano baze falkowa zaadaptowana do interwatu, w stosunku
do ktérej macierze masy, jak rowniez macierze sztywnosci odpowiadajace jednowymiarowemu
laplasjanowi sa rzadkie. Nast¢pnie takze macierz sztywnoSci odpowiadajaca n-wymiarowemu
lapsjanowi w bazie falkowej (waveletowej), ktéra powstaje w wyniku iloczynu tensorowego baz
jednowymiarowych, jest rzadka. Ponadto konstruowane bazy sa bardzo dobrze uwarunkowane.
W niniejszym artykule krétko przedstawiono taka konstrukcje oraz pokazano kilka testow nu-
merycznych.
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Abstract

First multiwavelets have appeared around the early 1990s. The basic idea behind multiwavelets
is simple: to replace the single scaling function ¢ by the multiscaling function @ to have some
additional desired properties. It seems to be an interesting trade off because multiwavelets
provide higher order approximation with shorter support than single scaling function. Moreover,
it is possible to have both symmetric and orthogonal multiwavelets while this is not possible for
single wavelets. In recent years, several simple constructions of wavelet bases based on Hermite
cubic splines were proposed. In this contribution, we shortly review these constructions, use
these wavelets to solve numerically differential equations, and compare their performance.

Keywords: Wavelet; Hermite cubic splines; elliptic differential equations.

Introduction

A vector-valued function

q)(x) = (‘Pl (x)7 (1)2()6), R (pr(x))T? (pl (X), ¢2(X)v AR (Pr(x) € LZ(R)

will be called a multiscaling function if it satisfies the following refinement equation
t
d(x) = Z Hy®(ax—k),
k=s

where s,t € Z, s < t, Hg are some r X r matrices, a € N and a > 2. The multiscaling function
generates a multiresolution analysis of L?>(R) in a similar way as for scalar wavelets. Subspaces
V; are defined

Vj = clospag) {914 = a’?P)(alx—k): 1 <I<rkeZ}, jez.



Then W;, j € Z denotes the orthogonal complementary subspaces of V; in V;, | and the vector-
valued function

‘P(x) = (Wl (x), WZ(X)7 Sy W(a—l)r(x))T7 Vi (x)a II/Z(X)7 EN) l»U(a—l)r(x) S Lz(R)'
Therefore there exist matrices Qy such that

t

Y(x) = Z Qx®P(ax—k),

k=s

and fast decomposition and reconstruction algorithms can be constructed like for scalar wavelets.
Moreover, multiwavelets usually have shorter support than corresponding single wavelets, it is
possible to construct both symmetric and orthogonal multiwavelets while this is not possible
for single wavelets, and finally, it is possible to have a basis formed by functions with different
orders (see Example 1). However, multiwavelets have also some disadvantages: the discrete
multiwavelet transform usually requires preprocessing and postprocessing, and their construc-
tion is also more complicated. The reason, why preprocessing is necessary, is in the fact that
for scalar wavelets, we have

272 (27k) = [ £06) dus()d

and this does not hold in general for multiwavelets. Multiwavelets which do not require prepro-
cessing are for instance the so called balanced multiwavelets. They were constructed in [7, 8].
For more details on multiwavelets, we refer to [6].

Example 1 Simple example of piecewise linear multiwavelets is taken from [1]:

<P1(X)={ Lo O=asl ¢2(x)={2\/§(x_%) 0<x<l1

0 otherwise ’ 0 otherwise ’
6x—1 0<x<3i 2v3(2x—1)  o<x<i
yi)=9 6x=5 ;<x<1, wp)={ -2v/3(2x-3) F<x<I.
0 otherwise 0 otherwise

The remainder of this paper is organized as follows. In the next section, we review sev-
eral simple constructions of wavelets based on Hermite cubic splines. Specifically, wavelets
with two vanishing wavelet moments proposed in [5], a hierarchical basis based on Hermite cu-
bic splines, wavelets with four vanishing wavelet moments proposed in [2], and wavelets with
respect to which both the mass and stiffness matrices corresponding to the one-dimensional
Laplacian are sparse [3]. In the last section, we use these wavelets to solve numerically differ-
ential equations and compare their performance.

1 Hermite Cubic Spline Wavelets

In the year 2000, W. Dahmen et al. [4] proposed a construction of biorthogonal multiwavelets
adapted to the interval [0, 1] on the basis of Hermite cubic splines. They started with Hermite
cubic splines as the primal scaling bases on R. Then, they constructed dual scaling bases on
R consisting of continuous functions with small supports and with polynomial exactness of
order 2. Consequently, they derived primal and dual boundary scaling functions retaining the
polynomial exactness. This ensures vanishing moments of the corresponding wavelets. Finally,
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Fig. 1. Piecewise linear multiwavelets

they applied the method of stable completions to construct the corresponding primal and dual

multiwavelets on the interval.
These Hermite cubic splines are defined by

(x+1)2(1-2x) —1<x<0 (x+1)%x
o(x)=<¢ (1-x)22x+1) 0<x<1 ,d(x)=14 (1—x)x
0 otherwise 0

They possess the following interpolation property:

$1(0)=1, ¢[(0)=0, ¢(0)=0, ¢50)=1

and then for any function f € C!(R)

w:=Y f(1(x—j)+ Y f(N2(x— )

JEZ JEZ

is a Hermite interpolant to f on Z.

1.1 Wavelets proposed by R. Q. Jia and S. T. Liu

—1<x<0
0<x<1
otherwise

An interesting construction was proposed in [5]. The authors constructed multiwavelets based
on Hermite cubic splines with continuous derivatives and with a support on the interval [—1,1].
One of the constructed wavelets is symmetric, and the second one is antisymmetric. They also
adapted them to the interval [0, 1] and their construction of boundary wavelets is very simple
unlike the construction from [4]. In comparison with the semi-orthogonal wavelets, the wavelets
at different levels are orthogonal with respect to (u/,v') instead of (u,v). They are given by

w1 (x) = =201 (2x+ 1)+ 40 (2x) — 20, (2x — 1) — 2192 (2x + 1) + 2192 (2x — 1),
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Fig. 2. The Hermite cubic spline
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Fig. 3. Wavelets proposed by R. Q. Jia and S. T. Liu

l[/z(x) =0 (2X+ 1) — 0 (2x— 1) —|—9¢2(2x—|— 1) + 12(])2(2)6) —|—9¢2(2x— 1).

Both wavelets are supported on [—1, 1] and its adaptation to the interval [0, 1] is performed
by the restriction of the antisymmetric wavelet to the interval [0, 1]. Forn > 1, let V,, be the space
of piecewise cubic splines v € C'(0,1) N CJ0, 1] for which v(0) = v(1) = 0. The dimension of
V, is 2"t1 and the set

D, = {(pl(znx_.]) : ]: 17"'72n_ I}U {¢2<2nx_]) [0,1] : J:0772n}

is the basis for V,,. Let W, be the complement of V,, in V,, | with the basis defined by
Y= {y1(2x—j): j=1,...,2" =1} U{ya(2"x— j)ljp1): j=0,...,2" }.

Then, we have the following decomposition of Hj (0, 1)

H}O0,1) =Vi+ W + W+ W;3....

1.2 Hierarchical Basis

The second possibility to define complement wavelet spaces, we use the following hierarchical
approach:

yi(x) =¢1(2x+1) and yo(x)=¢2(2x+1).



Both functions are supported on [—1,0] and therefore no boundary functions are necessary.
The complement space W, is then given by

Y, = {llll(znx_]) S 1772n}U{w2(2nx_]) D)= 17,2”}

L L L L L L L L L L L L L L L L L L
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Fig. 4. Hierarchical wavelets

1.3 Wavelets with Moments

The third possibility is to define wavelets to have maximal number of vanishing moments for
the given support [—1, 1]. Wavelets are given then by

Vi) = 012+ 1)~ 01(26— 1)+ 2 0a(24 1)+ 20 0a(20) + 2 a(2x— 1),
and

Y (x) = —%¢1(2x+ 1) + 61 (2x) — %q)l(Zx— - %¢2(2x+ 1+ 14—5¢2(2x_ .
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Fig. 5. Wavelets with the maximal number of vanishing moments



Boundary wavelets are constructed to have the same number of vanishing moments as inner
wavelets. For more details, see [2]. Again let W, be the complement of V,, in V,,;.; with the basis
defined by

¥, = {yi(2"x—j), vo(2"x—j): j=1,...,2"—1}
U3 (2" — 1)] 10,1 U ya (2" (x — 1) + 1) j,1)-

1.4 Wavelets Proposed by T. J. Dijkema and R. Stevenson

Further construction was proposed in [3]. They first proved that it is not possible to construct
continuous piecewise smooth wavelets which have a compact support, form Riesz basis for
L?(I), properly scaled wavelets form the Riesz basis for H!(I), and with

<Wi7‘lf;lj,>:0> and <Wlawu>:0 Vlnu

Consequently, they constructed cubic Hermite wavelets with the continuous first derivative such
that among the primal multiresolution spaces V; and the dual multiresolution spaces V; the
following relation holds

Vj —f—Vj{/ C Vj—H-

As a consequence

<1/fi,v/“>=0, (W, wu) =0, VA, p:|A]>[u|+1.

Their wavelets are then given by

39

Vi) = 012+ 1) = G1(26— 1)+ S 0204 1)+ 20 0a(20) + S (20— 1),

v (x) = —%qn (254 1) + ¢ (2¢) — %¢1(2x— - %pz(zw 1+ 14—5¢2(2x— D,

3 3
vi(x) = Y cid1(2x—i)+diga(2x—i), wu(x) = Y eid1(2x—i) + figa(2x—1i)

i=—3 i==3
with

B 4595 7 18737 18737 7 4595
T 1T13728° 657 68640° ° 68640° 65° 13728]

| 68741 69 204701 204701 69 68741
| 228807 40" 22880 " ' 22880’ 40’ 22880’

| 417 7 5443 5443 7 417
©7 |22880°  2340° 205920° 205920 2340’  22880]°

Fo 723 1 8153 1 8153 1 723
145767 87 13728’ 27 13728 8’ 4576
Again W, is the complement of V,, in V,, | with the basis defined by
¥, = {yi(2"x—2j—1),yp(2"x—2j—1): j=0,...2" ' —1}
U{ys(2'x=2j): j=1,....2" T =1} U {wu(2"x = 2))|p: j=0,....,2" ' }.
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Fig. 6. Wavelets proposed by T. J. Dijkema and R. Stevenson

2 Numerical Experiments

In this section, the wavelets introduced in the previous section are used to solve numeri-cally dif-
ferential equations. We will restrict ourselves to the equation —pu” + qu = f with the Dirichlet

boundary conditions u(0) = u(1) = 0 and with positive constant coefficients. The corresponding
on+2

Galerkin approximation problem is the following: Find u,, = ¢;v; such that
i=1

1 1
/ pu;lv/—kqunvdx:/ fvdx Yv eV,
0 0

By the Lax-Milgram lemma, this approximation problem has the unique solution. We also use
the standard wavelet preconditioning consisting in normalizing each basis function with respect
to the above bilinear form. To solve the arising system of linear equations, we use the conjugate
gradient method. The iterations are terminated if the difference of two consecutive iterations is
less than 10~"~2 /cond(A,,), where cond(A,,) denotes the condition number of the corresponding

stiffness matrix.

Tab. 1. Obtained results for the problem with p =q = 1.
JL H M DS
|4 — u|1, NZ IT| NZ IT Nz |IT| Nz |IT
6.0e-02 48 4 40 7 54 7 54 5
1.7e-02 172 5 128 13 162 | 11| 154 | 7
2.6e-03 552 6 | 368 20 | 418 |16 | 410 | 9
2.7e-04 1580 | 7 976 | 31 | 1010 | 21| 986 | 10
2.3e-05 4168 8 | 2448 | 41 | 2306 |24 | 2202 | 13
1.8e-06 10396 | 10 | 5904 | 52 | 5042 | 25 | 4698 | 14
1.2e-07 24936 | 10 | 13840 | 74 | 10690 | 28 | 9754 | 16
8.3e-09 58283 | 11 | 31760 | 84 | 22194 | 31 | 19967 | 17
5.4e-10 | 135302 | 12 | 71696 | 110 | 46963 | 33 | 41627 | 19

O 0 IO U B~ W —=B

Source: Own



Tab. 2. Obtained results for the problem with p =1 and g = 0.
JL H M DS
llun—ullr, | NZ |IT | NZ IT Nz |IT| NzZ |IT
6.0e-02 24 3 36 7 50 7 54 5
1.7e-02 56 5 116 12 154 | 11| 154 | 7
2.6e-03 128 | 6 | 340 | 20 | 406 | 16| 410 | 8
2.7e-04 280 | 6 | 916 | 31 994 20| 986 | 10
2.3e-05 592 | 8 | 2324 | 41 | 2286 |24 | 2202 | 12
1.8e-06 1224 | 10 | 5652 | 52 | 5018 |25 | 4698 | 14
1.2e-07 2847 | 10 | 13332 | 69 | 10677 | 28 | 9762 | 15
8.3e-09 8818 | 10 | 30740 | 84 | 22347 | 30 | 20019 | 16
5.4e-10 | 35863 | 12 | 69652 | 110 | 46613 | 33 | 41421 | 19

O 0 IOk~ W =B

Source: Own

First we solve the above problem with p = ¢ = 1 and the exact solution u = x(1 — ¢>**=39)

which exhibits a steep gradient near the point 1. Results are summarized in Table 1. Then we
solve the above problem with p = 1, ¢ = 0 and with the exact solution u = x(1 — e>*~3) which
exhibits a steep gradient near the point 1. Results are summarized in Table 2. In both tables, NZ
is the number of nonzero elements in stiffness matrices, IT represents the number of iterations,
JL denotes wavelets proposed in [5], H denotes hierarchical basis, M denotes wavelets proposed
in [2], and finally DS denotes wavelets proposed in [3]. Achieved approximation error was the
same for all bases.

Conclusion

Presented results affirm that wavelets proposed in [5] have excellent condition number, and
especially for the Poisson equation, the arising stiffness matrices are very sparse. Wavelets
proposed in [3] are best suited for general differential equations with constant coefficients.
Results of tested hierarchical basis confirm the well known fact that these basis do not form
the Riesz basis and therefore they need some additional preconditioning. Concerning the basis
proposed in [2], we suppose that it will be better (than tested bases) suited for non-constant
differential equations solved adaptively. Presented results also suggest that there is probably
some space to improve the condition number of the basis proposed in [2].
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MULTIWAVELETY ZALOZENE NA HERMITOVSKYCH KUBICKYCH SPLINECH

Prvni multiwaveletovd baze se objevila kolem roku 1990. Zikladni mySlenka multiwaveletl
je jednoduché: nahradime jednu Skalovou funkci jednou multiskdlovou, abychom ziskali lepsi
vlastnosti bazovych funkci. Multiwavelety totizZ umoZziiuji aproximace vysSiho fadu s kratSim
nosicem nez klasické Skdlové funkce. Navic je mozné zkonstruovat symetrické ortogonalni
multiwavelety, coZ pro klasické wavelety neni mozné. V minulych letech se objevilo nékolik
jednoduchych konstrukci waveletovych bazi zaloZzenych na hermitovskych kubickych splinech.
V tomto pfispévku stru¢né predstavime tyto konstrukce, pouZijeme tyto wavelety k nume-
rickému feSeni diferencidlnich rovnic a srovname jejich vlastnosti.

AUF KUBISCHEN HERMITE-SPLINES ANGELEGTE MULTIWAVELETS

Die erste Multiwaveletbasis erschien um das Jahr 1990. Der Grundgedanke der Multiwavelets
ist einfach: Wir ersetzen eine Skalenfunktion durch eine Multiskalenfunktion, um bessere
Eigenschaften von Basenfunktionen zu erhalten. Die Multiwavelets ermoglichen ndmlich eine
Anniherung hoherer Ordnung mit einem kiirzeren Tréger als die klassischen Skalenfunktionen.
AuBerdem ist es moglich, symmetrische orthogonale Multiwavelets zu konstruieren, was fiir die
klassischen Wavelets nicht moglich ist. In den vergangenen Jahren erschienen einige einfache
Konstruktionen von Wavelet-Basen, die auf kubischen Hermite-Splinen beruhen. In diesem
Beitrag stellen wir kurz diese Konstruktionen vor. Wir benutzen die Wavelets zur numerischen
Losung von Differenzialgleichungen und vergleichen deren Eigenschaften.

FALKI WIELOKROTNE OPARTE NA HERMITOWSKICH SPLAJNACH
KUBICZNYCH

Pierwsza falka wielokrotna (ang. multiwavelets) pojawila sie¢ okoto 1990 roku. Podstawowa
idea falek wielokrotnych jest prosta: zastepujemy jedna funkcje skalujaca jedna wieloskalujaca,
aby pozyskac lepsze cechy funkcji bazowych. Falki wielokrotne umozliwiaja bowiem aproksy-
macje wyzszego rzedu z krétsza baza w poréwnaniu z klasyczna funkcja skalujaca. Ponadto
mozliwe jest skonstruowanie symetrycznych ortogonalnych falek wielokrotnych, co nie jest
mozliwe w przypadku klasycznych falek. W poprzednich latach pojawito si¢ kilka prostych
konstrukcji baz falkowych opartych na hermitowskich splajnach kubicznych. W niniejszym
artykule krétko przedstawiono takie konstrukcje, omawiane falki zastosowano do numeryczne-
go rozwiazywania réwnan rézniczkowych oraz poréwnano ich cechy.
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Abstract

We deal with a numerical solution of nonlinear convectigifudion problems with the aid of
the discontinuous Galerkin finite element (DGFE) method. pMgose a nevinp-adaptation
technique, which is based on a combination of a residuuncar@ormity estimator and a re-
gularity indicator. The residuum-nonconformity estinratonsists of two building blocks (the
residuum error indicator and the value of the nonconformifjhe estimator marks mesh ele-
ments for a refinement. The regularity indicator decidekafrnarked elements will be refined
by h- or p-technique. The residuum-nonconformity estimator as asthe regularity indicator
are easily computable quantities. Moreover, the same igeérestimates an algebraic error
arising from an iterative solution of the correspondinglivear algebraic system. The perfor-
mance of the proposdth-DGFE method is demonstrated by several numerical examples

Keywords: hp-discontinuous Galerkin finite element method; residuwomeonformity indi-
cator; regularity estimator; algebraic error.

Introduction

Our aim is to develop a sufficiently robust, efficient and aatei numerical scheme for the
simulation of viscous compressible flows. Tthiscontinuous Galerkin finite eleme{@GFE)
methods have become very popular numerical techniquestdasdlution of the compressible
Navier-Stokes equations. Recent progress of the use of them&@od for compressible flow
simulations can be found in [11].

In this paper, we deal with a model problem represented bwlaisnonlinear convection-
diffusion equation. We focus ontgp-adaptation strategy of DGFE methods which significantly
increase the accuracy and efficiency of the computationgesee[2, 6, 8, 12, 13].

The proposed strategy is based on a combination of a reskhamconformity estimator
and a regularity indicator. Theesiduum-nonconformity estimatgives a lower estimate of
the error measure consisting of the error measured in a @ual and the quantity measuring
a violation of the conformity of the solution. This estimats locally defined for each mesh
element, it is easily computable and its implementatiorery simple. Theegularity indicator
Is based on the integration of interelement jumps of the@pprate solution over the element
boundary. Taking into account results from a priori erroalgsis, we define the regularity
indicator. If this value is smaller than one then we applp-eefinement otherwise we use
ah-refinement. Both refinements &ndp) are only isotropic, an anisotropic adaptation will be
a subject of the further research.



1 Problem Formulation
1.1 Governing Equations
We consider a formal nonlinepartial differential equation

Lu = 0 inQ, (1a)
u = u ondQp, (1b)
Nu = gy o0nadQy, (1c)

whereu: Q — R is the unknown scalar function defined éne R4, d = 2,3, L is a formal
second order differential operator and (1b) and (1c) folynalpresent the Dirichlet and Neu-
mann boundary conditions on the parts of bound®®p anddQy, respectively. We assume
that there exits a unique weak solution of (1) which we deagggn byu.

Let 7, (h > 0) be a partition of the closu of the domairQ into a finite number of closed
d-dimensional simplicie& with mutually disjoint interiors. We callf, = {K }kc # atriangu-
lation of Q and do not require the conforming properties from the finkenent method.

Over the triangulatior?, we define the so-callebroken Sobolev space

HS(Q, %) == {v;V[k e H3(K) VK € G}, s>0 (2)

1/2
with the seminormv|ysq 4, (ZKG% |v|HS ) , where| - [k denotes the seminorm of

the Sobolev spadds(K), K € %.
Moreover, to eacK € %, we assign a positive integpk (=local polynomial degree). Then
we define the set

ph = {Px,K € Fh}. (3

We define the finite dimensional subspac#idfQ, .7,) which consists of discontinuous piece-
wise polynomial functions associated with the vegipby

Sy = {V; VELA(Q), VK € Py (K) VK € F}, (4)

wherePy, (K) denotes the space of all polynomialskmf degree< pk, K € ..
We introduce a formal discretization of (1) with the aid of BEmethod. Hence, let

En(u,v) 1 HX(Q, Zh) x HX(Q, %) — R (5)

be the corresponding form which is nonlinear with respedtstéirst argument and linear with
respect to the second one. We say that the function &, is anapproximate solutioof (1),
if
Ch(uh,vh) =0 VVh € Shp. (6)
Moreover, we define the formf, : HY(Q, %) — R by

1/2
(v / heL[v]2dS+ / h=1(v—Up)? , 7)
reﬂh

reﬁh

whereup is from (1b),.%, ' denotes the set of all interior facesﬁ ﬁD denotes the set of all
faces of%, lying on dQD [-] is the jump of a function fronH(Q, ﬂh) andhr is the diameter
of a facer .

Finally, we characterise the weak solution of (1).



Lemma 1.1 The following implications are valid:

) Letue H?(Q) be the weak solution gfL) then

Ch(u,v) = 0 WeHQ, %), (8a)
Sh(u) = 0. (8b)

i) If u € H2(Q, %) satisfies both conditions ¢B) then u is the weak solution ¢t.).

The discrete problem (6) represents a systei,ef dimS,, nonlinear algebraic equations.
We solve it with the aid of a Newton-like iterative method waliigives the solutioniy"e Sy,
such thaty(ln, vh) ~ 0 VYVh € Syp.

2 Residuum Estimator

In this section we investigate the discretization euer u, and the algebraic erras, = up, in
a suitable (dual) norm and define estimators giving somernmdtion about these errors.

2.1 Error Measure

Similarly as in [3], our proposed error measure consistsvofbuilding blockswhich are mo-
tivated by Lemma 1.1, namely relations (8a) and (8b).Xet H?(Q, ) and||-||y is @ norm
defined onX, which will be specified later. Thigrst building blockis given by

Ch(Un,V
Tn(tn) = sup V)
oLvex  |IVIIx

(9)

which defines theesiduum error in the dual norrof the approximate solution, € §,, C X
and it measures a violation of (8a). However, it is imposstiol evaluateZy,(uy), since the
supremum is taken over an infinite-dimensional space. Toregn our approach, we seek the
maximum over some sufficiently large but finite dimensionspate ofX, which is presented
in Section 2.2.

Thesecond building blocis based on (8b), which characterises a violation of thearomty
of the weak solution and a violation of the Dirichlet boundeondition. It is represented by the
value 44 (up) > 0 given by (7) which we call theonconformityof the approximate solution.
In contrast to%y(up) the quantity.4(uy) is directly computable from (7). Finally, o@rror
measuras the sum of squares of tmesiduum errorandnonconformityi.e.,

Sh(Un) = (Zhn(un)® + A (un)?) /2. (10)

Due to Lemma 1.1 we simply observe tl#@gtu,) = 0 if and only ifu, = u.

2.2 Global and Element Residuum Estimators

In the previous section, we introduced the error meashif@,) = \/%n(Un)2 + n(un)? of the
approximate solution, € §,, C X. Whereas/u(uy) is easy to evaluate, the quantiigh(un)
has to be approximated in a suitable way, which is presentéus section. For eadk € %,
and each integgp > 0, we define the spaces

f = {;meX, alk €PPK), @hlak =0} (11)



and

Shi={0eXio= Y ok, kER, g e P Ke F}. (12)
Ke %,

Obviously,Sy, C S, C X.
Now, we define thelement residuum estimator

Eh(Un, ~
Phk(Un) == sup W = sup Ch(Un, Pn), Un€X, (13)
O£gnesi Tt IFNIX g e gy =1
for eachK € %, and theglobal residuum estimator
Ch(Un, ~
pn(Un) :==sup Cnltn; ) _ sup  Ch(un, gh), Un€X, (14)

0£UneS,, Wl YheS, | nllx=1

which are easily computable quantitiegifix is suitably chosen, see Section 2.4.
Obviously, ifu € X is the exact solution of (1) then consistency (8a) implies B,(u) =
Pnk (u), K € 9. Moreover, we have immediately a lower bound

Pn(Un) < Zh(un), (15)
sincepy, is the supremum over subspéﬁfg C X. However, it is open if there exists an upper
bound, i.e.%h(un) < Cpn(un), whereC > 0. This will be the subject of a further research.

2.3 Algebraic Residuum Estimators

Similarly as in the previous section, we define the estimatwresponding to thalgebraic
error residuum Let Uy € S, be the output of the iterative process used for the soluti6)o
We define thealgebraic residuum estimator
- En (0, ~
Pi () := sup Enllh: ¥h) _ sup  Cn(Un, Yn), (16)
0£tnesy 1UhlX  phesy.lunli=1
which measures the algebraic error (the difference betdiganduy,), sincep{j(uh) =0dueto
(6). The relations (14) and (16) giy\(Cin) < pn(Th), since in (14) the supremum is taken over
the larger space.
We stop the iterative process for the solution of the noalirsdgebraic problem (6) if

Pb(Tn) < Bpn(Th), 17
wheref € (0,1). In numerical experiments we p(t~ 0.01.

2.4 Choice of the Norm]|-||x

In order to ensure a fast evaluation of estimajmyeind pfy, we need to choose the noiifi|y
in a suitable way. We employ

1/2
- lx = (811 + &l Bsamy) (18)
which guarantees that
Pr(n)® =5 pnk(un)?. (19)
Ke%

Hered ande denote the size of “convection” and “diffusion”, respeetiv
Therefore, it is sufficient to evaluate the element residestrmatorson , K € ;. This is

a standard task of seeking a constrain extrema ﬁ%fe*rl with the constraint|yn||x = 1. This
can be done directly very fast since the dimensioﬁ%f”, K € his small.



2.5 Residuum-Nonconformity Estimators

We have already mentioned that the second building blockeétror measure is given by the
nonconformity. /4 (up) defined by (7). For the purpose of a mesh adaptation, we dédifexal
variant

Mk (V) :( > /thl[[V]]2d5+ >
re.7,noK rez

1/2
/h,?l(v—uD)zdS . veHY(Q, %)
Dok "

(20)
Obviously, from (7) and (20), we havef(v)? = SKed, Ak (V)2 Finally, we define théocal

andglobal residuum-nonconformity estimatarsthe approximate solutiom, € S, by

M (tn) = (Pri(Un)?+ k(D) %, Ke %, (21a)
1/2
and Nh(un) = (Ph(Uh)ere/%(Uh)z)l/z: ( > nh,K(Uh)2> , (21b)
Keh

respectively. In virtue of (10), (15) and (21), we expect tha global residuum-nonconformity
estimatomp(up) approximates the error measutguy,). In the following we introduce an adap-
tation technique which producesh@-mesh and the corresponding approximate solution such
that the estimatom,(up) is under a given tolerance.

3 hp-Adaptation Process

In this section, we present a ndvp-adaptive DG technique for the solution of (6). In Section
2, we defined the element and global residuum-nonconforesitynatorsy, k. andny, respec-
tively. We employ the nornfj-||x given by (18) which guarantees that equality (19) is valid. A
already mentioned, our interest is to find the solutigre S, such that

Nh(lh) < w, (22)

wherew > 0 is a given tolerance.
Let %, be a given mesh ang, the corresponding approximation of (6). We require that

VK € G, (23)

. W
<
Nk (0n) < N

where #7%, denotes the number of elements. &f. Obviously, if (23) is satisfied then, due
to (21b), condition (22) is valid and the adaptation procgsps. Otherwise, we mark for
refinement alK € 7 violating (23).

Furthermore, all marked elements will be refined eithehbgr by p-adaptation, namely,
either we split a given mother eleméftinto four daughter elements or we increase the degree
of polynomial approximation for a given element. Thus theneesh.7; and new sef px,K €
7} are created. We interpolate the old solution on a new mesperfiorm the next adaptation
step till (22) is valid.

3.1 Regularity Indicator

The estimation of the regularity of the solution is an egaékéy of anyhp-adaptation strategy.
Our approach is based on a measure of inter-element jumpshvidithe base of the jump
indicator from [5] and the shock capturing technique frorn [7



We propose theegularity indicator

up]2dS
G (un) = K0TS e g (24)
[Khi
where|K]| is the area oK € %,. If the exact solution is sufficiently regular, i.ex > pk + 1,
thengk (up) ~ O (hﬁpKH/hﬁhﬁpK_z) = O(hg ). On the other hand, if the exact solution is not

sufficiently regular, i.e.sc < pk + 1 (& < < pk), thengk (up) = O<hﬁs'<’1/h§hﬁp'<_2> _
O(h2%~1), whered = sx — px < 0. Then we use the following strategy

- . g
Ok(up) <1 = solut!on is _regular =p ref!nement K e (25)
Ok (up) >1 = solution is irregular = h-refinement

4 Numerical Experiments

In the previous sections, we introduced and developed thptae hp-DGFE method. We
demonstrate its performance in this section by several noalexamples. Leti, be the ap-
proximate solution resulting from an iterative method,, itke solution influenced by the alge-
braic error. We deal with two following numerical examples:

(E1) nonlinear convection-diffusion equation with a carsiegularity from [9],

(E2) linear convection-diffusion equation with the strongerior layer and the exponential
boundary layer from [10].

For the first one, we know the exact solution and therefore mgeadle to evaluate the
computational error. We carried outhg-adaptive algorithm starting on a mesh with the step
ho and P, polynomial approximation. We evaluafe — Gn|/yx , -#n(0n) and pn(Gn) with the
corresponding experimental orders of convergence (EO®@)negtpect to the number of degree
of freedomNy, defined by

logen,,, —logey,

EOC= : l=1,2,..., (26)
log(1//Nn,) —109(1//Ny)
Moreover, we evaluate tHeffectivity index”
~ ~ \D ~ o\ 1/2
: a Gn )+ (0
o= Mn(Gn) — (Pn(@h)*+ AA(0h)*) 27

- N 1/2 . - 1/2
(=l + A(@)2) (= Gnll®+ An(00)?)

Let us note that the indey; is not a standard effectivity index sinpg((i) is the approximation
of Zn(0n) and not of|ju—Gp||x. Obviously, if 44(0r) dominatep,(Gn) and |ju— G|/ then
the indexXief is close to one. In this case it would be also interesting tuate the ratio
Pn(Gn)/|[u— Tinl|x-

4.1 (E1): Nonlinear Convection-Diffusion Equation with a Comer Singularity

We consider the scalar nonlinear convection-diffusionagign

—O-(K(wdu)—=——=— = g inQ:=(0,1)% (28)
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Fig. 1. Example (E1) given by28) — (30) with a = —3/2: the final grid with the cor-
responding degrees of polynomial approximation, the whaealn (left) and its detail
(0,1/20) x (0,1/20) (right)

whereK (u) is the nonsymmetric matrix given by

- )

The parameteg > 0 plays a role of an amount of diffusivity and we put 10-3. We prescribe
a Dirichlet boundary condition o8Q and set the source tergsuch that the exact solution is

u(xe,X2) = (€ +53)%%xx0(1—x1)(1—%2), o €R. (30)

We present two choicesa = 4 anda = —3/2. It is possible to show (see [1]) thate
H¥(Q), k € (0,34 a), whereH*(Q) denotes the Sobolev-Slobodetskii space of functions
with “non-integer derivatives”. Whereas the chome= 4 gives sufficiently regular solution,
the choicen = —3/2 leads to the solution with a singularityxt= x, = 0. Numerical exam-
ples presented in [4], carried out for a little different Iplem, show that this singularity avoids
to achieve an order of convergence better th%?2) in the L2-norm andO(h'/?) in the
H1-seminorm for any degree of polynomial approximation. Nthaless, the exact solution
Is regular outside of the singularity.

Table 1 shows the results for problem (28) — (30) with= 4 anda = —3/2, namely the
values of the errojju— (||, nonconformity. 44 (0), residuum error estimatey (G ) with the
corresponding EOC, indexy and the computational times in seconds. We observe that the
computational errofju— ||y converge exponentially for = 4 and significantly faster than
O(h'/2) for a = —3/2. Furthermore, the inddy is very close to one for increasimg, which
supports the accuracy of the method. A small increasggzah Table 1 fora = 4 for the last
adaptation level is caused by the fact that we are close tm#whine accuracy.

Furthermore, Figure 1 shows the firfgd-grid obtained with the aid of thep-DGFE algo-
rithm for o = —3/2. (The casex = 4 is not interesting since onlg-refinement is carried out
due to the regularity of the exact solution.) We observe th@h-adaptation was carried out
in a small region near the singularity. On the other hand ptaelaptation appears in regions
where the solution is regular.



Tab. 1. Example (E1) given b{28)— (30): error ||u— ||y, nonconformity 44 (0py), residuum
error estimatepn(0p) with the corresponding EOC, indeysiand the computational time in
seconds

oa=4:

lev #7, N | [u—Gnllx EOC | Ji(th) EOC | pn(Gh)  EOC | igff | CPU(S)
0 128 384 6.45E-03 — | 1.99E-02 — | 5.58E-03 - | 0.99 0.4
1 128 705| 4.56E-04 8.72| 3.07E-03 6.15| 6.60E-04 7.03| 1.01 0.7
2 128 384| 6.45E-03 8.72| 1.99E-02 6.15| 5.58E-03 7.03| 0.99 0.4
3 128 768| 4.43E-04 7.73| 3.01E-03 5.45| 6.35E-04 6.27| 1.01 0.7
4 128 1280| 3.87E-05 9.54| 2.75E-04 9.36| 5.22E-05 9.78| 1.01 1.0
5 128 1920| 2.75E-06 13.05 1.73E-05 13.65 3.05E-06 14.02 1.00 14
6 128 2688| 1.10E-07 19.12 7.04E-O7 19.02 1.13E-07 19.59 1.00 2.2
7 128 3584\ 2.49E-09 26.35 1.62E-08 26.24 2.42E-09 26.72 1.00 3.4
8 128 4608| 2.98E-11 35.22 2.23E-10 34.08 3.00E-11 34.92 1.00 5.3
9 128 5760\ 3.17E-15 82.03 2.02E-14 83.51 1.56E-14 67.83 1.25 9.0

a=-3/2:

lev #% Np ||U — GhHX EOC </Vh(ﬁh) EOC ph(ﬁh) EOC ieﬁ CPU(S)
0 128 384 1.32E-02 - | 1.41E-01 — | 452E-02 - | 1.05 0.5
1 128 759| 5.98E-03 2.32| 6.70E-02 2.18| 1.26E-02 3.75| 1.01 0.8
2 128 919| 5.50E-03 0.87| 6.36E-02 0.55| 6.26E-03 7.31| 1.00 1.1
3 128 969 4.30E-03 9.31| 5.52E-02 5.36| 4.34E-03 13.81 1.00 1.4
4 134 1089| 2.98E-03 6.29| 3.96E-02 5.69| 3.09E-03 5.86| 1.00 1.6
5 140 1191| 2.10E-03 7.81| 2.75E-02 8.14| 2.07E-03 8.91| 1.00 1.9
6 152 1371|| 1.49E-03 4.82| 1.93E-02 4.99| 1.45E-03 5.03]| 1.00 21
7 158 1476\ 1.07E-03 9.07| 1.37E-02 9.33| 1.05E-03 8.72]| 1.00 2.5
8 164 1578| 7.71E-04 9.78| 9.78E-03 10.13 7.97E-04 8.34| 1.00 2.9
9 176 1758| 5.65E-04 5.75| 7.04E-03 6.09| 6.35E-04 4.21| 1.00 3.3
10 188 1938| 4.26E-04 5.81| 5.15E-03 6.41| 5.37E-04 3.43| 1.00 3.8
11 200 2118| 3.35E-04 5.41| 3.87E-03 6.41| 4.81E-04 2.48| 1.00 4.3

Source: Own

4.2 (E2): Linear Convection-Diffusion Equation with the Strong Interior Layer and the
Exponential Boundary Layer

We consider the example from [10], given by

oJu oJu
—eAU+bi——+p-— =0 inQ:=(0,1)? 1
£ u+bldx1+b20x2 0 in (0,1)%, (32)

wheree = 1078 is a constant diffusion coefficient arith, b,) = (cog —71/3),sin(—11/3)) is
the convection. We prescribe the Dirichlet boundary caodibndQ by

[0 forxg=1orx;<0.7,
Up (X1,X2) = { 1 otherwise 2

The solution possesses an interior layer in the directigh@tonvection starting ifxi,Xz) =
(0,0.7) and contains two boundary layers alongg= 0 andx, = 0. On the boundary; = 1 and
on the right part of the boundarg = 0, exponential layers are developed. The width of layers
are proportional te.

For this case, the exact solution is piecewise constanpexu@ regions along the boundary
and interior layer, however, its analytical expressionnknown. Therefore the computational



Tab. 2. Example (E2) given by31) — (32) with € = 10°8: the approximation of the er-
ror ||u— G|y, nonconformity /4 (0y), residuum error estimatpy(Gy) with the corresponding
EOC, index s and the computational time in seconds

lev #% Np || [Ju—= ﬁth EOC | A(0n) EOC Pn(Th) EOC ieff CPU(s)

0 128 384|| 1.25E-01 — | 358E+00 - | 1.03E+00 - | 1.04 0.3

1 128 635| 9.56E-02 1.08| 3.57E+00 0.01| 7.60E-01 1.20| 1.02 0.6

2 167 1211|| 8.06E-02 0.53| 5.03E+00 -1.06| 7.60E-01 -0.00| 1.01 1.0

3 245 1984| 7.50E-02  0.30| 7.09E+00 -1.39| 5.85E-01 1.06| 1.00 2.2
4 467 3921| 6.35E-02 0.49| 1.00E+01 -1.02 5.95E-01 -0.05 1.00 4.0
5
6
7
8

1025 9751|| 6.12E-02 0.08| 1.42E+01 -0.76 6.89E-01 -0.32 1.00 9.4
2189  21663| 4.51E-02 0.76| 2.01E+01 -0.87| 7.32E-01 -0.15/ 1.00 18.2
4910 54765 3.17E-02 0.76| 2.84E+01 -0.75 6.75E-01 0.17| 1.00 50.8
7733 106285| 2.28E-02 0.99| 2.86E+01 -0.02] 5.38E-01 0.68| 1.00| 196.6
9 14240 221582| 1.76E-02 0.71| 2.86E+01 -0.00| 5.20E-01 0.09| 1.00| 505.8
10 19103 310336, 1.62E-02 0.50| 2.86E+01 -0.00 5.16E-01 0.04| 1.00| 1046.7
11 17849 272175 1.61E-02 -0.05 2.86E+01 0.00| 5.16E-01 -0.00] 1.00| 1163.8
12 17426 250641 1.61E-02 -0.01] 2.86E+01 -0.00 5.16E-01 0.00| 1.00| 1226.7
13 17366 240586 1.61E-02 0.03| 2.86E+01 -0.01] 5.16E-01 0.00| 1.00| 1248.5
14 17288 236116| 1.61E-02 -0.16] 2.86E+01 0.02| 5.16E-01 0.01| 1.00 | 1290.4
15 17207 233366 1.61E-02 0.12| 2.86E+01 -0.05 5.16E-01 0.01| 1.00| 1311.4

Source: Own

error |ju— ||y is approximated byju— Gy||x whereu is piecewise constant function corre-
sponding to the exact solution of (31) in the limit wigh— 0. (The boundary conditions have
to be modified of course.)

Table 2 shows the results of computations (E2) for problet) £3(32), namely the values
of the approximation of the errdju— Gy ||y, nonconformity.44(0y), residuum error estimate
pn(Gr) with the corresponding EOC, indeéys and the computational times in seconds. The
value||u— Gp||x does not tend to zero, probably due to the difference betieeexact solution
uand its approximation. Moreover, the nonconformity (0 ) is high, it will decrease with an
additional mesh adaptation, however, here we face a probidgma too high number of degree
of freedom and the limits of our computer. It would be morecé#fit to apply an anisotropic
mesh adaptation. Nevertheless, the results show thateésemted p-method works reasonably,
both layers are well captured.

Furthermore, Figure 2 shows the fifgb-grid obtained with the aid of thep-DGFE al-
gorithm after 5, 10 and 15 adaptive cycles. We observe tlegt-tidaptation was carried out
in regions near both layers. In regions, where the solusotonstant, thé&, approximation
is finally used. We also observe that the algorithm is ablestrehsé\;, when the thin layers
are well localized. Finally, Figure 3 shows the detail of thagonal cut0,0] — [1,1] of the
approximate solution aftér= 5,1 = 10 and = 15 adaptation cycles.

Conclusion

We presented ap-adaptive numerical method for the solution of the secomtioboundary
value problem. This approach is based on a heuristic appadion of the error measured
in a dual norm. Although a theoretical justification of thechnique is missing, numerical
experiments show reasonable computational properties.
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Fig. 2. Example (E2) given b§B1)—(32)with € = 10~8: the grids after =5, 10, 15adaptation
cycles with the corresponding degrees of polynomial appration, the whole domain (left)
and its detail§0.2,0.4) x (0.2,0.4) (centre) and 0.9,1) x (0,0.1) (right)
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hp-NESPOJITA GALERKINOVA METODA PRO NELINEARNI PROBLEMY

Zabyvame se numerighkn feSenm nelinéarrich konvektivié-difusrich rovnic pomotnespojié
Galerkinovy metody. Navrhujeme novby-adaptivit metodu, kted je zal@ena na resicalné-
nekonformmm odhadu chybu a ind&oru regularityfeSen. Residalné-nekonformnodhad se
sklada ze dvoutast, residalnim odhadu chyby a tzv. hodriohekonformity. Pomdadhadu
chyby hledme elementyit, kteé se mdj zjemnit a indikator regularity rozhoduje, zda-li
maji byt ozn&eré elementy zjemény technikouh nebop. Resid@lné-nekonforminodhad
a i indikator regularity jsou snadno sfitatelré veliiny. Stejra technika rize rovréz pomoci
odhadnout chybu vzniklou z ngsrehoreSen prislusré nelinérn algebraicle soustavy rovnic.
MoZnosti metody jsou dokumentamy pomot nékolika numerickch experiment.

DIE hp—DISKONTINUIERLICHE GALERKIN-METHODE FUR NICHTLINEARE
PROBLEME

Wir besclaftigen uns mit de numerischerdogung nichtlinearer konvektiv-diffuser Gleichun-
gen mit Hilfe der diskontinuierlichen Galerkin-Methodeirwhtwerfen eine neulep-adaptive
Methode, die auf einer Kombination einer residual-nichtkomen Fehlerscitzung und einem
Regulariitsindikator beruht. Die residual-nichtkonforme &ung besteht aus zwei Teilen,
der residualen Fehlersatzung und dem so genannten Nichtkonfoatstvert. Mit Hilfe der
Fehlerschtzung suchen wir Netzelemente, die verfeinert werderisalind der Regulagtsin-
dikator entscheidet, ob die bezeichneten Elemente mit eeniikh oder p verfeinert werden
sollen. Die residual-nichtkonforme Satfzung und auch der Regula@tsindikator sind wohl
berechenbare @Ren. Die gleiche Technik kann ebenfalls bei der&aing eines Fehlers
helfen, der aus einer ungenaueiisung des zugéhigen nichtlinearen algebraischen Glei-
chungssystems hervorgegangen ist. Digghthkeiten der Methode werden mit Hilfe einiger
numerischer Experimente dokumentiert.

hp-NIECIAGLA METODA GALERKINA DLA PROBLEM OW NIELINIOWYCH

Zajmujemy s¢ numerycznym rozvazywaniem nieliniowychawnah konwekcyjno-dyfuzyj-
nych przy pomocy nieaigtej metody Galerkina. Proponujemy renmeto@ hp-adaptacyja,
oparta na rezydualnie niekonformicznym szacunkedut i wskaniku regularnéci rozwazania.
Szacunek rezydualno niekonformiczny sktadazdwboch czsci, rezydualnym szacunkudatu
oraz tzw. wart&ci niezgodnéci. Za pomoa szacunku lgdu poszukujemy elemew sieci,
ktore mag zost& ztagodzone a wskaik regularngci decyduje o tym, czy zaznaczone ele-
menty ma@ byt ztagodzone przy pomocy technikiczy p. Szacunek rezydualno- niekon-
formiczny oraz wskanik regularngci 2 wielkosciami tatwymi do wyliczenia. Ta sama tech-
nika maze pondc takze przy szacowaniu etu powstatego w wyniku niedoktadnego roawa-
nia danego nieliniowego algebraicznego ukltadwmah. Mozliwosci metody pokazano na
przyktadzie kilku eksperymeatv numerycznych.



ADAPTIVE INEXACT NEWTON METHODS WITH A POSTERIORI STOPPING
CRITERIA

Alexandre Ern
*Martin Vohral ik

Universig Paris-Est, CERMICS
Ecole des Ponts ParisTech
77455 Marne la Vaée, France
ern@cermics.enpc.fr

*Université Paris 6
Laboratoire Jacques-Louis Lions
75005 Paris, France
vohralik@ann.jussieu.fr

Abstract

We consider nonlinear algebraic systems arising from nigalediscretizations of nonlinear
partial differential equations of diffusion type. In ordersolve them, some iterative nonlinear
solver, and, on each step of this solver, some iterativaatiselver are used. We propose
adaptive stopping criteria for both these solvers, baseahom posteriori error estimate which
distinguishes the different error components, namely tberetization, linearization, and alge-
braic ones. Our estimates give a guaranteed error uppedtanchalso a robust error lower
bound. Numerical experiments for the nonlinear Laplaceaggno, nonconforming finite ele-
ment discretization, Newton linearization, and conjuggisalients algebraic solver illustrate the
theory.

Keywords: Nonlinear algebraic system; adaptive linearization, &dapalgebraic solution;
stopping criterion; a posteriori error estimate.

Introduction

Consider a system of nonlinear algebraic equations writtehé form: find a vectot) € RN,
N > 1, such that

() =F, (1)

whereo7 : RN — RN is a nonlinear operator arfel € RN a given vector. We describe in this
contribution an adaptive version of the inexact Newton métlef. [2], for problem (1).

Our method is driven by stopping criteria based on a posteximr estimators distinguish-
ing three main error components, namely the discretizatioearization, and algebraic ones.
On a nonlinear solver stedp k > 1, and linear solver stepi > 1, these estimators are respec-
tively denoted bynlL , n', andn’! A notion of an algebraic remainder estimatggm, also
appears. All the estimators are fully computable quarstitie each iteration step; their precise
form depends on the nonlinear problem, numerical disattia, and nonlinear solver at hand,
but is independent of the linear solver. Examples are giedow whereas the detailed forms
can be found in [1].

Let rem, Yaig: andyiin be positive user-given weights, typically of ordef Orelated to the
maximum percentage part of the given error component inatad ¢rror. The algorithm reads:

Algorithm 1 (Adaptive inexact Newton methad)



1. Choose an initial vector e RN, Set k= 1.

2. From U1, define a matrixAk ¢ RN-N and a vector & € RN. Consider the following
system of linear algebraic equations:

AkUK = FX. (2)

3. (a) Definer0:=uUk1andseti=1.

(b) Perform a step of a chosen iterative linear solver for sksution of the linear sys-
tem(2), starting from the vector &'—1. This yields an approximationJ to UK
which satisfies

AkUK = Fk _ RRI 3)

where ' € RN is the algebraic residual vector on step i.

(c) Performv > 0 additional steps of the iterative linear solver yielding @pproxima-
tion UXI*V to UK which satisfies

AKU Kji+v _ Fk . Rk,i+V’ (4)

where '+ ¢ RN is the algebraic residual vector on step-iv. The parametev
is progressively increased until

nrem < Vremmax{ndlsc’ r’||n|7nalg} (5)

(d) Check the convergence criterion for the linear solvethia torm

Ny < Yagmax{ nfte i }- (6)
If satisfied, set §:=UXI. If not, seti:= i + v and go back to step 3b.
4. Check the convergence criterion for the nonlinear solaghe form
M < YinNfee (7)
If satisfied, finish. If not, set:k= k+ 1 and go back to step 2.

A prominent example of linearization is the Newton one, mv{2) with

0.

Ak
au;

(UK, FR=F-gUkh+akukt 8)

but other linearizations like the fixed point one are alsovedld. As for the iterative algebraic
solver yielding (3), we also do not make any requirement.

1 A Nonlinear Partial Differential Equation and its Numerical Approximation

The nonlinear systems (1) typically arise from some nunaéapproximation of a nonlinear
partial differential equation. Le® ¢ RY, d > 2, be a polygonal (polyhedral) domain (open,
bounded, and connected set). We consider the following hmattéial differential equation:
findu: Q — R such that

—0-0(u,0u) = f in Q, (9a)
u=0 onoQ, (9b)



whereo : R x RY — RY is a nonlinear flux function anél : Q — R a source term. The scalar-
valued unknown functiom is termed thepotential and, given a potential, the vector-valued
function —a(u,Ou) is termed thdlux. We assume thatt € L9(Q), g > 1, and sep := q%l SO

that £ + 5 = 1. The energy space 6 := Wy P(Q), i.e., the space dfP(Q) functions whose
weak derivatives are ibP(Q), with the zero trace 08 Q.

The exact solutiom lies in the spac¥. Let uﬁ" be a numerical approximation on a mesh
Ihof Q, linearization stefx > 1, and algebraic solver stép- 1, corresponding to the algebraic
vectorUX! of (3). We supposel’ € V (%), where

V(%) :={ve LP(Q),vlx e WEP(K) VK e F}). (10)

Remark thaV (%) ¢ V, so thatuﬁ’I can be nonconforming. Lefk regroup the faces of
an elemenK € %, denote byh. the diameter of the face, and by|[-]] the jump operator,
yielding the difference of (the traces of) the argument ftbetwo mesh elements that share
on interfaces and the actual trace i a boundary face. The error between the exact solution
of (9) and the approximate solutiauﬁ" is measured as

U = Zurus) + Func(u), (11)
where
/uf(uﬁ’i) = sup (o(u,0u)— a(uﬁ’i,Duﬁ’i), O¢), (12a)
peVv;|0¢|p=1
Sunc(uy') = { Sy héqHHU-UEJHH&e} . (12b)
Ke Jhecék

The quantity/uf(uﬁ’i) measures the error in the approximation of the exact fhau, Cu)

by the approximate onea(uﬁ’i,Du'ﬁ’i) and represents the dual norm of the residual of (9);
/U,Nc(u'f]’i) then measures the nonconformity of the discrete potetﬁiiali.e., the departure
of ut' from the spac&. Therein|-|; stands for the Lebesgue normlif. Importantly, there

holds/u(uﬁ’i) =0 if and only if uﬁ’i = u. The error measuryu(uﬁi) is not easily computable
for a known exact solution; the Holder inequality, however, gives

Ju(U) < 8Pl = [|o(u, Ou) — o (U, O lg + _Zunc(U), (13)

which is simple to evaluate, being based on th&Q)]%-difference of the fluxes, plus the
nonconformity term. Our numerical experiments indicatat thoth error measure;%(uﬁ")
and /u“p(u'r‘]") exhibit a very close behavior.

2 A posteriori Error Estimates and their Efficiency

Recall the estimatonspgi’isc, n,'i‘r’]i, n';[(;, andn/siintroduced in the Introduction. These are quanti-

ties that are fully computable frouﬁ’i. Their precise forms for the model problem (9), various
numerical discretizations, and various linearizatiores given in [1]. Let moreover]:dad be

a quadrature antd]clf’siC a data oscillation estimator. The following theorem hasnbgteown
in [1]:



Theorem 1 (A posteriori error estimate distinguishing the differemtor components)Let
ueV solve(9) and let ' € V(Z,). Then

ki i, ki ki i,k i
AuUs') < Nt My + Najg + Mrém+ Nauad ™ Node (14)

Theorem 1 gives an overall error control on each #ej the linearization and of the
algebraic solver. This control is tight in the sense of tHewang result, shown in [1]:

Theorem 2 (Global efficiency and robustnesd)et uc V solve(9) and let Lﬁ" eV (%,). Let
the global stopping and balancing criter{&), (6), (7) be satisfied. Then there exists a generic
constant C independent of the mesh size h, the do@athe nonlinear functioro, and the
Lebesgue exponent g such that

K,i K,i K,i i K,i K,i i
Neiet Min + Najg + Mom < CLLU(US) + Nepagt N620- (15)

3 Numerical lllustration

This section gives a quick numerical illustration of thedfetical developments. We con-
sider (9) witha (u, Ju) = |Ju|P~20u, which is the so-calleg-Laplacian. Here we only con-
sider the valugp = 10. We takeQ := (0,1) x (0,1), f := 2, and prescribe an inhomogeneous
Dirichlet boundary condition by the exact solution

— - -1
U(X)=—pTl|x—(o.5,o,5)|p/(p—1)+ID 1(}>p/(p )'

p \2
We employ the Crouzeix—Raviart nonconforming finite elemeathod for the discretization,
the Newton linearization (8), and the conjugate gradiegeladaic solver with a diagonal pre-
conditioning.
We compare three different stopping criteria in Algorithpeading to three different solu-
tion approaches:

e In the Full Newton (FN) methodboth the nonlinear and linear solvers are iterated to
“almost” convergence, with the global stopping critquzg <108andn <1078 The
balancing criterion (5) is employed withen = 0.1.

¢ In theInexact Newton (IN) methodhe only difference with FN is that a fixed number
of preconditioned CG iterations is performed on each Newitogatization step. These
values were chosen respectively as 2, 3, 5, 8, 10, 15 on eaelholiethe uniform mesh
refinement.

e Finally, in the Adaptive Inexact Newton (AIN) methtdtat we propose, we rely on the
global stopping criteria (5), (6), and (7) wWitkem = Yaig = Yin = 0.3.

Figure 1 focuses on the 6th level uniformly refined mesh amcks the dependence of the

error measure u“p(uﬁ"), the overall error estimator, and the discretization anddrization

estimatorsnc'j;'SC andnlli‘r’]' of Theorem 1 on the Newton iterations. Typically, the ernmod all the
estimators exceml'i‘r’]' start to stagnate after the linearization error ceasesnurdde. This is
precisely the point where the nonlinear iteration is stappeAIN using (7), whereas both FN
and IN perform many unnecessary additional iterations.

Figure 2 further analyzes the situation on one chosen Neitetation from Figure 1. To be
in a region with similar error measur;?u“p(uﬁ"), we have chosen the 6th iteration for FN and
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IN and the 8th iteration for AIN. We see that almost no deazedshe error measurgu”p(uﬁ')
can be observed during the almost 650 iterations of the pcétoned CG method in the FN
case. The fixed 15 CG iterations in the IN case are, on the egnirat sufficient to decrease
significantly the error. In our approach, just the sufficidoinline-decided” number of CG
iterations is performed and timely stopped using (6).

Figure 3 illustrates the overall performance of three apphes. We can see that the number
of Newton iterations per refinement level is stable aroundo2@N. It increases significantly
for IN, whereas it is still reduced for AIN. On one Newton #&on, the number of CG iterations
also varies significantly among three approaches. Mangtiters are necessary in the FN case
and fixed 15 iterations in the IN case, whereas AIN picks umtimaber that is “just necessary.”
Remark that this number is equal to two on the first Newton $tepy here, the error is “lagged”
as a function of Newton iterations in the AIN case, cf. Figlird he total number of necessary
CG iterations per refinement level is displayed in the right paFigure 3. On the last mesh,
AIN only needs 306 total iterations, whereas IN needs 14i@@ FN 8690 iterations. Thus, our
approach yields an economy by a factor of roughly 5 with resfeIN and roughly 30 with
respect to FN in terms of total iterations.

Flgure 4 displays the distribution of the overall error mstior and of the error measure

P(u") on the 2nd level uniformly refined mesh for AIN. We see thateivepresence of
algebraic and linearization errors, the overall errorriistion is very well predicted. Finally,



let /dow(uﬁ") be an easily computable lower bound for the error meaﬂu@uﬁ") obtained by
estimating the supremum in (12a) just with opie We define the upper and lower effectivity
indices respectively ag’? := nki/ ziP(ul) and.#' := nki/ glow(yt') and observe that
the effectivity index for the original error measugg, (ut'), defined as# := n/_z,(ut"), lies
betweens'YP and.#'°". For the three methods (FN, IN, and AIN), all these indicescdose to
the optimal value of 1 and in particula# P takes values very close to 1, see Figure 5.

Conclusion

In this work, we have presented an inexact Newton method avfitbsteriori error control and
adaptive stopping criteria. Numerical experiments illatg that tight error bound and important
computational gains can be achieved by our approach. Betagll the presented developments
can be found in [1].
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ADAPTIVN]I NEPRESNE NEWTONOVY METODY S A POSTERIORNMI
ZASTAVOVACIMI KRIT ERII

V této piaci uva&ujeme sy€my nelin@rrich algebraickch rovnic vznikaici pfi numericlée

diskretizaci nelinarrich parcalnich diferencalnich rovnic difuzriho typu. K jejich (giblizné-

mu) feSeri uvazujeme nelinarn iteratni metodu a, na Kedem jejm kroku, iter&ni FeSic

sysému linéarrich algebraicitch rovnic. Navrhujeme adaptivozplisobei pottu krokli obou
iteratnich fesicli. Obé zastavovdckritéria jsou zal@aena na a posterioich odhadech, ktér
rozliSuji riizré slazky celkowe chyby, v daém @ipacé algebraickou chybu, lineariza chybu

a diskretizé&ni chybu. N&e a posteriofirodhady poskytijzaruitenou hornhranici na celkovou
chybu mezi pibliznym a gesrym feSerim a zaroveh robustnostnhranici spodin Numeric-
ké experimenty pro nelirgeri Laplaceovu rovnici, nekonformmmetodu konénych prvki,

Newtonovu linearizaci a metodu sderych gradient profeSeri soustav linarrich algebraic-
kych rovnic ilustruj teoreticle vysledky.

DIE ADAPTIVE UNGENAUE NEWTON-METHODE MIT
A-POSTERIORtSTOPP-KRITERIEN

In dieser Arbeit betrachten wir die Systeme nichtlineatgelaraischer Gleichungen, die bei
der numerischen Diskretisation nichtlinearer partieldéferenzialgleichungen entstehen. Zu
deren - anaherungsweisen -dsung betrachten wir die nicht lineare iterative Methodd un
auf jedem ihrer Schritte - den iterativeibder des Systems der linearen algebraischen Gleichun-
gen. Wir schlagen eine adaptive Angleichung der Schrittzeider iterativer ldser vor. Beide
Stopp-Kriterien gianden sich auf A-posteriori-Satzungen, welche verschiedene Bestandteile
des Gesamtfehlers unterscheiden, im vorliegenden Fadheatgebraischen Fehler, einen li-
nearisierenden Fehler und einen Diskreditisationsfeldesere A-posteriori-Séizungen ge-
wabhrleisten eine garantierte Obergrenpeden Gesamtfehler zwischen deiiderungs- und der
genauen bsung und gleichzeitig eine Robuatdégrenze nach unten. Die numerischen Experi-
mente fir die nichtlineare Laplace-Gleichung, die nichtkonformMethode der Endelemente,
die Newton’sche Linearisation sowie die Methode der du@esdienten zur isung der Sys-
teme linearer algebraischer Gleichungen illustrierertltB@retischen Ergebnisse.

ADAPTACYJINE NIEDOKLADNE METODY NEWTONA Z KRYTERIAMI
STOPUACYMI A POSTERIORI

W niniejszym opracowaniu przedstawiono systemy nieliryickvrownan algebraicznych pow-
stapce podczas numerycznej dyskretyzacji nieliniowych pdmgch bwnah rozniczkowych o
charakterze dyfuzyjnym. Do ich (przybhbnego) rozwazania zastosowano nieliniawnetoe
iteracji a na kadym jej etapie iteracyjny spob rozwazania uktadu liniowychawnah alge-
braicznych. Zaproponowano adaptacyjne dostosowanigieiaw obu sposobw. Oba kry-
teria stopugce opartedna szacunkach a posterioriokt odbzniaja rbzne elementy agjnego
btedu, w tym przypadku algebraiczne, linearyzacyjne i dytykacyjne. Nasze oraz a posteri-
ori szacunki zapewniajgorna grani@ oglnego bedu pomedzy przyblzonym a doktadnym
rozwiazaniem oraz doln staé grani@ bledu. Eksperymenty numeryczne dla nieliniowego
robwnania Laplace’a, niekonformicammeto@ elemerttw skaczonych, linearyzaejNewtona
oraz metod gradienbw sprzzonych do rozwazywania uktadw liniowych rownah algebraicz-
nych przedstawiono w postaci teoretycznych wyik
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Abstract

In this contribution we will deal with the problem of varidiby of interval data. The issue

is to find lower and upper bounds for the interval of possildkies for the variance of given
interval data. This leads to the problem of minimizing/mmaizing the sum of squares of the
distance between the components ofthalimensional vector and their average value. As the
maximization is more difficult than the minimization, we peat here some theoretical results
concerning the solution. Furthermore, we introduce prielary algorithms for solving both
problems which take into consideration their special stme

Keywords: Interval data; computation of variance; theoretical asialy

Introduction

In some cases, we have only intervisb;] of possible values of; instead of the actual value
X;. For example, measured values usually include some measotemor with known upper
bounds. Then, the actual value xfis unknown and we only know that its value is located
within the interval determined by the upper bound of the messent error. Therefore, we
should work rather with these intervals than with theselsinglues. Consequently, possible
values of their average and their variance are also intenf&r more details on interval data
see in [1]. While the computation of lower and upper boundsHeraverage of interval data is
straightforward, the computation of lower and upper boudsheir variance is significantly
complicated. In [4], it was proved that computing the vaceror interval data is NP-hard.
They also proposed algorithms with quadratic complexitydomputing the lower bound of
variance and for computing its upper bound in some specsdsaFurther interesting results
were recently published in [2, 3, 7]. In this contributione wresent some theoretical results
concerning the solution of a maximization problem and iedie preliminary algorithms for
solving both problems which use their special structure.
We considenintervals |; = [a,b;] and define

K=Ih®hb®lh®: -l (1)
We would like to find:

: 1
min __ i
XM = arg)@knnF(x), (2)



1
max __
Xt = arg)r(gﬁlxn F(x), 3)

n
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where F(x) = Z(XI —X)? with X = Zx. and the tensor produét of the given intervals
forms the feasible set of optimization problems (2) and (3).
Note that the functiofr can be written in the following forms:

n n (X1+ +Xn

FWFiZM—ﬂAiZﬁ _Z& QQ )

Problem (2) possesses a convex objective fundiipthus any local solution is also a global
one. In problem (3), the functioR is concave and the solution has to be a verteK ofThis
results in a rather different behavior. The analysis of $eisond case is discussed in Section 3.

There are several apparent properties:

S I

e If Njlj # 0 then there exist either one or infinitely many solution§)f All elements of
the solution are the same and belongib.

e The solution of (3) lies on the vertex &.

oltholdszl i —X) <Zl 2 forany d #X.

In this contribution we give some theoretical results ofppeons (2) and (3), respectively,
and outline the algorithms for seeking the solutions. We eahsider the following structure

of those problems:

XM — arg minF (), (4)
subjectto X € [a,b], i=1...n

X" arg rr)1(a>F (), (5)
subjectto X € [a,b], i=1...n

The following quantities are used throughout the paper:

C = a 2 I7
a+--+an _bit-+bn
— 0 Pp = -

d=b—a>0 1=1...n,

Pa =

1 The Problem of Minimization

Both problems (4) and (5), respectively, are classical apaition problems with simple bounds
that can be solved by a suitable optimization method, e.gariablie metric method or trust-
region method, see e.g. [6]. The basic optimization meth@uhiiteration process starting from
an initial pointx(¥) and generating a sequence of poixits, x@. ... such that

kD) x(  g(g)



whered® is a direction vector and' ¥ > 0 is a step-length. The direction vector is deter-
mined on the basis of valueg!), F (x))), F/(x()), F”(x()), 0 < j <k, and the step-length is
determined on the basis of behavior of the funcfioim the neighborhood of*).

Unfortunately, the Hessian matrix Bfis dense which makes difficult to solve problems (4)
and (5), respectively, for large by standard optimization methods. We will use of a special
structure of the problem and introduce algorithms that tateeconsideration this structure.

The problem of minimization (4) is simple and no significaificulties arise. We need not
to know anything special about the solution and the follapafgorithm works well on the test
problems.

Algorithm 1 Solving problem (4).

1. Initiation: Set

_ Pat+Pp
==

s =0Vi (indicator of the solutiorx": O - not found, 1 - found).

Pa=@a, Pp=2b, p A" =max{aj}, Bmin=min{bi},

2. Test on intersection of all intervals: If A™ < By, then the solution' Vi is an
arbitrary number ifA™® Bp,in] and F = 0.

3. Until we have not found akt’ (i.e. Ji such thats = 0):
(a) Iteration process: For i =1...n such thats =0:
If pela,bi], setx = p; elseif p<a, setx = a; else setx; = by.

(b) Reducing of all intervals: For i =1...n such thats =0:
If & < pa<hi, seta =pgy; if by > pp>a, setbh = pp.

(c) Test on components of the solutionFor i = 1...n such thats =0:
If [a&,bi]N[pa,pp) =0 or & or bj, setay=bj=x"=x ands =1

4. Computation of new values:Set p3 = p,, pdld = p, and updatea, po.

5. Test on termination: If max{|pa— p39|,|pp— p'Y|} > € (e.g. = 107°), updatep and
goto Step 3. Otherwise sef’ = x; for i such thats = 0.

2 The Problem of Maximization

The maximization problem is much harder than the minimaraproblem, so we will focus on
the theoretical analysis and find useful information conicgy the solution. The solutiox’ to
(5) lies on the vertex oK, see the second apparent property above or Lemma 1 below.iifhu
the subsequent analysis we assumexhats componentg” equal to eitheg; or b;. First, we
will study what the solution must satisfy.

Lemma 1 The solution X of (5) lies on the vertex of K, i.e)»= (x]...X;), where X =& or
Xi* = bi.

Lemma 2 The solution X of (5) has the property that there exists at least one i andastione
J, i # jsuchthat x =g and x]-*:bj.

The following lemma says that no componghbf the solutionx* is equal to the average value
X*,



Lemma 3 Let xe R" and X be the average value of componenets. . xx,. Suppose that
there exists an index j such thag % X. Then if we take a componen{ x 1 instead of x for
some T # 0, we obtain a greater function value, i.e.(§ < F(X;), where

Xr = (X1...Xj—1, Xj + T, Xj+1..-Xn)-

The following analysis concerns the differences amongtfanwalues. The first lemma stands
for the most general case.

Lemma 4 Let xy be arbitrary points. Denote,p the average value of all points;,y;, | =
1...n, and define the following sets:

Naa={i: X =a, i = a},
Nap={i: x =&, yi = bi},
Noa={i: xi =bi, yi =ai},
Npp={i: xi =hi, yi =bi}.
It is evident that NaUNapUNpaUNpp = {1...n}. Then it holds

F(x)—F(y)=2 di(Ci—pxy) — > di(ci—pyy)
Suppose that we have some combination of poits . x,. Now we fix somej and ask if the

function value is greater fox; = a; or xj = bj.

Lemma5 Let xe R" and take an arbitrary index j. Denote,pthe average value of points
{Xitizj- Then

F({Xi}izj:0j) —F({Xi}izj,8)) = 2%1 dj(cj —px)
The consequence is that:
F({x}izj,b) > F({x}izj,8) < ¢ >px,
F({x}izj, b)) <F({x}irj8) < ¢ <px;
F({xi}izj0j) = F({X}izj,8) < ¢j=px.
The special case of this lemma is the following result.

Lemma 6 Consider setga; },{bi} and let j be an arbitrary index. Then

F({aitizj,bj) —F({ai}) = 2dj(cj — pa—z—lndj),

F({bi}izj,a)) —F({bi}) = 2dj(pp—c; _2_1n

Both numbers on the right-hand side are equal if and only;if=q := P25
In general, if we compare both numbers on the right-hand sigewill derive relations

F({a}izj, b)) —F({a}) > F({bi}ixj,a)) —F({bi}) < c¢cj>p,

dj).



F({aitizj. b)) —F({ai}) <F({bi}lixj.a)) —F({bi}) < cj<np,
F({aitizj. b)) —F({ai}) = F({bi}lizj.a)) —F({bi}) < cj=p.

As Lemma 2 says that the solution must contain at least paedaat least one jj the conse-
quence is that

a;j can be replaced withbif and only if @ < ¢ — 2dj,
bj can be replaced withjaif and only if g, > c¢j + 2d;.
The following lemma gives the comparison of function valoasach side of the s&t

Lemma 7 It holds

F(as,...,a) <F(by,....bn) & p< 25

F(a,...,a) >F(by,....bn) & p>25

F(ag,...,an) =F(by,...,by) < p:Z%_

Lemma 8 Let j be an arbitrary index. Then
F({aitizj b)) <F({bi}izj,a) < (¢j—p)dj < Jigjlla—p)di,
F({aitizj bj) > F({bi}izja) < (¢j—p)dj > Yigjlc—p)di,
F({aitizj 0j) = F({bi}izjaj)) < (¢j—p)dj = Yigjl(c — p)di].

Another approach to determine Lemma 5 consists in that wesiét af points{x }i; and study
the function values ofa;, bj]. Denote

Xj =aj+Tj(bj —aj) =a;+15d;, T1;€[0,1].

Then we have

2
f(1j) = F({xi}i;éj,xj) = ;x,-er(aj +Tjdj)2—]ﬁ- <.;Xi + 4 +Tjdj>
1#£) 17

2
f'(1)) = 2dj(aj + 1;d;j) — ﬁdj <.;Xi +Q; —i—Tjdj)
J

* pXi _aJ
f/ i) = = —
(1j)=0 < T, b, —a

n—-1 “ :
f/(1j) = 2de2 = f(1}) =minf(T))
From here we obtain properties mentioned in Lemma 5, that is
rik<0.5 & Ci>py & F({Xlizj, b)) > F({X}izj,q)

T7>05 « c<py < F({Xlig,b) <F({x}izg),a)
1[=05 & cj=py < F({X}igbj)=F{X}izja)



Remark 1 Function f(t) satisfies

2
n—-1 n—-1 1
f(1;) = dezrjz—Zde(pxi —a;)T] +_;X,-2+aj2— - (;xi +aj> :
1) i)

From Lemma 2 and Lemma 5 we can immediately determine sompauents of the solution.
Denote

p{ = the average value ofa }i,j, j=1...n

p® = the average value ofbi }i4j, j=1...n

pa = the average value of {a;}i.«, bk}, wherekis such thatd, = min{d;}.

pp = the average value of {bi}; ., a}, wherekis such thatd, = min;{d;}.
Then it holds

If cj <max{p%,pa}, thenxj =a;.

If ¢j > min{p?,pg}, then xi = b;.

If cj € P = [max{pf, pa },min{ p'J@’, pg}], aniteration process must be performed.

Now we give a preliminary algorithm for solving the maximizma problem (5).

Algorithm 2 Solving problem (5).

1. Initiation: Set

_ PatPp . a+b | bi—a
B 2 27 - 2n

pa:@aia pb:ﬂbiv p d:2mindi,

s =0Vi (indicator of the solutiox": 0 - not found, 1 - found).
2. Fori=1...n suchthats =0:

(a) Test on components of the solution:
If ¢ >pp—d, thenx'=a =b; and s =1.
If ¢ci <pa+d, thenx'=bj=g ands =1.

(b) Otherwise -Hteration process:
If ¢ <p, thenx; =g and bj = min{b;, pa}.
If ¢ > p, thenx; =b; and a = max{a;, pp}-
(c) Otherwise -Possible reduction of intervals:
If a < pa and pp < b, then a = py or by = pa.

3. Computation of new values:Set p®d = p and updatea, py, p, G, d;, d.

4. Teston termination: If |p—p%9| > ¢ (e.g. = 10°9), goto Step 2. Otherwise st = x;
for i such thats = 0.



Example 1Let n=3 and
[aiv bl] = [_37 l]a [_9/2a 3]7 [_17 1/2]
It holds that
c=-1 di=4 pi=-11/4 pi=7/4
C2=-3/4, dp=15/2, pi=-2, p3=3/4
ca=-1/4, d3=3/2, pj=-15/4, p3=2
Pa=-7/3, pp=1 p=-2/3

We do not have immediately any component of the solutionsea; € P; Vj. The solution

satisfies
X'=(-3,3 -1, ox=-1/3, F(x')=62

and the point just on the other sides of all interval satisfies
%$=(1, -9/2,1/2), @%=-1, F(X)=6.16
The function values are located close together which matasegms for the algorithm to iden-

tify the right solution.

Example 2 This example shows efficiency of our method and also thatgugistandard op-
timization method (in this case the line-search approasi fthe UFO system [5]) the right
solution has not to be obtained. Lat=40 and [a;, bj] =

[~475, 28.75], [47.25, 91.75), [385, 815, [-535, 45, [~46.5, 935,

[~98.25 —40.75], [-34.5, —28§], [51, 64], [-885, —715], [-93.75, —33,
[40.75, 95, 47, 30.5], [~95.75, —25.25], [-34, —28.25], [~1.25, 34.5],
(165, 81.25], [-21.75, 39.75), [30.25, 80.25], [~14.5, —6], [-22.5, 1.25],
[—10, 7.75], [-815, —72.25], [-94, —18.75], [-655, 22, [—3.25, 83.25),
[~90.25, —77], [-24.75, —1.25), [425, 79.75), [-11, —5|, [-19.5, 6.75),
[27.75, 57], [49.75, 85.5], [12.75, 90.75], [18.5, 85.5), [-93, —83,
[~95.75, —52], [~66, —61.25|, [-77.5, —42.75], [-325, —13.5), [~42.25, 20].

In the following table, we present the obtained results wifferences in bold.

X" using Algorithm 2 X* using standard optimization method
-47.5 91.75, 81.5, 45, 93.5, 28.7591.75, 81.5, 45, 93.5,
-98.25, -34.5, 64, -88.5, -93.75,  -98.25, -34.5, 64, -88.5, -93.75,
95,-47,-95.75, -34, 34.5, 95,30.5 -95.75, -34, 34.5,
81.25, 39.75, 80.25, -14.5, -22.5, 81.25, 39.75, 80.25, -14.5, -22.5,
7.75, -81.5, -9465.5 83.25, 7.75, -81.5, -9422, 83.25,
-90.25, -24.75, 79.75, -11]19.5 -90.25, -24.75, 79.75, -18,75
57, 85.5, 90.75, 85.5, -93, 57, 85.5, 90.75, 85.5, -93,
-95.75, -66, -77.5, -32.542.25 -95.75, -66, -77.5, -32.20
F =491199902 #iterations= 2 F =470979625 #iterations= 41

Note that we have found the same solution as in [3] in the sti@eration while their genetic
algorithm used several hundred iterations.



Conclusion

In this contribution we have presented some theoreticaltseand preliminary algorithms for

computing variance of interval data described in the iniotidn. Although the problem can

be solved using various optimization methods combiningatfion vectors and the step-length,
developing a special algorithm is advantageous. Concelthiagnaximization problem, the

solution satisfies useful properties which allow us to idgmtirectly some components of the
solution. The main task is to properly deal with the case wbgea P; and develop more robust

algorithm to identify the right solution.
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PROBLEM VARIABILITY INTERVALOV YCH DAT

V prispévku se zafivame probdmem variability intervalogch dat. Pro daaintervalova data se
jedna o nalezeindolnich a horiich mez intervalu ma@nych hodnot jejich rozptylu. Toto vede na
probem minimalizace/maximalizace sttu ¢tverdl rozdlu slozek n-dimensio@lniho vektoru

a jejich ptimérné hodnoty. Jelikb je probEm maximalizace mnohem ébnejsi nez probem
minimalizace, uvedemeskteg teoreticle wsledky Ykajici sefeSen. Take uvedemeiedbEzne
algoritmy pro nalezeifeSeri obou probéml, ktele vyuzivaiji jejich specalni viastnosti.

DAS PROBLEM DER VARIABILIT AT VON INTERVALLDATEN

In diesem Beitrag befassen wir uns mit dem Problem der Vditiabvon Intervalldaten. Bei
den vorliegenden Intervalldaten handelt es sich um die Adifing der Unter- und Obergrenzen
der mbglichen Werte ihrer Zerstreuung. Diegft zum Problem der Minimalisierung/ Maxima-
lisierung der Summe der Quadrate des Unterschieds der Koenpen eines-dimensionalen
Vektors und deren Durchschnittswert. Da das Problem derimvtgisierung viel schwieriger

ist das Problem der Minimalisierungjtiren wir einige theoretische Ergebnisse an, welche mit
der Losung zu tun haben, ebenso awfige Algorithmen zur Findung eineidkung tir beide
Probleme, welche deren speziellen Eigenschaften nutzen.

PROBLEM ZMIENNOSCI DANYCH INTERWALOWYCH

W artykule przedstawiono problem zmiersoodanych interwatowych. W przypadku okle-
nych danych interwatowych chodzi o znalezienie dolnyobringch granic interwatu maiwych
wartdsciich rozproszenia. W zaizku z tym pojawia & problem minimalizacji/maksymalizacji
sumy kwadradw roznicy elemertiw n-wymiarowego wektora oraz ich przetnej wart&ci.
Problem maksymalizaciji jest o wiele trudniejszy w @enaniu z problemem minimalizaciji,
dlatego wskazano niebtte teoretyczne wnioski dotyaze rozwazania. Ponadto przedstawiono
wstepne algorytmy stzace do znalezienia rozazania obu probledw, ktore wykorzystug ich
szcze@lne cechy.



OPTIMIZATION PROBLEMS UNDER TWO-SIDED (max min)—L INEAR
INEQUALITIES CONSTRAINTS

Mahmoud Gad

Charles University in Prague
Faculty of Mathematics and Physics
Sokolovsla 83, Praha 8, 186 75, Czech Republic

*Sohag University
Faculty of Science
Sohag, Egypt
MahmoudAttya Or@yahoo.com

Abstract

Systems of so called two-sidéthax min)—linear inequalities with variables on both sides will
be studied. Optimization problems, the objective functénrvhich is equal to the maximum
of a finite number of continuous functions of one variable @esidered. The set of feasible
solutions in described by a system of two-sidethx min)—linear inequalities with variables
on both sides. A finite algorithm for finding the optimal sodut of the problem is proposed.

Keywords: Two-sided(max min)—linear inequalities system; lower and upper bounds; max-
min optimization problems.

I ntroduction

The algebraic structures in whigmax +) or (max min) replace addition and multiplication
of the classical linear algebra have been appeared in #ratlire approximately since the six-
ties of the last century (see e.g. [1], [3], and [8]). In rabepublished book [2] readers can
find the latest results concerning theory and algorithmgwax +)—linear systems of equa-
tions. A polynomial method for finding the maximum solutidittee (max min)-linear system
has been proposed in [5]. A finite algorithm for finding theimyatl solution of the optimiza-
tion problems undefmax +)—linear constraints has been introduced in [10]. A survey of
some of the recent results concerning theax min)-linear systems of equations and inequali-
ties and optimization problems under the constraints de=gtrby such systems of equations
and inequalities is presented in [6]. Algorithm for optiaion problems under one-sided
(max min)—linear equality constraints is introduced in [4]. Maximalwgions of two-sided
linear systems in max-min algebra have been given in [7]. # oo application of two-sided
systems of max min)—linear equations and inequalities to some fuzzy set probleas been
given in [9].

In this contribution, we will study systems of so calléthax min)—linear (or using an
alternative notatiorimax A\)—linear) inequalities with variables on both sides. We cdesi
optimization problems, the objective function of which gual to the maximum of a finite
number of continuous and unimodal functions of one variablee set of feasible solutions is
described by a system @fax A)—linear inequalities with variables on both sides. Let ugnot
that if we have variableson the left hand sides and different variabyem the right hand sides,
the system can be processed like the one-sided system ewetsiel.g. in [6]. Including lower
and upper bounds o yis only a technical problem.

We can consider the practical problem, in which transpioraneans of different size are



transporting goods from places | to one terminall. The goods are unloaded ihand the
transportation means (possibly with other goods are upldaad T) have to return ta. We
assume that the connection betweemdT is only possible via one of the places (e.g. cities)
j € J the roads betweenand | are one-way roads, and the capacity of the road betwedn
andj € Jis equal toajj. We have to join placeg with T by a two-way road with a capacity
Xj in both directions. The total capacity of the connectionteeini and T is therefore equal
to maxej(aj AXj). The transport fronT toi is carried out via other one-way roads between
placesj € J andi < | with (in general, different) capacities betwegandi are equal tdj;.
Since the roads betwe@nand | are two-way roads, the total capacity of the connection betw

T andi is equal to may;(bjj AXx;), for alli € I. We assume that the transportation means can
only pass through some roads with the capacity which is natlemthan the capacity of the
transportation mean and our task is to choose appropripseitiesx;, j € J. In order that each
of the transportation means may returniteve may e.g. require for eaghthat the maximal
attainable capacity of connections betweéemndT via | is greater than or equal to maximal
attainable capacity of connections betwdeandi on the way back. In other words, we have
to choosexj, j € J, which satisfy relation (1) below. In what follows, assurhattwe have the
same variables on the left hand sides and right hand sidée afi¢quality system.

1 Systemsof (max min)—Linear Inequalities

Let us consider the following system of inequalities:
ai(x) > bi(x),i €1, (1)

where a;(x) = maxjey(aij AXj), bi(x) = maxei(bij AXj), andaj, bij e R iel, jeJbe
given numbers. LeM= denote the set of all solutions of system (1). We will set foy a
X,ye RN :x<y&x; <y Vje€J. LetusseM=(x,X) = {x; xe M= & x <x <X} for any
finite x < xand letx™® denote the maximum elementMf= (x,X). So thatM=(x,X) C M=, and
M= (x,XM®) c M=, alsoitis clearM=(x,x™®) C M=(x,X). To prove M= (x,X) C M= (x,xM&X)
there are two cases: the first one xf¢ M= , then x™ < x . ThereforevV x € M=(x,X) , the
inequality x < x™* verified, i.e. x; <XV j € J andif x* € (X" X] , (i.e. X" <X <X,
le. Xp¥ <X <Xj, foratleastonejoeJ and X" <xj <X; for j€J& j#jo)
then x* ¢ M=, otherwise x* is the maximum element oM=(x,X) , but this contradicts the
hypothesisx™ is the maximum element af1=(x,X). So that for anyx € M=(x,X), we have
X < XM and x € M= (x, XM, then M=(x,X) € M=(x,x™®), The second case, ik € M=,
then X" =x . Then we haveM=(x, x™®) = M=(x,X) C M=. In this section we will propose an
algorithm, which find the maximum element of the b&t (x,X), and calculates the maximum
solution of system (1), take in account x < X. Note that, since any equation can be replaced
by two inequalities, therefor we can use the next algoritbifinid the maximum element of the

setM=(x,X), which is the set of all solutions of a system of equatigagx) = bj(x),i € 1).

Algorithm 1
[0] Input 1, J, X, &; andbjj foralli € 1 andj € J.
FindI<(X)={i el ; a(X) < b(X)}.
If 1<(X) = 0, thenx™@: =%, STOP.

Find a (%) = minig; < x @ (X).



Find1<(a (X)) ={i e 1<(X); a(X) = a(X)}.
FindH=(X) = {j € J;bij A%} > af
6] SetH=<(R) := Uici<(ax) Hi* (%)

Setx; := a(X) for all j € H<(X) go to|1].

We will illustrate the performance of this algorithm by tlaléwing small numerical example.

Xl
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Examplel. : LetJ= {1,234}, 1 ={1,2,3}, x=(10,10,10,10), and consider system (1) of
inequalities whereja & bjj V icland jeJ are given by the matrices A and B as follows:

7 5 3 0 6 13 10 -1
A=|(4 3 1 2|, B=|8 0 3 1
10 20 10 -1 11 1 -8

By substitution for these values in system (1) and usingratgo 1:
[teration 1:

1=(x) ={1,2}.

1<(X) # 0.

a(X) = min(7,4) = 4.

1=(a(x)) ={2}.

Hy (%) = {1}.

6] H=(x) = {1}.

%1 =4, X=(4,10,10,10) go to[ 1],
Iteration 2:

1=(x) = {1}.

1<(X) # 0.

a(x) =5.

1= (a(x)) ={1}.

H= (%) = {2,3}.

(6] H<(X) = {2,3].

%, = 5,%3 = 5, X= (4,5,5,10) go to[ 1]
Iteration 3:

I<(X) = 0, then ¥"@ = (4,5,5,10) STOP.



In the next part of this section we will introduce a method ethiinds the minimum upper
boundxfor solution of system (1) such that>=x. In other wordsx™has the properties €
M=(x,x"®) and if x < X, x # X, then there existg* € M=(x,x"®) such thatx* £ X. It will
be clear thak € M=(x,x™®) and this element is suitable to find the optimal solution @ th
minimization problem as we will see in the next section. Iratiollows to simplify the notation
we set foranya, B € R: a V3 =maxa, ). Let us set

Tij = {Xj ;%] ngaX& ajAXj > bi(x) v x}, Viel, jed.

Note that ifi1, i are two different indices of, j € J, andbj,(x) v Xj < bi, (X )\/x then
evidentlyT;,; C Tj,j. It follows that for any subset afindices ofl, there eX|sts such permutation
i1, ,..., ir of these indices that the inclusiofig; C Tj,j € ... CTij,j hold so thaﬂh_l'l'.hj =
Ti,j. SetsTjj have the following properties:

Tij #0 & aj > bi(x) VX

Tij 70 = Tij = [bi(x) V), X",

Since we assumed that< x™& setM=(x,x™®) is nonempty. Let us note that for any
x € M= (x,x™®) and anyi € I, the inequalities; (x) > bj(x) & x; > x; ¥ j € J hold and further
there exists for eache | an indexj(i) € J such thatT;;;) # 0 (otherW|se seM= (x, xmax)
would be empty, because we would haye < bi(x) V X; VJ € J and thereforeg;(x) < bj(X)
for anyx € R" and we havex < XM so thatM=(x xma’ﬁ # 0). Let us note further, that if
ajj Axj < bi(x) vVx; Vj € J, then we havey(x) < bi(x) and thusx ¢ M= (x,x™®). If for some
fixed j € Jthe mequalltlea, < bi(x )\/x hold , thenaj; AX; < bj(X )\/X V Xj € Rso thatlj; =0
andx; will never be "active” ing;(x) or bi(x) if x e M= (i.e. it will never determine the values
of a4(x) or b;(x)). We will exclude such variables from our considerationd assume that for
eachj € J there exists at least one "row” indéx | such thatgj; > bj(x )\/X We define sets
Vi, jeJ

={ieliaj > bi(X) VX},

and denote  maxy; (bk(x)) = bk(j)(>_<). A vectorXwill be defined as follows:

j = max(b(X)) V%) = by (X) V) Vi€ (2)
J

The elemenk defined by (2) has the following properties:
(1) M=(x,X) #0, & X € M=(x,X).
2) £ eMZ(x,%) = x<E <K
(38) There may exist elementsc M=(x,X) such that) # X.

If Xis the minimum element d¥1=(x,x™&), then it would bex’e M= (x,x™®) and for any
X € M= (x,XM®) = x > X. Therefore, because of the property X33 hot the minimum element
of M2(>_<, xMaX) “put we can say that i$ the minimum upper bound ofi=(x,x™) such that
M=(x,X) # 0. Let us choosg < XM & 1 # XM andX'e M= (x,T) = X < xM*andg;(X) >
bi(X) Viclandx <X<T. LetH = {xmax T) | X"®(1) is the maximum element o fNix, 7) },
thenx’is the minimum element dfl.

Theorem 1. : LetX be defined as in (2). Thehe M= (x,xMa),



Proof: Since evidentlyx™> x, we have to prove that onlg(X) > bj(X), Vi € |. Leti €1 be
arbitrarily chosen. We have

bi(>~<)=rpg><(buAij)=rp€aj><(bim(rk23jx(bk<>_<)vz<j))) max(bu (byjy (X) VX))

Let us assume that
i (%) = max(bij A%j) = b A %)
Since i~n this cafdae_\/j(i)_, we havea”-(_i) 2_)?]-() and we obtairg;(X) > &) A Xji) = Xji) >
bij iy AXjiy = bi(X). Sincei € | was arbitrarily chosen, the theorem is proved.
O

Elementx'defined by (2) shows that the given lower boundhight not be an element of
M=(x,xM@), Moreover we obtained an explicit dependencex@in"the given lower bound
x (compare (2)), which can be used for sensitivity analysithefsetM=(x,X) or for a post
optimal analysis of optimization problems, the set of felssolutions equal té1=(x, x™2X).
The properties ok €nable us to solve some of the optimization problems meediabove
explicitly.

2 Optimization Problemsunder Two-Sided (max min)—Linear Inequalities Constraints

In this section we consider an optimization problem that combination of the problems
solved in the above chapters but with a different feasiblelsether words, let us consider for
instance the optimization problem:

f(x)zmeajxf,—(xj) — min (3)

subject tox € M= (x,x™®), wherefj, j € J are increasing functions. Let indicg¢§) € J will
be chosen for eadhe | such that mife; fj(x 5)) = fii) (Xji)), wherefj(x 5)) ming T, j(xj).
Let X be defined as in (2) and then we have to proceed as follows:
0 if aj <bi(x),
Tij=qbi i aj>bix),
X, % if - aij = Dbj.

Setf; ()?S')) =min, .5, fj(x), (if Tij = 0, we set minimum equal ta-«). Let us set

if R # 0, but whenR, = 0, we set

fiOEP) = ().

The proof can be carried out in the same way as in the one saic [6]. We mentioned
above that a system of inequalities can be transformed tstarayof equations by making use
of slack variables. Let us note that the other way round esystof equations considered can
be solved alternatively by the methods in this section, ire@ace the equation system by the
system of inequalities of the form



ai(x) > bi(x), i el
bi(x) > agj(x), i €1
Xj > X, j €J.
We will describe now the corresponding algorithm exphcgtep by step.
Algorithm 2
[0] Inputm,n,x, %, A B, f(x).
Find XM e MZ (x,X).
If x £ XM thenM~= (x,X) = 0, STOP.
Vii={iel;aj>bxVvx} Vjed
X" := (bi(x) Vx;) Vi €V;forall j € J such thav; # 0.
Setx] 1= maxey, (X)) if Vj # 0, % := x; if V; = 0.
6] Q:={keJ; f(R) = (X))}, P={j€d;&=x}
If QNP +# 0, then sek®Pt:= %, STOP.
Ro={iel; )”(k:xg)} vke Q.
(9] Vk:=Vi\ A Vke Q.
If UjesVj =1, go to|4]
Setx°Pt:= %, STOP.,
We will illustrate the performance of this algorithm by tleléwing numerical examples.

Example2. : LetJ={1,2,...,5}, | ={1,2,3}, x=(10,10,10,10,10), x= (0,3,0,0,1) and
consider system (1) of inequalities wherg & bjj V i cland j< J are given by the matrices
A and B as follows:

-10 10 15 -9 -8 7 2 -10 -20 6
A=| 5 -8 10 20 7|, B=[8 9 -15 -25 5
3 4 -18 19 11 13 -17 12 10

and consider the objective functiorixj = max(x1, X2 — 3,X3,X4,Xs). By substitution for these
values in system (1) and using Algorithm 1 and Algorithm 2:

XMax — x — (10,10,10,10,10).

X < xmax

Vi={2}, Vo={1,8},Va={1,2},Va = {2,3},V5 = {2,3}.



%=(3,3,2,3,3).

(6] Q={1,4,5},,f(%X) =3, P= {2} then QAP =10.
PL={2}, = {1,2,3},Ps = {1},Ps = {2}, s = {2}.
9| Vi=0,Vo=0Va={2},Va={3},Vs = {3}.
UjeaVi={2,3} # 1.

XOPt— % STOP,

Then £P' = (3,3,2,3,3) is the optimal solution of the set MxX) and
f (x°PY) = max(3,0,2,3,3), then the objective function is equal3o

Example3. : LetJ={1,2...,5}, 1 ={1,2,...,6}, x=(20,20,20,20,20), x= (0,3,0,0,0)
and consider system (1) of inequalities whejie & bjj V i<l and j< J are given by the
matrices A and B as follows:

2 2 6 01 0O 10 9 -1 5
8 11 10 7 7 3 -3 1 -6 -7
A 4 3 0 13 8 B_ 4 -8 2 -14 11
14 3 3 13 2|’ 14 -7 7 -3 4
1 3 13 4 2 6 -8 12 2 0
12 15 7 3 1 0O -11 2 -3 5

and consider the objective function(xi = maxjcy(fj(xj), where f(x;) = cjxj + dj,
c=(6,3,7,3,7) and d= (10,0,5,1,7). By substitution for these values in system (1) and
using Algorithm 1 and Algorithm 2:

XM — x — (20,20, 20,20, 20).

X < xmax

Vi={2,3,4,5,6},Vo={26},Va={1,2,4,5,6},Va={2,3,4,5,6},Vs = {1,2,3,4,5,6}.
find X'

%=(0,3,3,0,3).

(6] Q={5},f(X) =28 P={1,2,4} then QP = 0.
UjesVj =1{1,2,3,4,5,6} =1 go to 4|

find X",

%= (0,3,3,0,0).



(6] Q= {3}, (%) =26, P={1,2,4,5} then QNP = 0.

UjesVj = {1,2,4,5,6} #1.
XOPt = %, STOP.

Then XP' = (0,3,3,0,0) is the optimal solution of the set MxX) and
f (x°PY = max(10,9,26,1,7), then the objective function is equal26.

Conclusion

We can summarize the properties of the systenisaix min)-linear inequalities studied in this
paper as follows:

(1) Any system of two-sidedmax min)-linear inequalities is solvable and has a unique maxi-
mum elemenk™®(A, B) depending on the matricés B with finite elementsj, bjj (note that
including infinite elements can cause nonsolvability ofgfistem).

(2) If we include an additional requiremexk X, then the system is also solvable and has the
maximum elemermt™®(A, B, X) < xM¥(A B).

(3) The system with a finite lower bound on variables (i.e hvaih additional constraint> x)

is solvable if and only ik < xX™®(A B), or in case of the additional upper bound and only

if x <XM(A, B, X).
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OPTIMALIZA CNi PROBLEMY PRI OMEZENICH VE TVARU SOUSTAV
DVOUSTRANNYCH (max min)—LINEARNICH NEROVNOST

Zkoumaj se soustavy tzv. dvoustraych (max min)—linearrich nerovnosts pronénrymi na
obou straach Bchto nerovnost Zabyvame se optimalizanimi tlohami, jejict Gcelova funkce
je rovna maximu kon&ého pd@tu spojifych funkd jedré pronénre. Mnazina @ipustrych
feSen téchtouloh je popé&na soustavou dvoustrarah (max min)—linearrich nerovnost Je
navizen konény algoritmus pro nalezémptimalnihofeSer zkoumargho optimalizaniho pro-
bléemu.

OPTIMALISIERUNGSPROBLEME BEIBEGRENZUNGEN IN DERFORM VON
ZWEISEITIGEN (max min)—LINEARER UNGLEICHHEITSSYSTEMEN

Es werden sog. zweiseitigenax min)—lineare Ungleichheitssysteme mit Variablen auf bei-
den Seiten dieser Ungleichheiten untersucht. Wir befagsemit Optimalisierungsaufgaben,
deren Zweckfunktion dem Maximum einer finiten Anzahl kooterlicher Funktionen einer
Variablen gleich ist. Die Menge der Adsigen bsungen dieser Aufgaben wird durch zweiseit-
ige (max min)—lineare Ungleichheitssysteme beschrieben. Es wird eitefiAlgorithmus zur
Auffindung einer optimalen @isung der untersuchten Optimalisierungsprobleme vohdgsc
gen.

PROBLEMY OPTYMALIZACJI PRZY OGRANICZENIACH W POSTACI UKLADOW
DWUSTRONNYCH (max, min)—LINIOWYCH NIEROWNOSCI

Badaniem olgto uktady tzw. dwustronnyckmax min)—nierowndsci liniowych ze zmien-
nymi po obu stronach tych niawndsci. W artykule przedstawiono zadania optymalizacyjne,
ktorych funkcja celowa jesbwna maksymum skazonej liczby funkcji cagtych jednej zmi-
ennej. Zbor mazliwych rozwiazah tych zada opisano przy pomocy uktadu dwustronnych
(max min)—nierdwndasci liniowych. Zaproponowano ostateczny algorytnzatty do znalezie-
nia optymalnego rozvaizania badanego problemu optymalizacji.
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Abstract

We solve the thermal dimensioning problem of the deep geological spent nuclear fuel
repository, which means to estimate the maximum temperature in the repository caused by the
heat generation of the spent fuel. We use a combination of the boundary element method for
the exterior problem of heat discharge to the infinity and finite element method for a near-
field thermal problem with a boundary condition expressed by the far-field problem solution.
This combination is implemented within the simulation software ANSYS as the “far-field
element”. The far-field element solution confirmed to well represent the heat discharge, in
comparison with the variant of a standard FEM far-field problem solution and conventional
boundary conditions (constant temperature or zero heat flow).

Keywords: heat conduction, numerical simulation, far-field element, multiscale, ANSYS

Introduction

The solved problem comes from analysis of the project of geological disposal of a spent
nuclear fuel — the spent fuel is put to steel canisters which are placed deep to a stable rock
massif, further protected by the buffer layer of compacted bentonite [3]. One of the issues is
heat dissipation of the fuel, not to reach a certain safe maximum temperature for the
construction, while keeping the repository sufficiently small for economical reasons. For
numerical simulation, the challenge is in multiscale character of the problem: we need to take
into account details of canister and buffer shape in scale of tens of centimeters while there are
several tens or hundreds of such boreholes/canisters and the extent of thermal influence of
whole repository is in scale of hundreds of meters.

The methods used in the literature [2,4,6] are e.g. a superposition of solutions of the single
borehole/canister or multiscale model with line sources instead of real canister geometry,
either analytically or numerically. But for changing heat power and particular canister
geometry, the numerical solution is necessary anyway. Except of the analytical solution, all
approaches require solution of the heat conduction problem in much larger domain than the
actual volume influenced, to allow defining a realistic but simple boundary condition (e.g.
undisturbed temperature). For the solution of problems in infinite domain, the boundary
element method is well suited, as solution of the exterior problem. To include both correct



solution of heat conduction to infinity and particular complicated geometry of the canister,
buffer, and disposal borehole, the methods can be combined together — the finite element
method for the local problem and the boundary element method for the infinite (exterior)
problem. Several variants are described in literature as a general concept not limited to the
particular application [5].

The FEM-BEM approach is also implemented in ANSYS commercial multiphysical
simulation software, in the form of the “far-field element” [1,5], i.e. the standard finite
element formulation is extended with a special element attached to the boundary of the local
problem, expressing the interaction of the boundary with “infinity”, equivalent to the real
solution of the heat conduction in the infinite domain. Thus the problem can be solved in the
much smaller computational domain and much less degrees of freedom, with all flexibility of
finite elements on the local scale. In this paper we show how this approach can be efficiently
used to the particular problem of thermal field of the spent nuclear fuel repository and we
compare the “far-field element” solution with the solution with conventional boundary
conditions.

1. Model description and data

The structure of the planned repository [3,7] is a set of horizontal access tunnels with a certain
spacing, with vertical disposal boreholes at the bottom of the tunnels, with a certain spacing.
There is a cylindrical fuel canister in each borehole, with a layer of bentonite from top,
bottom and vertical sides. We consider a periodic symmetry for the model formulation — in
the plan view, the rectangle of half the tunnel spacing and half of the borehole spacing is the
representative for the whole periodic structure (Fig. 1). In the vertical direction we define the
domain extent according to needs of the heat influence and choice of a boundary condition.
The dimensions are specified in Fig. 1b and Tab. 1.

We apply some simplifications concerning the geometry and materials. The access tunnels are
filled with “backfill” material in the standard repository concept. The expected material is
typically a mixture of clay and other rock, so the used thermal properties for bentonite
(buffer) are not far from the possible values for the real backfill, moreover former tests have
shown almost no effect of the backfill thermal properties on the buffer temperatures. We
neglect the heat distribution inside the canister since the thermal dimensioning task is usually
motivated by the buffer material stability, not by the phenomena inside the canister. The
canister shell behaves as a perfect heat conductor distributing the heat according to the outer
buffer material properties and geometry. The homogeneous volume of steel is a good
approximation for the same behavior of the canister in our model. The real temperatures in the
canister would be higher due to air gaps between the fuel rods and the steel skeleton/shell, but
this is not a subject of this study.

Tab. 1. List of parameters describing model geometry (reference to Fig. 1b)

Parameter Notations [Reference value
Borehole spacing (between axes) d; Om

Tunnel sparing (between axes) d, 25m

Canister height (outer steel) h: 5.05m

Borehole height (outer buffer) h, 6.15m

Canister radius (steel/buffer interface) |r; 0.35m

Borehole radius (buffer/rock interface) |r» 0.66m

Vertical size of the model h; 60m

Tunnel diameter (circular) 3m

Source: Own compilation of data from [7,8]
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Fig. 1. (a) plan view of tunnels and boreholes (red) with symmetrical segment (blue),
(b) dimensions of the problem parts, (c) discretisation mesh of the model with

distinguished materials (a cut-out detail about 1/5 of the model height).
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Tab. 2. Material coefficients of the heat conduction problem, for different components of the
model (see Fig 1.c).

Material Density [Heat capacityHeat conductivity
kgm® kJkghK' W-mtK?!

Buffer (partly saturated compacted bentonite) 2000 2500 1

Host rock (granite) 2700 850 2.7

Canister (steel) 7800 45 460

Tunel backfill = same as buffer (simplified) 2000 2500 1

Source: Own compilation of data from [8]

The input data of the model are material coefficients, boundary and initial conditions, and
prescribed heat power changing in time. The heat conductivity, heat capacity and density are
listed in Tab 2. The initial condition is the constant temperature 10°C. The heat power is
calculated from the nuclear decay equations, for this study we got a table form of time/power
dependence, possible to fit with a sum of three exponential functions £8]. The heat power at
the beginning is 2137W, which means the power density 1858W/m” of the homogeneous
volume source mentioned above.

The boundary conditions on symmetry planes (all vertical) are no heat flow. For the boundary
on the horizontal planes on top and bottom of the model, we consider the following variants
(to be compared between each other):

e The “Far-field element” instead of the strict-sense boundary condition, i.e. solution of
the unbounded problem.
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e Constant temperature 10°C (equal to initial): this can possibly overestimate heat
dissipation and underestimate temperature (keeping the temperature constant in
presence of heating requires additional cooling of boundary).

e No heat flow on the bottom and the “far-field element” on the top: at the bottom side,
the heat flow is underestimated and therefore the temperature is overestimated.

To resume, we solve the problem of transient 3D linear heat conduction, with either standard
finite element method with mixed block and tetrahedral elements and linear or bilinear base
functions, or with combination of the finite element and the boundary element method, where
the solution of the exterior problem is set as a special element instead of boundary condition
on particular model side. We use ANSYS v11 academic license for all calculations.

2. Results

We analyze the results in form of vertical temperature profiles, in order to precisely
distinguish the behaviour near the boundary, which is the main subject of interest in relation
to the far-field element demonstration. For the thermal dimensioning of the repository, the
primary evaluated result is the maximum temperature. Surprisingly, the maximum
temperature (in both space and time) is not much influenced by the choice of the boundary
condition or far-field element. The reason can be that the heat power starts to decrease in
similar time scale as the heat reaches the boundary (only after this time the variant of
boundary can have effect on the maximum temperature). But the maximum temperature of the
single profile in particular time after 10 or 20 years is then visibly influenced by the variant of
the model boundary.

The profiles changing in time are presented in Fig. 2, for the far-field element variant. The
quick rise of the temperature in canister and buffer and then the spread of heat towards
boundaries and slower rise of the canister temperature is visible. The time development is
similar to all variants of boundary. In Fig. 3 (sooner time) and Fig. 4 (later time) the profiles
between model variants are compared: in the first case, the profiles are almost the same (the
effect of the boundary did not yet happen) while in the second case there are differences as
expected. The steepest decrease of temperature and the smallest canister temperature is for the
constant temperature boundary (artificial cooling), the slowest decrease and the larger
temperature is for zero heat flow (all heat kept inside), and the far-field element solution
(“correct” heat conduction to the infinity) is between — the cooling is given by the infinite
volume of rock around. We note that only left part of profile (bottom part of the model) is
relevant, because the top of the “no heat flow” model also uses the far-field element. Also, the
slope at the no-flow boundary is not ideally zero, because the model is slightly larger for this
variant.

Conclusion

The solution with the far-field element (FEM-BEM method) representing the heat conduction
in the infinite domain (without need of its actual discretisation) confirmed to behave as
expected. In comparison the temperature is between the results of the constant-temperature
and the no-heat-flow boundary. In contrast to e.g. empirical fitting of the third-type boundary,
we get the more accurate solution for almost the same computing price. The presented model
is in many aspects simplified against the needs for realistic prediction of the thermal condition
in the repository, but this analysis gives good reference for choice of the model geometry and
boundaries in the further more precise studies.
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RESENI ULOHY TEPELNEHO DIMENZOVAN{ ULOZISTE VYHORELEHO JADERNEHO
PALIVA POMOCI KONECNYCH PRVKU A HRANICNICH PRVKU

Resime ulohu tepelného dimenzovani hlubinného geologického ukladani vyhotelého
jaderného paliva, coz spocivd v odhadu maximalni teploty v ulozisti vlivem tepla
generovan¢ho ulozenym palivem. Pouzivame kombinaci metody hrani¢nich prvka pro vnéjsi
ulohu odvodu tepla v nekone¢ném prostoru a metody koneénych prvka (MKP) pro tepelnou
ulohu v blizkém poli s okrajovou podminkou vyjadienou feSenim vné¢j$i ulohy. Tato
kombinace je implementovana v simulaénim softwaru ANSYS jako "far-field element".
Reseni touto metodou potvrdilo, Zze dobfe reprezentuje odvod tepla, v porovnani s variantami
modelu se standardni MKP pro tlohu vzdéaleného pole nebo s volbou zakladnich typt
okrajovych podminek (konstantni teplota nebo nulovy tepelny tok).

LOSUNG DER AUFGABE DER WARMEDIMENSIONIERUNG DER LAGESTATTE
FUR ATOMAREN ABFALL MIT HILFE FINITER ELEMENTE UND GRENZELEMENTE

Hier wird die Aufgabe der Wiarmedimensionierung der Tieflagerstitte von ausgebranntem
Atombrennstoff geldst. Dies ist die Schitzung der Maximaltemperatur in der Lagerstitte, die
durch den auf Grund der Wiarme verbrannten Brennstoff verursacht wurde. Wir benutzen eine
Kombination aus der Methode der Grenzelemente fiir die duBlere Warmeableitung in einen
unendlichen Raum (entfernte Felder) und der Methode der finiten Elemente fiir die Leitung
der Wérme auf dem nahen Feld mit der Randbedingung, welche durch die Ldsung im
entfernten Feld ausgedriickt wird. Diese Kombination wird in der Simulationssoftware
ANSYS als ,far-field element implementiert. Die Losung unter Verwendung dieses
Elements bestitigte die Fahigkeit, die Warme korrekt abzufiihren, und das im Vergleich mit
der Losung des entfernten Feldes durch finite Elemente und Standardrandbedingungen
(konstante Temperatur oder kein Wérmefluss).

ROZWIAZANIE ZADANIA ZAGOSPODAROWANIA ENERGII CIEPLNEJ
ZE SKLADOWISKA ODPADOW JADROWYCH PRZY POMOCY ELEMENTOW
SKONCZONYCH I ELEMENTOW BRZEGOWYCH

W artykule przedstawiono rozwigzanie zadania zagospodarowania energii cieplnej
pochodzacej z glgbinowego skladowiska wypalonego paliwa jadrowego, oparta na
oszacowaniu maksymalnej temperatury w sktadowisku spowodowanej energia cieplng
generowang przez wypalone paliwo. Zastosowano potgczenie metody elementow brzegowych
dla zewnetrzego zadania odprowadzenia energii cieplnej w nieskofczong przestrzen
(oddalone pole) oraz metody elementéw skonczonych dla odprowadzenia energii cieplnej na
pobliskie pole z warunkiem krancowym wyrazonym rozwigzaniem na oddalonym polu.
Potlaczenie to wprowadzono do oprogramowania symulacyjnego ANSYS jako "far-field
element" (element oddalonego pola). Rozwigzanie z wykorzystaniem tego elementu
umozliwilo prawidlowa prezentacje odprowadzenia energii cieplnej, w poréwnaniu z
rozwigzaniem w postaci oddalonego pola przy wykorzystaniu elementow brzegowych oraz
standardowych warunkow krancowych (stala temperatura lub zerowy przeplyw energii
cieplnej).
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Abstract

In this paper we deal with the development of a numerical oktbr the solution of the mo-
dified equal width wave (MEW) equation — a very important egumetvith a cubic nonlinearity
describing a large number of physical phenomena. The dngea of introduced approach is
based on the discretization of the MEW equation with the dala@mbination of the discontin-
uous Galerkin (DG) method for the space semi-discretinadiod the backward Euler method
for the time discretization. The appended numerical expenis investigate the conservative
properties of the MEW equation related to mass, momentuneasdyy, and illustrate the po-
tency of this scheme, consequently.

Keywords: Discontinuous Galerkin method; modified equal width waveedigpn; semi-implicit
scheme; solitary wave.

Introduction

Our aim is to present a sufficiently robust, accurate andiefficoumerical method for the

solution of scalar nonlinear partial differential equagso As a model problem, we consider
a modified equal width wave (MEW) equation, describing theoue phenomena in physical

disciplines. The MEW equation contains a cubic nonlingaaitd exhibits a pulse-like solitary

wave having the same width with both positive and negativelémdes. Several numerical

methods have been introduced in the literature for the isolutf the MEW equation, see [1],

[6], [9] and references cited therein.

In this paper, we proposed a semi-implicit scheme for theerigal solution of the MEW
equation. The discontinuous Galerkin (DG) methods havereca very popular numerical
technique for the solution of nonlinear problems. The D&ssemi-discretization uses higher
order piecewise polynomial discontinuous approximatiomitrary meshes, for a survey, see
[2], [3], [4]. Among several variants of DG methods we pretiee so-called interior penalty
Galerkin (IPG) discretizations. The discretization in time coordinate is performed with the
aid of a linearization and the backward Euler method, sibking the time step restriction
well-known from the explicit schemes. Consequently, thiy/fdiscrete problem is represented
by the system of linear algebraic equations.

The rest of the paper is organized as follows. The problemditation and its variational re-
formulation are given in Section 1. The discretizationunlthg a space semi-discretization and
fully time space discretization is considered in Sectio®@me numerical results are provided
in Section 3.



1 Problem Formulation

Let Q = (a,b) C R be a bounded open interval, we consider the following MEWa¢igu:
Problem (1): Findu(x,t) : Qr = Q x (0,T) — R such that, for alll > 0,

du _,0u 9 (d%u\ _ .
(a) E—i—gu &—HE(W)—O |r](g'|'7
(b)  u(at)=ud(t) andu(b,t) =ud(t), te(0,T) (1)

© u(x0)=uw(x), xeQ,

where positive parameteesand u represent the amplitude of the wave and long-wavelength,
respectively. The initial boundary value problem (1) isipged with the initial conditioru® :

Q — R and the Dirichlet boundary condition§, ug :(0,T) — R prescribed at both endpoints
of the domaim.

In order to obtain a variational formulation of (1) we inttae the standard notation for
function spaces. Ldt > 0 be an integer and € [1,0]|. We use the well-known Lebesgue and
Sobolev spacekP(Q), H¥(Q), Bochner spaceisP(0, T; X) of functions defined in (0, T) with
values in the Banach spa¥eand the space®*([0, T]; X) of k-times continuously differentiable
mappings of the interval [0, T] with values . Further, we denote the inner productif( Q)
by (-,-), and letH}(Q) = {ve H}(Q) : v(a) = v(b) = 0}.

Now, we are ready to introduce the followimgeak formulatiorof problem (1):

Problem (II) : Findu € C*(0,T;H%(Q)) such that, for alt € [0, T],
(@) u-u"eCY0,T;H5(Q))
d d
(b) - (u(t),v) +eb(ut),v) + Hz-alu(t).v) =0 Vv eHH(Q) (2)
€ u0)=w inQ, WLel?Q),

where symboli(t) stands for the function o€ such thatu(t)(x), x € Q and the bilinear form
a(-,-) and the nonlinear forrh(-, -) are defined as

a(u(t),v) = Qd;—it)\/dx, (diffusion term) (3)
b(u(t),v):/QWde with f(u)zéu (convection term) 4)

Functionf (u) in (4) represents the physical flux.

2 Discretization

Let %, (h > 0) be a family of the partitions of the closuf®= [a, b] of the domainQ into N
closed mutually disjoint subintervalg= [X_1, x| with lengthhy := xx — X1 and the symbol
¥ stands for an index s¢tl,...,N}. Then we call%, = {lx, ke ¢} atriangulationwith the
spatial stefh := max. , hy and the interval, anelementLet &, = {xo =a,X1,..., XN—1, XN =
b}. Further, we label bys! the set of all inner nodes. Obviousl§, = & U {a, b}.

The DG method can handle different polynomial degrees oleaments. Therefore, we
assign a positive integguk as alocal polynomial degree¢o eachly € Z,. Then we set the
vectorp = {px, Ik € Zn}. Over the triangulatiort;, we define the finite dimensional space of
discontinuous piecewise polynomial functions

She = Sp(Q, Th) = {ViVii, € Py (lk) Yke 7}, (5)



wherePy, (I) denotes the space of all polynomials of degrepy only, Ik € Zh. Consequently,
the approximate solution of the continuous problem (1) isgbb in the spacé&,,.

For eachx € éﬂ there exist two elementg, lx.1 € 4 such thatly N1, 1 = {x}. Letus
denote

v(xt) = Eir& V(X+¢€) and v(X )= gir& V(X—€) (6)

thetracesof v at inner points of2. Moreover,

VOO = v(X7) =v(xT),  (v(x)) = 5 (V(X7) +V(xT)), (7)

NI =

denote thgumpandmean valuef the functionv at pointsx € éﬂ respectively. By convention,
we also extend the definition of the jump and mean value fopeimtls of domairQ, i.e.

Vx0)] = —v(xg), (V(x0)) =V(xg), [V(xn)]=V(xy), (V) = Vxy) (8)

In case thak € &, are arguments of(x~) or v(x"), we usually omit these argumernxs, x*
and write simply~ andv', respectively.

2.1 Space Semi-Discrete DG Scheme

Now, we recall the space semi-discrete DG scheme presem@ld irhe crucial item of the DG
formulation of model problem is the treatment of the coniecpart. The convection terms are
approximated with the aid of the following numerical fltd(-,-) through nodex € &, in the
positive direction (i.e. outer normal is equal to one):

_ , , N
H(u(x‘),u(xﬂ) ={ :EEE;;;: ::ﬁig . whereA= f’ (Mzu(x))? (9)

which is based on the conceptiwinding for more details see [7].
Due to the cubic form of physical fluk(u) = %u3, the derivativef’(u) = u? is nonnegative
everywhere iQ and the numerical fluid defined in (9) has simpler form:

H (u(x’),u(x*)) =f(u(x7)), Xxeé& (10)
The choice ofu(x™),u(x") for boundary point§a, b} is necessary to specify. Here we use:
uxg)=u(@)=ud and u(x)) =ub")=ud. (11)

A particular attention should be also paid to the treatmérihe diffusion terms, which
include artificially addedtabilizationin order to guarantee the stability of the resulting numer-
ical scheme. Furthermore, in order to replace the intenetg discontinuities, the semi-discrete
scheme is completed withenaltyvanishing for the continuous solution.

Therefore, we can define tisemi-discrete solution,of the problem (1).

Problem (1ll) : Find u, € C1(0,T; Syp) such that, for alt € [0, T],

@ g { 0.+ 1R () )+ IF (). )+ Dn(un(t) ) =0
VVh € Syp, (12)
(0)  (Un(0),vh) = (U%,Vh) V¥ € Sp



where

B ou(t) au(t)

aﬁ(u(t),v) = kez/ e -\/dx—XE;h<W> V] +®xezéﬂ (V) [u(t)], (13)
+oV () - (B (1) — Ui 1)) + V) - (U0, t) — U (1))

(diffusion form)

nuO.Y) == 3 [ f(u0) Vot 3 ) (14)

ke 7 xeé)!

—f(UB(1) - vOg) + Fuxy,1)) - v(xy)
(convection form)

FW),v) =y olu®)] M +0(x0)- (1) —utg, 1)) -vi) (15)
Xeé)
o) - (U0, — (1)) Vi)
(penalty form)

According to value of the paramet®, we speak ofsymmetric(©® = —1), incomplete
(® = 0) ornonsymmetri¢® = 1) variants of stabilization of the DG method, i.e., we gaiigr
consider three variants of the diffusion foaﬁ. The penalty parameter functian: 4 — R in
(15) is defined in spirit of [5] as

hy/pa? , X=a,
o(x) = % with d(x) = ¢ min(he/pf,hkr1/PE, ) » X€ & A{X} =IkNlke1,  (16)
hn/ pn? , X=Dh,

whereCy > 0 is a suitable constant depending on the used variant ofreehead on the degree
of polynomial approximation.
In order to simplify the notation we introduce the form

M (u(t),v) 1= (U(t),v) + pag(u(t),v) + k37 (u(t),v), u(t),VE S, te (0,T),  (17)
which is bilinear due to (13) and (15). Consequently, the Bgndl12a) can be rewritten as

d
adh@’“(uh(t),vh) +ebp(Un(t), V) =0 Vi € Spp,Vt € [0,T], (18)
The problem (18) represents a system of ordinary diffeaéatjuations (ODES) fau,(t) which

has to be discretized in time by a suitable method.

2.2 Fully Time-Space Discrete DG Scheme

There exists a wide range of approaches for the time digate&in of ODE systems resulting
from the DG semi-discretization. In practical computasiotihe simplest time discretization is
via explicit schemde.g. Euler forward scheme and Runge-Kutta methods). Thasnses
suffer from a strong limitation on the time step due GFL-stability condition However, their
main advantage is easy implementation. On the other haratder to avoid the strong time
step restriction of explicit DG schemes, it is suitable te asimplicit time discretization.
LetO=tg <ty <--- <ty =T be a partition of the intervdD, T|, time steps; =t;,1 -1,

andu'h stands for thepproximate solutiof uy(t;),t) € [0, T],1 =0,...,M. The fully discrete



solution of problem (12) via an implicit approach with thackward Euler methoi defined in
following way.

Problem (IV): Findu}, € S, such that, foi = 1,...,M,

1
(a) - (%e’“(u'h“,vh) A “(uh,vh)> +£bh( TRERY ) =0 YWESy (19
(b) W is S, approximation of.C.

The main drawback inhibiting from the fully implicit treagmt in (19a) is the nonlinearity of
the convection fornb,(-,-) which leads to a nonlinear system of algebraic equationst e
time step the solution of which is rather expensive and monepticated.

Therefore, in our case, the propossmi-implicitapproach, sidetracking the time step re-
striction as well as the nonlinearity of the convection fogrgenerally based on a suitable
linearizationof this form. The nonlinearity appearing in the convectiomi (14) comes from
the physical fluxf (u) the linearization of which is crucial for the later lineaeatment of the
form by(-,-).

We use a linearization df(u) with the aid of the Taylor expansion as

f(ut+1)) = §u3(t+ =3 us(t) +%;u (t)T+0(1%), 1>0,te(0,T). (20)
Hence, differentiation and omitting of higher order tef®g?) in (20) lead to approximation
Fut+ 1)) ~ %ue’(t) (1) "‘;it) I %ue’(t) FERO) Ut —u), (1)

the last approximation in (21) comes from the Taylor expamsif u, i.e.
ut+r1)=u(t)+ d;—it)hLO(rz) ~Uut)+ d;—it)r, T>0,te(0,T). (22)

Finally, from (21) we get
f(ut+1)) =~ W?(tut+1) — §u3(t) =W (ut+1)—2f(ut)), T>0,te(0T) (23)

and by substitutingi."* for u(t + 1) andul, for u(t) in (23), respectively

f(u'h+1)~<u'h) Ul o2f), 1=1,...,M. (24)
Next, we can proceed to the linearization of an implicit tneant ofby, as
On(u ) = = 3 [ F ) v (U)ol = F(UB (8 11)) Vo(%5) (25)
kGf xe& U{xn }

From (24) and (25) we find that

br(U™ ) =

=3 J PTG S () ) b FB(0) W0g)
xedpU{

ke Mk U{xn
=bn (U}, u'h“,vh)
28— 3 [ () vk F((uh)) (26)
ke 7 I xed, U{xn}

(. J/
-~

= b}, (U, Vh)




where the formb, (-, -,) is linear with respect to its second and third componentsthad
form by (-,-) is in fact the original convection form (14) with homogensdirichlet boundary
conditions.

Since linear parts df,_ are treated implicitly and the nonlinear ones together wighform
by, explicitly, the semi-implict treatment preserves a linalgebraic problem at each time step.
In this way we arrive at the following semi-implicit method.

Problem (V): Findul, € Sy, such that, fot =1,...,M,

@  AH (U vh) + r.sth(u'h, u'h“,vh) — (U, V) + 218D, (u'h,vh) V'Vh € Shp,

(b) ) is S, approximation of.C. (27)

The discrete problem (27) is equivalent to a system of lirdgebraic equations at each time
instantt; € [0, T]. The resulting method has a high order of accuracy with gpethe space
coordinates and the first order of accuracy with respectrie.ti

3 Numerical Experiments

In this section we present the results obtained from the-galicit method (27) proposed for
the numerical solution of the problem (1) for a propagatiba single solitary wave. The MEW
equation has three conservation quantities correspondimgss, momentum, and energy

IM(u):/Qudx, IMM(u):/Q(uzjtu(u’)z)dx, IE(u):/Qu“dx, (28)

respectively, and will be monitored to check the conseovagiroperties of the proposed algo-
rithm.
Let us consider the following analytical solution of (1)

u(x,t) = Asech’k(x—xp — pt)) (29)

which represents a single solitary wave of amplitdde /6p/&, wherep is the velocity of the
wave andk = y/1/u. The boundary and initial conditions are extracted frometkect solution
(29).

In order to compare our semi-implicit approach to the scteegneen in [1] and [6] we set the
parameters values= 0.25,Xy = 30.0, ¢ = 3.0 andu = 1.0. The run of the algorithm is carried
up to timeT = 20.0 over the problem domaii®, 80| with the constant mesh size= 0.1 and
the time ster = 0.05. The computations were performed by piecewise cubicoxppations
with © = 0 (incomplete variant).

Figure 1 captures the development of approximation salatad single solitary wave from
an initial condition to different time instants. Table 1 oeds the invariant quantities and com-
pares obtained results with several previous schemes giy&hand [6]. We obtained satisfac-
tory results and quite good agreement was already achievadiecewise cubic approximation
with reference results from [1].

Conclusion

We dealt with the numerical solution of the MEW equation v@nsimplicit scheme based
on the discontinuous Galerkin method and the backward Boéthod for the space and time
discretization, respectively. A preliminary numericahexple produced satisfactory results and
illustrated the potency of the resulting scheme.



Tab. 1. Computed invariant quantities for single solitary wave

method | time| Im(W) Ium(u)  Te(W)
present method 0.0 | 0.785398 0.166666 0.0052083
5.0 | 0.785398 0.166666 0.0052083
10.0| 0.785398 0.166667 0.0052084
15.0| 0.785398 0.166668 0.0052084
20.0| 0.785398 0.166668 0.0052085
ref. method [6] 20.0| 0.785398 0.166474 0.0052083
ref. method [1] 20.0| 0.785398 0.166667 0.0052083

Source: Own based on [1] and [6]

t-axis

X-axis

Source: Own based on [1]

Fig. 1. Development of approximate solutions of single solitaryavav
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NUMERICKE RESENI MEW ROVNICE PROSREDNICTVIM
SEMI-IMPLICITNIHO NUMERICKEHO SCHEMATU

V tomto ¢lanku se zajvame vWvojem numerick metody proreSeri MEW rovnice — velmi
vyznamré rovnice s kubickou nelinearitou popigtijrozsahle mnasti fyzikalnich jev. Klic¢o-

va myslenka uvedegho [Fistupu je zaldena na diskretizaci MEW rovnice ponidombinace
nespojie Galerkinovy metody pro prostorovou semi-diskretizacipat Eulerovy metody
pro casovou diskretizaci. fipojere numericle experimenty zkoumaylastnosti zachaan pro

MEW rovnici spoje® s hmotno$t hybnost a enerdi a rasledm tak dokhdaj potenci tohoto
sckematu.

NUMERISCHELOSUNG DERMEW-GLEICHUNG MITTELS EINES
HALBIMPLIZITEN NUMERISCHEN SCHEMAS

In diesem Artikel besciftigen wir uns mit der Entwicklung einer numerischen Mekaaur
Losung einer MEW-Gleichung. Das ist eine sehr bedeutsamiehaleg mit einer kubischen
Nichtlinearitt, welche eine umfangreiche Menge physikalischer Eracingien beschreibt.
Der Schiisselgedanke des angbften Ansatzes gndet sich auf der Diskretisierung einer
MEW-Gleichung mit Hilfe einer Kombination aus der nichtkiomwierlichen Galerkin-Methode
fur die taumliche Semi-Diskretisierung und impliziten Euler-\#drfen @ir die zeitliche Diskreti-
sierung. Die angeschlossenen numerischen Experimengesunhen die Eigenschaften der
Erhaltung tir die MEW-Gleichung, die mit der Masse, der Beweglichked der Energie ver-
bunden ist, und belegen so die Potenz dieses Schemas.

NUMERYCZNE ROZWIAZANIE ROWNANIA MEW ZA POSREDNICTWEM
SEMI-DYSKRETNEGO SCHEMATU NUMERYCZNEGO

W niniejszym artykule uwag pcgswiecono rozwojowi numerycznej metody do roazywania
rownania MEW - bardzo wanego dbwnania nieliniowego trzeciego gdu opisuiicego wiele
zjawisk fizykalnych. Kluczowa idea wymienionego pdstgf oparta jest na dyskretyzadw-
nania MEW przy pomocy patzenia nie@gtej metody Galerkina dla przestrzennej semi-dys-
kretyzacji oraz zwrotne metody Eulera dla dyskretyzacfisteve]. Przedstawione ekspery-
menty numeryczne maja celu zbadanie cech zachowaniamania MEW zwazanych z mas
ruchem i energ@. Ponadto przedstawiaja potencjattakiego schematu.
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Abstract

This paper gives an overview of the main ingredients neeal@itbrporate reconstruction op-
erators, as known from higher order finite volume (FV) ancspévolume (SV) schemes, into
the discontinuous Galerkin (DG) method. Such an operatastcacts higher order approxima-
tions from the lower order DG scheme, increasing the ordeoafergence, while leading to
a more efficient numerical scheme than the correspondirfiehigrder DG scheme itself. We
discuss theoretical, as well as implementational aspacdsamerical experiments.

Keywords: Higher order reconstruction; discontinuous Galerkintéimolumes.

Introduction

During the last decades, the finite volume (FV) method haseghthe position of the stan-
dard method used by the engineering community for the digeten of equations governing
conservation laws and convection-dominated problemss Method has many advantages,
however one of its drawbacks is its low order accuracy. Thads#rd approach to overcome
this problem is the introduction of higher order recondinrcoperators into the FV scheme.
Although such an approach has not yet been theoreticalijigus it gives excellent results in
practice. However, one usually uses at most piecewise gtiadeconstructions, since higher
orders are impractical and cumbersome from the implementdtpoint of view.

A somewhat different approach to higher order schemes disitentinuous Galerkin (DG)
method, which combines concepts form the finite element anite fvolume methods. Again,
this method has many advantages, but one major drawbacke \Aftitrary orders of conver-
gence can be achieved, the number of degrees of freedomchgexes very fast.

In the presented paper, we give an overview of a relatively idea, originating in [2, 5],
to combine the DG method with reconstruction operators tainka numerical scheme of very
high orders of accuracy, which, we demonstrate, is comiouiaty more efficient than the DG
scheme itself. We introduce concepts needed to introdudeascheme, discuss implementa-
tion and numerical results, as well as some theoreticaliderstions.

1 Problem Formulation and Notation

For simplicity, we shall be concerned with a scalar hypedefuation, although the same
arguments basically hold for any time-dependent PDE. V& &raonlinear nonstationary scalar
hyperbolic equation in a bounded dom&n— R® with a Lipschitz-continuous boundadg.
We seeku: Q x [0, T] — R such that

%erivf(u) =0 inQx(0,T) 1)



along with an appropriate initial and boundary conditionereéif = (f1,---, fy) and fs,s =

.,d are Lipschitz continuous fluxes in the directiyps=1,...,d.

Let 7, be a partition (triangulation) of the closugeinto a finite number of closed simplices
K € ;. In general we do not require the standard conforming pt@seof .7, used in the
finite element method (i.e. we admit the so-called hangirdesp We shall use the following
notation. BydK we denote the boundary of an elem&t %, and sethk = diam(K), h =
ma>q<e%h|<.

LetK,K’ € 7. We say thaK andK’ areneighboursif they share a commdiacel” C dK.
By .1, we denote the system of all faces of all elemdfits 7. Further, we define the set of
all interior and boundary faces, tﬁy‘h and.7, respectively

For eacH € .%, we define a unit normal vector, such that folm € .%, the normahr has
the same orientation as the outer normad €.

Over a triangulatior;, we define thdroken Sobolev spaces

HX(Q, %) = {v; vk € HX(K), VK € F}.

For each facd € .7 there exist two neighbourlé}L), KéR) € Jh such that™ C KéL) N KéR).

We use the convention that is the outer normal tdz(éL). Forve HY(Q, %) andl € #/ we
introduce the following notation:

’(L)

V|r = trace ofv| yonl, v|(rR) = trace ofv|K§R) onl, [Vr=v|; —v|(rR).

On boundary edges we definéR) =[V|r:= v||(-L).
Letn > 0 be an integer. We define the space of discontinuous pieegmignomial func-
tions
1 ={v; vk € P"(K),VK € F},

whereP"(K) is the space of all polynomials df of degree< n. Specifically,

o Q: is the space of piecewise constant functions as known fhenfrv method,
e S, n>0: the DG solution lies in this space of piecewigk degree polynomials,

° S'\h‘, N > n: the higher order reconstructed DG solution will lie in tegace.

2 Discontinuous Galerkin

We multiply (1) by an arbitrary|! € S\, integrate over an elemeKt<c %, and apply Green’s
theorem. By summing over &l € %, and rearranging, we get

dt/ ¢hdx+r€Z}/f n[f] dS—KE7/f .DgPdx= 0. @

The boundary convective terms will be treated similarlyreihie finite volume method, i.e. with
the aid of a numerical flu (u,v,n):

nle"NdS~ L y® n
Jf@-nifias= [ HuO.u®,migrds ©

We assume thdd is Lipschitz continuous, consistesutdconservativect. [3].
Finally, we define theonvective form ﬁ;(- ) defined forv, ¢ € H1(Q, %):

Z/H n)[¢]dS— KGZ%/Kf(v)»mpdx

ey



Definition 1 (Standard DG scheme)We seek yi: [0, T| — S} such that

%(Uh(t), ¢lr11) + bh(Uh(t), ¢Ir1]) =0, v¢I’rl] € SL Vte (OaT) (4)

We note that if we take =0, i.e.u,: (0, T) — Sﬂ then from the definition oby,, we see that
the DG scheme (4) is equivalent to the standard FV method.

3 Reconstructed Discontinuous Galerkin
Forv € L2(Q), we denote by1flv theL?(Q)-projection ofv on

Mves, (Mv-v¢)=0,  VereS. (5)

Obviously, ifK € ., then the functiol{lv)|x is theL2(K)-projection ofv|x on P"(K). The
basis of the method lies in the observation that (2) can leades an equation for the evolution
of Mpu(t), whereu is the exact solution of (1). In other words, due to @Ju(t) € S satisfies
the following equation for al|} € S:

dt/ Pt ¢hdx+r;j/ n[¢f]dS— KEZ%/Kf(u)quQdX:O. ©)

Now, letN > n be an integer. We assume that there exists a piecewise poighfunction
UN(t) € §Y, which is an approximation af(t) of orderN+1, i.e.

U (x,t) = u(x,t) + Oy wxe Q, vt € [0, T]. (7)

This is possible, iiu is sufficiently regular in space, e.gt) € WN+t1>(Q), cf.[1]. Now we
incorporate the approximatidg\(t) into (6): the exact solution satisfies

C?t( hu( ) ¢h) +bh(Uh ( )7¢Ir1]) = E((IJR,'[), Vd)f? € S}? Vte (OvT)v (8)

whereE(¢/,t) is an error term defined as

E(95.1) = bn(UR'(1). 9) —bn(u(t). 7). 9
Lemma 1 The following estimate holds for alit [0, T|:
E(¢f.t) = O(h") (|97l L2(q)- (10)

Proof: Due to the consistency and Lipschitz continuityHbfwe have o™ € .%,
f(u) -n—HUNM UN® n) = Huun) —HUME UNR ) = o),
Furthermore, due to the Lipschitz-continuityfofve have on elemet € %,
f(u) —f(Up) = Oo(hN*Y).

Estimate (10) follows from these results and the applicatibtheinverseand multiplicative
trace inequalitiescf. [3]. O

It remains to construct a sufficiently accurate approxiovati, " ( N(t $‘ to u(t), such that
(7) is satisfied. This leads to the following problem.



Definition 2 (Reconstruction problem) Letv: Q — R be sufficiently regular. Giveijve S,
find \\ € S such that v- v} = O(hN*1) in Q. We define the corresponding reconstruction
operator R §! — S\ by RMfv:= v

By settingU\'(t) := RMMu(t) in (8), we obtain the following equation for the*(Q)-pro-
jections of the exact solutiomonto the spac&]:

d
gt (MU, 97) + b (RMRU(D), 81) = O(NY) |15l z(). 791 € S (12)

By neglecting the right-hand side and approximatifi) ~ Mpu(t), we arrive at the following
definition of thereconstructed discontinuous GalerKRDG) scheme.

Definition 3 (Reconstructed DG schemeWe seek {i: [0, T] — §) such that

S (Uh(1).08) +bn(RU1).0F) =0. VR e Sh vt e (OT). (12)

There are several points worth mentioning.
e Equation (11) indicates that the RDG scheme is formigtly order in space.

e The derivation of the RDG scheme follows the methodology ghlr order FV and SV
schemes, cf. [7]. The basis of these schemes is an equatitrefevolution of averages
of the exact solution on individual elements (i.e. an ecanatbrl‘lﬂu(t)). Equation (11)
is a direct generalization for the case of higher olld€Q)-projectionsiflu(t), n > 0.

e Bothul)(t) and¢! lie in §. Only RUl(t), lies in the higher dimensional spag®. Despite
this fact, equation (11) indicates that we may expeetRY = O(hN+1), althoughu —
ul = O(h™+1).

e Numerical quadrature must be employed to evaluate surfatte@ume integrals in (12).
Since test functions are i, as compared t6‘1'§I in the correspondingith order stan-
dard DG scheme, we may use lower order (i.e. more efficierdayiaiure formulae as
compared to the standard DG method.

e In practice, we must also discretize (12) with respect teetirAs in the case of higher
order FV methods, we use an explicit time stepping method dpper limit on stable
time steps, given by a CFL-like condition, is more restrietivith growingN. However,
in the RDG scheme, stability properties are essentiallyritdte from the lower order
scheme, therefore a larger time step is possible as compartbe correspondinglth
order standard DG scheme.

3.1 Explicit Time Discretization

For simplicity, we formulate the forward Euler method, whiis only the first order accurate,
however in Section 5, higher order Adams-Bashforth methoelsised.

Let us construct a partition8 tg < t; <t,... of the time interval0, T| and define the time
stepty =tk 1 —tx. We use the approximatiaﬂh“k ~ Up(ty), Whereuﬂ’k € §,. The forward Euler
scheme is given by:
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Fig. 1. 1) FV stencil for linear reconstruction, 2) FV stencil forapratic reconstruction, 3)
Control volumes in a spectral volume for linear reconstracti4) Analogy to the SV approach
for DG methods - partition of triangle into control volumesg. cubic reconstruction from
linear data

Source: Own

Definition 4 (Explicit RDG scheme) We seek ¥ € §!, k=0,1,... such that
ULk
Tk ’

¢2) Cba(RUF 40 =0, VP e, k=0.1..... (19)

where Lg,”?o = Un is an § approximation of the initial condition®

3.2 Construction of the Reconstruction Operator

In analogy to the construction of reconstruction operatorligher order FV schemes, we
propose two approaches.

3.2.1 "Standard” Approach

In the standard approacha stencil (a group of neighboring elements and the elemeaa¢ru
consideration) is used to build afth degree polynomial approximation toon the element
under consideration ([4, 6]). In the FV method, the von Neamaeighborhood of an element
Is used as a stencil to obtain a piecewise linear reconsiryatf. Figure 1, 1). However,
for higher order reconstructions, the size of the stendiaases dramatically, cf. Figure 1,
2), causing higher degrees than quadratic to be very timsurnimg. In the case of the RDG
scheme, we need not increase the stencil size to obtainrtogier accuracy, it suffices to take
the von Neumann neighborhood and increase the order of thexlymg DG scheme.

In analogy to the FV method, the reconstruction operBt@ constructed on each stencil
independently and satisfies tHiil} is in some senspolynomial preservingSpecifically, for
each elemeri and its corresponding stend| we require that for alp € PN(S)

((Rﬂﬂ)\spﬂK: Pl (14)

This requirement allows us to study approximation propsrtfR using the Bramble—Hilbert
technique as in the standard finite element method, [1]. T$eddantage of this approach is
that for unstructured meshes, the coefficients of the réngstgon operator must be stored for
each individual stencil.



In the FV method, different conditions dRthan (14) are often used, e.g. continuous or
discrete least squares. Special care must be taken in tihéyiaf steep gradients and disconti-
nuities, where the Gibbs phenomenon may occur. In this défeeaiht strategies are employed,
e.g. limiting, ENO and WENO schemes, TVD etc. The generatimatf these concepts to the
RDG method is left for future work.

3.2.2 Spectral Volume Approach

In the spectral volume approachve start with a partition of2 into so-calledspectral volumes
S, for example triangles in 2D. The triangulatia#, is formed by subdividing each spectral
volume S into sub-cellsK, calledcontrol volumescf. [7]. In the FV method, the order of
accuracy of the reconstruction determines the number afa@ovolumes to be generated in
each spectral volume. For example, for a linear reconstruan a triangle, the triangle is
divided into three control volumes, Figure 1, 3). Again,he RDG scheme, we may use only
the smallest available partition into control volumes, amtease the accuracy by increasing
the order of the underlying scheme, cf. Figure 1, 4).

The reconstruction operator is constructed on each spgotieme independently such that
it is in some sense polynomial preserving, i.e. for eachtspleeolumesS, we require that for
all pe PN(S)

(RIR)[sP=P. (15)

The advantage of this approach is that all spectral volumesiffine equivalent, we con-
struct the reconstruction operafonly on one reference spectral volume.

4 Relation between RDG and Standard DG

The only difference between the DG scheme (4) and RDG sche®es(the presence of the
reconstruction operatd in the first variable oby(-,-). While the error analysis of (4) is well
understood (at least for convection-diffusion problem3, [he analysis of (12) or (13) poses

a new challenge. The problem lies in the fact that we canrsat(ie2) with ¢ := RLﬂ’k or
something similar, sincELﬂ’k ¢ §\. Therefore, we need to establish a relation between (12) and
theNth order DG method, instead of only thth order DG method.

Definition 5 (Auxiliary problem) We seekiy™* € §\ such that

(Gr’:l k+1 GN"k

- ,¢#)4—Q(Rnhdfﬁ¢#)::o, Von €S\, k=0,1,...,  (16)
k

N,0 :

where(, " is an Eﬁ' approximation of the initial condition

Lemma 2 Let '° = MNiN°. Then §* € , the solution of (13) and the solutidl} * € S\ of
(16) satisfy
urk = otk vk=0,1,--.. (17)

Proof:We prove (17) by induction:
k=1: Sinceu?® = MNi\"°, we have for alp? € S

( haw 17¢h):(~N 17¢h) (~N0,¢h)—kah(RnRUEO,¢h)
(uh 7¢h) kah(RLﬂ 7¢h) (uh 7¢h)



hence(NPGN " — utt, ¢1) = 0 for all ! € §!. Thereforen NG = u.
k> 1: Assume (17) holds for some> 1. Then for allg € S

(MAE* ™, ) = (G 00) = (0, o) — Tidon (RN, &)

— (UM 80) — ibn (RY™X, o) = (U, o),
naNk+1 n.k-+1

thereforelMpG, "~ =u,~ ~. This completes the induction stkp- k4 1. O

As a corollary, error estimates for the auxiliary problenplynerror estimates for the RDG
scheme (12). Problem (16) is basically the standhitd order DG scheme with the operator
R in the first variable oby(-,-). Therefore, sufficient knowledge of the propertiesRbf})
(which is polynomial preserving) and standard DG methodreestimates would imply the
estimates for the RDG scheme.

5 Numerical Experiments

We present numerical experiments for the periodic adveatioa 1D sine wave on uniform
meshes. We use tt* RDG scheme withP® reconstruction and the> RDG scheme withP®
reconstruction. The reconstruction operators describegection 3.2.1 are used. Experimen-
tal orders of accuracy in various norms on meshes withh elements are given in Tables 1
and 2. Heres, = u—RU, att corresponding to ten periods. The increase in accuracyalue t
reconstruction is clearly visible.

Tab. 1. 1D advection of sine wave llRDG scheme with Preconstruction

[N [ lenll=) @ [llenllize @ |lenliosn o |
4 | 5.82E-03 — | 3.49E-03 — 3.65E-02 —
8 || 7.53E-05 6.27 4.43E-05 6,30 1.06E-03 5,11
16 | 9.07E-07 6.38 5.95E-07 6,22 3.58E-05 4,89
32| 1.82E-08 5.64 8.70E-09 6,10 1.16E-06 4,95
64 | 3.41E-10 5.74 1.33E-10 6,03 3.67E-08 4,98

Source: Own

Tab. 2. 1D advection of sine wave2RDG scheme with$reconstruction

N [ flenl[=@y o |llenllizey 0 |lenlyrios @
4 || 2.90E-03 — | 1.85E-03 — 1.63E-02 —
8 || 7.75E-06 8.55 3.56E-06 9.02 1.03E-04 7.30
16 | 2.10E-08 8.53 6.64E-09 9.07 4.34E-07 7.89
32| 7.21E-11 8.18 4.02E-11 7.37 1.76E-09 7.94

Source: Own

Conclusion

We have presented a possible generalization of higher oedenstruction operators as used in
the FV method to the DG method. Two constructions of the retantion operatoR are pre-
sented, the first analogous to the standard FV case (alrezated in [2]) and the construction
analogous to the SV method. The resulting scheme has maaptd)es over standard DG, FV
and SV schemes:



e To increase the order of the scheme, the reconstructiociktezed not be enlarged, we
may simply increase the order of the underlying DG scheme.

e Test functions are from the lower order space, hence moegftiquadratures may be
used than in the corresponding higher order DG scheme.

e Since the RDG scheme is basically a lower order DG scheme vgtiehorder recon-
struction, the CFL condition is less restrictive than for¢beresponding higher order DG
scheme.
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APLIKACE REKONSTRUKENICH OPERATORU V NESPOJITE GALERKINOVE
METODE

Tento ¢lanek Fedstavuje fehled akladrich koncept nutnych k zapojen rekonstruknich
opedtorll, zramych z metody konénych objenti (FV) a spektalnich objenti (SV) vySSiho
fadu, do nespojit Galerkinovy (DG) metody. Tak@to opeator konstruuje aproximace $§ch
fadl z DG metody riSiho fadu,&imz zvySujefad konvergence azoveh vede k efektivjSimu
numericlemu scematu né prislusre DG sclema vygSiho fadu samo o sab Probereme teo-
retické i implementani aspekty a numerigexperimenty.

DIE ANWENDUNG VON REKONSTRUKTIONSOPERATOREN IN DER
KONTINUIERLICHEN GALERKIN-METHODE

Dieser Artikel bietet einefberblickiiber die grundlegenden, zu Einbeziehung der Rekonstruk-
tionsoperatoren notwendigen Konzepte, die aus der Metteddiniten Inhalts (FV) und der
spektralen Inhalte (SV)dherer Ordnung bekannt sind, in die nicht kontinuierlichede®kin-
Methode (DG). Ein solcher Operator konstruiert eine &merung hherer Ordnungen aus der
DG-Methode niederer Ordnung, wodurch er die Ordnung dev&aenz erbiht. Gleichzeitig
fuhrt er zu einem effektiveren numerischen Schema als dashauge DG-Schemadherer
Ordnung selbst. Wir behandeln die theoretischen und imgidren Aspekte und die nu-
merischen Experimente.

ZASTOSOWANIE OPERATORW REKONSTRUKCYJNYCH W NIECAGLEJ
METODZIE GALERKINA

W niniejszym artykule przedstawiono podstawowe koncep@eledne do waczenia opera-
torbw rekonstrukcyjnych, znanych z metody etasci skarczonych (FV) oraz olgitcsci spek-
tralnych (SV) wyszego redu, do nieagtej metody Garlekina (DG). Taki operator konstruuje
aproksymacje wgszego redu z metody DG ziszego redu, co zweksza poziom konwergencji

| jednoczé&nie prowadzi do bardziej efektywnego schematu numergmzmepobwnaniu ze
schematem DG waszego redu. Ondwiono aspekty teoretyczne i implementacyjne oraz ekspe-
rymenty numeryczne.
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Abstract

The subject of the presented paper is a mathematical asalydinumerical solution of the sys-
tem of nonlinear nonstationary reaction-diffusion equagi Firstly, using the invariant region
technique, the proof of both the existence and uniquendgsg aolution and problem data con-
tinuous dependence is carried out. After time discretiratif the problem the Galerkin finite
elements method is applied and a priori error estimateseofrtethod are derived. A suitable
mesh adaptivity is discussed as well. The method is finaljglémented and tested on several
examples.

Keywords: Invariant region; reaction; diffusion; finite elements hwd; adaptivity.

Introduction

Reaction-diffusion equations provide an efficient mathéablmodel for description of changes
in concentration of one or more substances under an influEre® basic physical (and chemi-
cal) processes - diffusion and reaction. Using these empumtne can also describe several
mechanisms that occure in nature (see [5]). One of them isubkition of bacteria popula-
tions.

Let us denote; = uj(x,t),i =1,2,...,N, concentrations dfl types of bacteria at timeand
placex, then the mathematical model of the evolution of bacterjputettions is described by
the system of nonlinear nonstationary reaction-diffugqoations (see [6],[7],[8])

o N . .
== DiAUi—i—(ri—glaijuJ)Uiv inQr, i=12....N, (1)

whereQr = Q x (0, T) andDj,r; > 0,a; > 0 are given constants. For each functigni =
1,2,...,N, we also prescribe initial and boundary conditions

Ui(x,0) = Uoi(X) in Q, 2)
oo _ only x (0,T), 3)

on
U = Upij onI'Dx(O,T)7 (4)



whereug: Q — RN, g: 'y x (0,T) — RN andup : I'p x (0,T) — RN are given functions and
I'n, o are parts of the boundagQ such that NUTTp =dQ andl'yNTp = 0.

1 Weak Formulation

Let us denoté = (0,T) and suppose that for eack=1,2,...,N, there exist functionsip; €
L2(1,HY(Q)) nL>(1,L2(Q)) with T5; € L2(1,H-1(Q)) such that for almost all € | holds
Upi(t)|rp, = Upi(t) in the sense of traces. Further, ggtc L2(1,L2(Iy)) andug; € L2(Q) for
eachi =1,2,...,N and in order to exclude trivial solutions let us also suppibse for each
i=1,2,...,N, one hag|upi|2 > m > 0.

If we then defineV = {v € HY(Q)|v = 0on Ipin the sense of tracgs we call
uc L1, L2(Q)N n L2(1,HY(Q))N the weak solution of the problem (1) provided that for
eachi=1,2,...,N, holds

o Mic)2(v),
e Ui(0) = uoj,
e Ui(t) —Upi(t) € V for aimost allt € |

e and for eaclv € V and almost alt € | holds

(%(t),v) +Di(Oui(t), Dv) = ((ri — ngaij uj(t))ui (t),v> +Di(0i,V)ry

This formulation can be easily derived using integratiod &meen’s theorem.

2 Existence and Uniqueness

The existence and uniqueness of the solution of the proll¢fol{ow from the boundedness of
this solution. The boundedness of the solution of the prol§le) can be proved by construction
of theinvariant region(see [4] or [10]).

Definition 1. The invariant region of the problem (1) is every closedset RN with the pro-
perty

Up,Uup € X forallt € [0,T], xe Q = u(x,t) e X forallt € [0, T], xe Q. (5)

Let us denotefi(z) = (ri — zﬂ-\‘zla;jzj> z. If one wants to certify thak is the invariant

region of the problem (1), it is sufficient (see [10]) to pratat for eachz € 9% the vector
f(2) points inside the seX. Consideringg; > 0 for eachi = 1,2,....N, we can defin& =
xN 1 [0,Mi], whereM; > max{||Ugi|e, ||Upi||eo> i /i }- Consequently, for everg € 0% there
existsi € {1,2,...,N} such thatg = 0 orz = M; and thus we can denoz . ZR € 9% such that
Z-=0 and#R M. Finally, it is obvious, that vector(zb), f (zR) pomts inside the sef if
and only if fj(Z-) > 0 andf;(zR) < 0. In the second case one has

N
—Zaij _aIIMI Mj < — |\/||Za|JX'R<0 (6)
i# (¥
while in the first case holds
Z"' = Zalj i —a;i.0 =0. (7)

J#I



Thus the vectoff (Z4) is tangent ta?X and does not points inside the getNevertheless, this
drawback can be removed by showing that the problem ({t3table

Definition 2. We call the problem (1) f-stable, if there exists a sequefidenations{ f, .},
such that]| f — f[|az)n —— 0implies||u— U4 2qyn — O, whereuwiis the solution of
the problem (1) with the functioh dn the right-hand side andiis the solution of the problem
(1) with the functionf {, on the right-hand side.

Remark 1. The f-stability of the problem (1) can be shown using the secpi,, satisfying
fmi(2) = fi(2) + 1oile=2,

Theorem 1. (Existence, uniqueness and data continuous dependentci)elfeinctionsuy, Up
and g satisfy assumptions from the previous section. If thelprol{1) is f-stable, then there

exists a unique solution of the problem (1) and positive constants=BB;(T), i = 1,2,3,
independent fronausuch that :
sup [[u(t)[|3 < By (uo,Up,g), (8)
te[0,T]
T
[Iou) Bt < B, (10, g), ©
0
T
JIW O ¢ < Bs# (uo.Uo,g), (10)
0
where
«%/(Uo,UD»g)—HUonJr Sup [GIE +/|| O12 12+ [Up(®) (£ (05 r, ot (11)

Proof. Sketch of the proof: Sinceis boundedf (u) is Lipschitz-continuous and the existence
and uniqgueness come from the Banach fix-point theorem andwaitslemma respectively.
Estimates (8)-(10) can be derived from the weak formulatising Young’s inequality. [

Previous theorem also implies that for sufficiently smoo#itad(’# (Up,Up,g) < ), the
solution of the problem (1) belongs #((0, T),L?(Q)).

3 Numerical Solution

Let us choose € N, denoter = T /p and define a partition of the interv, T|: tx = kt, for
k=0,1,...,p. Further, let us denouﬂf(x) = Ui (%), g(X) = gi(x,tx) andu; (x) = upi (X, t),
fori=1,2,...,Nandk= 1,2 ...,p. We also suppose’(x) = up;(x) fori =1,2,...,N and

uk”(x)fu-k(x)
approximate the time derivative using the backward difiees i.e. u/(X,t; 1) ~ ———F—-—~

fork=0,1,...,p—1.
Then the time-discretization (see [9]) of the problem (Bd® Foreack=0,1,...,p—1
find a functionuk™1 : Q — RN such that for each= 1,2, ...,N, holds

u!(+1 — uk N
' L = DiAd 4 - > aj uf ) Uit inQ, (12)
T 4
Juktl
o = g = gi(%tea) onln, (13)

Ut = uSti(x) = upi(Xtkr1) onlp, (14)



where we used linearizatiarfuf"* ~ u* U, Consequently, the corresponding weak for-
mulation of the problem (12)-(14) reads: For e&ch 0,1,...,p—21 andi =1,2,...,N, find
Ut € H1(Q) such that

o U _gkiley

e and for allve V holds

(% —17) (U™, v) + Dy (OuF ™, Ov) + z aij (UKUI,v) = (U, V) +Di(g ™ vy
i=

3.1 Finite Elements Method

Let us define the triangulatiofi;, of the domainQ consisting of a finite number of triangular
elementsK; and satisfying<i N Kj € {0, a common vertex, edge or fgctor eachK;,K; € 7
(see [1]). Further, let us define a finite-dimensional spéce {V, € C(Q)| vhlk € Pi(K) VK €
Th} c HY(Q) and deflne alsbh, = XhNV.

If we denote{¢,, } , the basis of the spaaé anduky,; € X, the X,-interpolation ofti;,
we can define the Solution of (12)-(14) obtained by the finiéenents method ag, = uk . +

Sh @M, whereck | € R, i =1,2,...,N. The functionuf; then satisfies

k+1 k+1
® Uy = —Uppj %

° and foralls=1,2,...,N, holds

Z bk smC i = fs, where
N
bE(,sm = (% - ri> (ém, ¢s) + Di(Upm, Os) + Z aij (Ulj(‘pma ¢s) and (15)
=
= S0 + D o,

N
— () g0 - DU 00— 3 alutlen. 0
=

Thus one can compute a vect:{fr*l I‘gl)gﬂl by solving the system of linear equations

Bk = £ with a matrixBX = (b )5, and a right-hand sid = ()5

|s&1

3.2 Mesh Adaptivity

When using some advanced techniques (e.g. [2]) for meshtataap we have to combine the
properties of alN functions and thus it is necessary to construct one fund¢hiahis a "com-
bination” of them. This function should change its valueidgpwherever any o functions
changes its value rapidly. One can construct such a funfdgranstance in a following way: At
each nodé’J of the triangulation;, let us order all valueaﬁi(Pj), i=12,...,N,insuch away
thatuhI (Pj) > uhI ,(P) form=1,2,....,N—1. Then the value of the compound functigf

atpj is "defined by
N

WP = 3 (=)™ (P). (17)

m=1
However, one has to also choose a suitable projection bataveew and the old mesh. This
projection can reduce an order of convergence or even liasutionconsistency of the method.



4 Error Analysis

While solving partial differential equations numericaliyie has to estimate the error of applied
numerical method. The required estimates are provideddéfoltowing theorem (see [3]).

Theorem 2. Lett € (O, m> , wherep = max ri, M = max M; and||A || = max z'j\'zla,-j .

Further, let y,ul € L*(0,T,HS"1(Q)), U’ € L®(0,T,L?(Q)) and g € L®(0, T,HS"Y(T"y)) for
eachi=1,2,...,N, and any s> 0. Then there exist constants Cy > 0 independent fromm, h
and 3 = max Dj, such that

lenl e = max leblZ = max|iefi3 < O (T?+ BN+ hsrd) 4 g2r2ert)),

0<k<p 8§!‘§’5
<i<

0<i<N

p
lenl5 . = max (rDi Y |e{§i|§> < Cu <T2+Bh25+h2(3+1)+B2h2(5+1)>.
=

The Theorem rests upon division of the error into two partge &stimate of the discretiza-
tion error comes from the approximative properties of thadialement spaces. The error of
the numerical method is estimated using Young's inequalitgt boundedness af, and time
derivatives ofu.

5 Numerical Results
5.1 Example 1 - Neumann Boundary Conditions

In Q = [0,1]2 we solve a problem (12)-(14) with = 3, 'p = 0 and coefficient®; = 10~* and
ri=1,fori=12a3. Inadditiora;; = ay, =azgz3=1,a1;» = ap3 = ag1 = 2 anday; = ay3 =
agz = 7. Initial conditions are chosen in such a way th@t= x_ 4, fori = 1,2, 3, where

My = {(xy) Q| (x—0.23)2+(y—0.2)2< (1/4)?}, (18)
My = {(xy) € Q| (x—0.67)?+(y—0.75)° < (1/5)°}, (19)
M3 = {(xy) € Q| (x—0.7572+ (y—0.5)% < (3/10)?}. (20)

The invariant region of this problem is a blo¢® M| x [0,My] x [0,M3], where M; =
max{ ||Uoi||le, 1} = 1 fori =1,2,3. Further, we choost = 100 with p= 200 and thugy = 0.5.
Neumann boundary conditions are homogeneousg}f.e. 0,fori=123andk=0,1,....p.
The interpolation of the initial condition and a solutiomgouted aflT = 100 are depicted on
Figures 1 and 2.

5.2 Example 2 - Dirichlet Boundary Conditions

In Q = [0, 1] we solve a problem (12)-(14) with = 3, "'y = 0 and coefficient®; = 10~* and
ri=1, fori =1,2,3. In additiona;; = aypp = azz =1, ajo = ap3 = az; = 2 andap; = ai;3 =
agz = 7. Initial conditions are chosen in such a way th@t= x_ 4, fori = 1,2, 3, where

M = {(xy) €Q|9(x—0.4)2+25y—0.65)?2< 1}, (21)
My = {(xy) € Q| (x—0.67)”+(y—0.65)* < (1/5)°}, (22)
Mz = {(xy) €Q|(x—0.6)%+ (y—0.4)% < (3/10)%}. (23)

We chooseTl = 50 with p = 100 and thusty = 0.5. Dirichlet boundary conditions are
uk.(x,y) =y, foralli=1,2,3andk=0,1,...,p.

Since||u; || = 1, the invariant region of this problem is the same as theipuswone. The
interpolation of the initial condition and a solution conted atT = 50 are depicted on Figures
3and 4.
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Fig. 1. The interpolation of the initial condition of Example 1 on igotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 2724 elem&0ts nbdes)
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Fig. 2. The solution of Example 1 computed at=T100 on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 3694 elements, 18%3nod
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Fig. 3. The interpolation of the initial condition of Example 2 on iaotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 1760 elemé&otk n®des)
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Fig. 4. The solution of Example 2 computed at=I50 on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 5021 elements, 983&&nod

Conclusion

We have successfully derived and tested a numerical methtodolving reaction-diffusion
equations. We have also proven that for sufficiently smoothsaiitable data the solution of the
equations is continuous and belongs to the sga@®, T),L2(Q)). For numerical solution we
have used the Galerkin finite elements method and derivera @rror estimates on isotropic
meshes. We have used adaptively refined meshes as well, éipuey error estimates are no
longer valid on them. In order to obtain error estimates capéetl meshes a better projection
should be used.
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NUMERICKE RESENI REAKCNE-DIFUZNICH ROVNIC

Obsahem fedlazere piace je matematiékanayza a numerick feSen soustavy nelinarrich
nestacioarrich difuzré-reaknich rovnic. Nejprve je s vyZitim invariantiho regionu prove-
den dikaz existence a jednozireostifeSer a spojie zAvislosti na dateclilohy. Pocasoe
diskretizaci protdmu je apliko@na Galerkinova metoda kaiv&/ch prvki a odvozeny apriofin
odhady chyby numeriégkmetody. Rovéz je diskutovana vhoda adaptace paitych triangu-
laci. Na ZAver je ceh metoda implement@na a otestdwna nabiznych prikladech.

NUMERISCHELOSUNG REAKTIONSDIFFUSERGLEICHUNGEN

Der Inhalt der vorgelegten Arbeit besteht in der matheroléa Analyse und der numerischen
Losung des Systems nichtlinearer nicht stairen reaktionsdiffuser Gleichungen. Zahst

wird unter Verwendung einer invarianten Region der Beweidsaestenz und der Eindeutigkeit
der Losung und der kontinuierlichen ABhgigkeit von den Daten der Aufgabe erbracht. Nach
einer zeitlichen Diskretisierung des Problems wird diegdah-Methode der finiten Elemente
angewandt und es werden A-priori-Sthungen des Fehlers der numerischen Methode abgelei-
tet. Ebenfalls wird eine geeignete Adaption der gebrauchtengulationen diskutiert. Zum
Abschluss wird die gesamte Methode implementiert und ascheedenen Beispielen getestet.

NUMERYCZNE ROZWIAZYWANIE RWNAN REAKCYJNO-DYFUZYJNYCH

Przedmiotem niniejszego opracowania jest analiza mayex@d oraz numeryczne rozazanie
uktadu nieliniowych éwnan niestacjonarnych dyfuzyjno-reakcyjnych. W pierwszdgkwosci
przy wykorzystaniu niezmiennego regionu przeprowadzavedd na istnienie i jednoznaczso
rozwiazania oraz eigla zalencst od danych zadania. Po czasowej dyskretyzacji problemu zas
tosowano metoglGalerkina elemeatv skahczonych oraz oszacowano a prio8tmetody nu-
merycznej. Orbwiono takze odpowiedra adaptag zastosowanych triangulacji. W zalaze-

niu przedstawiono zastosowanie catej metody i sprawdzana jpznych przyktadach.
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Abstract

A viscoelastic simply supported rotationally symmetridipofixed on a base, is considered.
The body is loaded by a flat plunger, which moves in the dioectif thez axis by a constant
velocity v. In this work the reaction force is computed. This allowsasdmpare numerical
results with data from rheological experiment (see [6]).[7The variational formulation of
the problem is derived and transformed to cylindrical comates. Some results of numerical
calculations are presented.

Keywords: Viscoelasticity; axisymmetric hyperbolic problems; dim@nal reduction.

Introduction

Mathematical modeling of technological processes has bleeady regarded as a powerful tool
for an optimization of technological processes also inggladustry. The fundamental issue of
virtual modelling of silica glass forming is an accuracy einmerical outputs. Ciritical factor

Is not only definition of boundary conditions, mainly thetrnoaes, but also specification of
material properties. Number of methods for an identificati rheological properties exists
[1]. The disadvantage of the most of published models isgaddent description of the both
stages - the stage with the dominant influence of an elastigpooent of deformation and

that one with a dominant viscous flow [8]. One of the most effecmethods is isothermal

compression method which is based on the evaluation of ttee fi@sponse on compression
loading of cylindrical samples [4], [6], [7].

The advantage of this method is its relatively simplicitydgrossibility to evaluate both
elastic and viscous properties of glass melt simultangadigting one experiment. However
the critical issue of this method is an accuracy of evalmatibexperimental outputs. Several
methods were suggested.

In this contribution we introduce the variational formudat of the rheological experiment
model, which includes viscoelastic deformations. Thidopem will be used as a state problem
in formulations of various identification problems for v@rs model parameters, that are planed
as next step of our research. Nevertheless recent numeggidts are roughly in conformity
with results of experiments (see [6]).



1 Formulation of the Problem

Forming of glass is quite complicated process which costhoth elastic and plastic responses
to strain from stress. This is the main reason of using a eisstic model to describe relation-
ship between stress and strain.

V4

(e

P2

Source: Own

Fig. 1. Scheme of glass sample

We consider a viscoelastic isotropic homogeneous cyliatibodyQ symmetrical accord-
ing to zaxis with bases formed by two parallel circles with reiliiand altituden. We consider
the body which is fixed on both bases and which is free on it©aading surface. We denote
P, upper, respP; bottom, base anB surrounding surface of the body. The body is deformed
by flat plunger moving by a constant velocityn the direction of the axis placed on the upper
base. To represent changes of the shape of the body we defeferandtion tensor by the

formula L /ou(xt)  oui(xD)
. 4 U (X, Uj X,
&ij(xt) = ( ox; + % )

5 ®

The stress is represented by symmetrical stress tenddke consider stress strain relation given
by viscoelastic generalized Hook’s law in the form

Uij(X,t):dj[wA(t—T)WdT‘FZ[mu(t—T)WdT, 2

whereA (t) and u(t) denote relaxation functions describing glass propertigg@ssing, resp.
in shear andj is the Kroneker symbol.
The balance of a linear momentum for the dynamic problemHeagorm

92u; (%, 1)
ot?

00ij (X,t)

a;. —
an +</I(X7t) -

=123, 3)
whereZ (x,t) represents the body forces gndhe density of glass.

We use the time discretization method:

Let the time interval0, T] be divided into the subintervalt_1,t], fork=1,2,..., p, then (3)
has at each time level the form

k - _
a%fx)%."(X):pﬁx)_zz‘k ;g"”‘k it i=123 k=2..p (4
J

wherez(x) = u(X,t), off(x) = 0ij (x,t), F(x) = Zi(x &) andh = T.
According to the fact that the body, support and load havatimtal symmetry we transform



the problem to cylindrical coordinates and apply dimensisaduction of an angle to get two-
dimensional problem.

We are going to solve the problem in the regdf{a) dependent on time the leviglbounded
by the axisr (partl 3), the axisz (partl4), the straight linez= h—tv (partl"'1) and the free
boundary described by the functior{z) of variablez (partl ).

z
1
M4 DKa)|l2
M3
a
7

Source: Own

Fig. 2. Domain after the dimensional reduction

According to the fact that the problem has rotational symynee assume that a displace-

ment vector component in the directidnis zero(Z§ (x) = 0), similarly % =0, andg—? =0.
We denote the physical components of the displall(cementrvlexcmvo functions, e.g.
(X) = uy,
Z(x) = wk,
(Z(%) = 0
The relationship between the displacement vector and tamsénsor is in the form
AUk
&y = o (5)
oK
£5,= b7 (6)
k
u
g5y =" Y
1,0u¢  gwk
k = - — —
ng_z( (32+ ar )7 (8)
(e =0, & =0). (9)
The components of the stress tengdnave the form
1/t _ _
o == | A=) (&~ x) + 2u(t— ) (e (0 — g Hx)dr,  (10)
1/t _ _
o= [ A=) 0 -0+ 2u(t - T)(Eh0) — el 0)dr, ()

085 = [ M- T)(E ()~ A) 4 2u(t - 1) (e (0 - B H)aT, (12



2 qt _
o=+ [ -k e o) dr. (13)
(0¥ =0, 0 =0), (14)
where
e=&r + &+ €99 - (15)

The bilinear form representing mechanical work of innecésrhas the form

W) 00200 1
e ;Z r+uk<x>¢1<x>;] "

wk wk
ooyt s

AUK(X) 3 o(X) AuK(x) 1(X)
+ FERT r+ 57 57 derder

2 oy (009007 K080 ) dx. (16)

Linear functional representing mechanical work of outwiardes has the form

FO.0) = [ (P800 +FE092001 ] -

k—1
_% _too (()\ (t—1)+2u(t—1)) [du = X d"’alr(x)r +

oW 1(x) 992(x)
* 0z 0z

r—+ ukl(x)rpl(x)ﬂ +

Wkl w1
R R

9u1(x) d¢a(x ). Iut(x) d¢1(x)
L o T a7 dlz rD dr -

= L 1(U 20091007 +wW< 292007 ) -
2 (uk—l(x)¢1(x)r +wk‘1(x)¢2(x)r>D dx. (17)

Boundary conditions:
The flat plunger moves in the direction of thaxis by the constant velocityacting on part of

boundary 4, i.e.

\l/Jv::(\)/(t—tk) } on 1. (18)

The part of boundary, represents the so called free boundary which is deformebéintiu-
ence of the inner forces and is not able to catch any forcgétatror normal)

O-rr = 0
GOpy— 0 } on TI». (29



The part of boundary s is fixed, i.e.

u=20
w:O} on I3. (20)

The part of boundary 4 is formed by the axis of symmetry and has properties of contiah
solid support (without friction), i.e.

u=20
0_\,\,_0}on Ms. (21)
or —

We define the spad&/>2" (DX(a)) with the norm

sz = ([, [(2) 4 (%) e
L2 =\ Jokay |\ ar 0z

We define the space of functions with the finite energy as tlighted Sobolev spac#”’ (DX(a))

rdx) . (22)

2 (DX(a)) = {t= (u, w) e WH2T (DX (ar)) x W2 (DK(a))} . (23)

We denote
¥ ={ueC”(DX(a)) | suppunT4=0, u=0 on M1 Ul3}. (24)

LetV; be the closure of the sef in the spac&V12" (DX(a)).
Further we denote
¥ ={ueC*(DX(a)) |[u=0 on ML Ul3}. (25)

LetV;, be the closure of the sé in the spac&V12" (DX(a)).
We denote by
H Z{QE(U, W) eVq ><V2} (26)

the space of test functions (i.e. such functions with finitergy which satisfy stable boundary
conditions).

We use the principle of virtual displacement to get a vavrai formulation of the problem:

Let 0o € 2 (D*(ar)) be given, which specifies the displacement on the bounBaryy its
traces. We are looking far € .7 (D¥(a)) such that

a-— ﬁo S H, (27)

Theorem. The problem (27) - (28) has the unique solution.

Proof: The proof based on the Lax-Milgram theorem is too long anldrimal to be published.

2 Numerical Experiment

The numerical model, describing the course of experimem¢asurements of rheological prop-
erties of melt glass, was created.

The principle of experiment is based on the evaluation offdhee (viscoelastic) response
of isothermal cylindrical molten glass sample, which is poessed at a constant velocity. Nu-
merical simulation was realized in the commercial FEM (féritlements Method) code MSC
MARC.



The initial sample sizes were 20,3 mm (diameter) - 18,45 meig(it), the velocities of

compression were taken from the range 0,5 - 40 mm/s. The Maxwelel was used for
description of material behavior of FLOAT melted glass.
Viscosity of the shaped glass was defined according to therempnt, i.e.n = 10"%2 [Pa.s].
The modulus of elasticity was selected from the raBge- 2,5.10% 2,5.10° [Pa], molten glass
was assumed to be incompressible substance, i.e. The Romsstany = 0, 5.

Sticking conditions were presumed between glass and matahpcontact surfaces.
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Fig. 3. Distribution of the stress fields in the form of equivalent €laustress for compression
2,6 and 10 mm

The course of distribution of the stress fields in the formhaf équivalent Cauchy stress
for 3 different stages (compression 2, 6 and 10 mm) are predém Fig. 3 (for velocity = 4
[mm/s]).

The courses of the force response for different elastic mhadeishown in Fig. 4. From the
figure it results that the elastic modulus influences onlyfitisestage of the experiment, second
one is only controlled by viscous flow.

Conclusion

In the contribution the model for evaluation of descriptiminviscoelastic force response to
compression loading was suggested. Integration of theelastic model of the Maxwell type
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Fig. 4. Course of computed load forces

to the mathematical model allowed fair description of theéaresponse according to character
of the realized experiments [6]. The shape course of defomess sample in the experiment

was visibly similar to the computed one. Development of tleasured load force showed the
similar tendency but values became more different from tmeputed ones during the experi-

ment.
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NUMERICKE HODNOCEN REOLOGICKEHO EXPERIMENTU

Uvazujeme viskoelastidk prosé podeperg, rot&né symetricle tleso peva spojee s podkla-
dem. Téleso je zatzovano plochou lisovdcelist, ktera se pohybuje ve sénu osyz konstantin
rychlost v. V pfediazerem @ispévku je p&itana silowa odezva. Toam umani porovravat nu-
mericke Wsledky s ré@lnymi daty z reologiclgch experiment. Je odvozena vagiai formulace
Ulohy a transformo&na do alcowch souadnic. Cale jsou prezent@ny numerick wsledky.

NUMERISCHEBEWERTUNG EINES RHEOLOGISCHENEXPERIMENTS

Wir betrachten einen viskoelastischen, einfach urilertgn, drehsymmetrischendiper, der
fest mit dem Untergrund verbunden ist. Deorger wird mit der Fhche eines Presskiefers
beschwert, die sich in Richtung der Achse aus der konstanesth®vindigkeit v bewegt.
Im vorliegenden Beitrag wird das Kraftecho berechnet. Dresoglicht uns einen Vergleich
der numerischen Ergebnisse mit den realen Daten aus deloglsaten Experimenten. Da-
raus wird eine Variantenformulierung der Aufgabe abgeteind in Walzenkoordinaten trans-
formiert. Weiter werden numerische Ergebnissi&spntiert.

NUMERYCZNA OCENA EKSPERYMENTU REOLOGICZNEGO

W artykule rozwaane jest wiskoelastyczne, prosto podparty, rotacyjniaesgyczne ciato
na state paczony z podizem. Na ciatlo oddziatuje powierzchnia sekzprasugcych, kéra
porusza € w kierunku osi stala predkdciav. W opracowaniu obliczana jest reakcja sitowa.
Umozliwia to potbwnanie wynilbw numerycznych z realnymi danymi z eksperynaenteo-
logicznych. Okrélona jest zmienna formuta zadaniagik jest transformowana do w@pzed-
nych cylindrycznych. Naspnie zaprezentowano wyniki numeryczne.



MULTIPLICATION BY WAVELET MATRIX — EFFICIENT IMPLEMENTATION
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Abstract

Stiffness matrix of the Dirichlet problem —(au')’ = f with a homogeneous boundary value
condition in a spline wavelet basis has O(nlogn) non-zero elements [4]. We show that for
a constant function a it is just O(n) and moreover we show that it can be stored in O(1) elements.
This leads to a linear-time algorithm for multiplication by the wavelet matrix.

Keywords: Dirichlet problem; efficient implementation; Galerkin method; spline wavelets.

Introduction

Our aim is to solve the Dirichlet boundary value problem

—Au=f on Q=(0,1)¢
u=0 on JQ

in the higher dimension d by the Galerkin method in a wavelet basis which is a tensor product
of wavelet bases in one dimension. The Galerkin method leads to a system of linear algebraic
equations with a matrix constructed from matrices (d;;), (gi;), where

1
dij = /0 01(x) ) (x) dx, (1)

G = [ a0

and ¢; are basis functions. We need an efficient storage of matrices (d;;), (g;;) and as we solve
the system by an iterative method, we also need an efficient implementation of multiplication
of matrices by a vector.

In this paper we describe what a wavelet basis is, its construction and then we show that the
stiffness matrix (d;;) for the one-dimensional Poisson equation has O(n) non-zero elements, and
moreover it can be stored in O(1) space. In the last section we show a numerical experiment on
one-dimensional Poisson equation.

1 Spline Wavelet Basis

In this section we first describe the spaces V), of scaling functions based on quadratic splines.
Then we deal with the wavelet basis of V,,. First we formulate desired properties for wavelets
and explain their consequences, then we show some constructions of wavelet bases.



1.1 Scaling Functions

Spline wavelet basis consists of scaling and wavelet functions. We use two following functions
to construct them:

2x—3x2  forxe|[0,1]

Gpa(x) = { 3—x+zx* forxe[l,2]
0 otherwise
%XZ for x € [0, 1]
1 2
| B 5+x—x* forxe(l,2]
q)m(x) - ;—X—F%Xz for x € [273]
0 otherwise
20 — 3a? == 1)+ 5@ =17

Source: Own

Fig. 1. Boundary scaling function

x2 %+(a:71)7(:):71)2 f(x72)+%(172)2

N[
N[=

Source: Own

Fig. 2. Inner scaling function

Both are ¢! piecewise quadratic functions.

Definition 1 Let ¢ € N. We call functions

o) = @pa(2') (2)
Qri(x) = @u(2x—i+1) fori=1,...,(2"-2) 3)
Qa1 (X) = @pa(2(1-x)) 4)

scaling functions at the level (.



Note that from (3) it follows that the values of integrals
. Lol o
dgalm] fol (pf’l(P;&] dx fOr l,] — 1, ey (26 - 2) (5)
geij = Jo Puitejdx

depend just on the difference (i — j) and the value ¢. Furthermore, for two different levels ¢, ¢»
it holds

dyij = 207"dy,, (6)
80ij = 252_6186271',]'
Similarly from (2), (4) it follows that
1//dx_2€17521//dx
1 Jo @0, 090, = fol ©@r, 0P, i
Jo 9f, e 190 gdx = 2972 [y @) 5 @p, d

1 Jo @0,.09r, 1dx 260 foi @, 09¢,,:dx
Jo Qo 20 1P idx = 264 [ ©p, 20— 1P, i dx

fori=1,...,(2"=2) (7

1.2 Wavelets

Let us denote
Fy={@p;:i=0...2"~1}

and
Vy = span.% for / € N.

It holds that
Ve CVpi for / € N.

In the next section we describe some constructions of sets #; C V. which consist of functions
W00 Wpor_q. We require the following properties:

1. The set ., U #, forms a basis of V.

2. Functions ¥ € #; have vanishing moments of order 0, 1 and 2. It means that
/ My(x)dx=0 form=0,1,2.
supp (¥)

We use property 1 iteratively to construct the basis of V;

[
U ¥ @®)

i=ly

for an appropriate ¢g.

The property of vanishing moments has two very important consequences. The first one is
more sparse approximation of the solution. The second one concerns matrices (1) — they are less
sparse in the basis (8) than in the basis ., but vanishing moments imply a lot of zero entries
of matrices (1) even if supports of functions in the base overlap — more precisely

/
iYj— i =0
o Viy; /[071] A"



whenever y; is a quadratic function on the support of ;. In the general case we can write y;
as a sum
vi(x) = ax? —i—bx—f—c—l—de(max{(x—xk),O})z.
k

We can then express integrals as sums

1
viv; = Ydi / i) (x —x)2 o, ©)
[0,1] 2 X

1
| v = Yod [ v - dr
[0,” k Xk

We use these formulas in cases when levels /;, £; of functions y;, y; respectively differ by at
least two — then the sum consists of at most two terms.

1.3 Construction of Wavelets

We need wavelets satisfying properties from the previous section. Several such constructions
are known: inner bi-orthogonal wavelets [3], boundary bi-orthogonal wavelets [1] and three
types of short wavelets [2].

We show construction of one type of short wavelets:

5 47 13
Vio = —5@10+ 1753Pe+1,1 — 4 Prr12+ Qe 3, (10)
1 3 3 1 : ¢
Vei = —1Qer12i-1F3P012i — 7Q012i+1 + 7Per12i02 fori=1,...,2°=2, (11)
_ 13 47 5
Yoot 1 = —@piptt 4t P10 3~ 1310001 2 H 5@ 0041 (12)

In general case wavelets of the /-th level are linear combinations of scaling functions of the
(£+ 1)-th level. There are a few boundary wavelets on both edges — as in (10), (12). We denote
their number at each edge by ny,,.

Left-edge boundary wavelets are

Yei= Zai,j(Pf-l—l,jv iZO,...,(flbw—l). (13)
0

n
j:

The upper bound 7; in the sum corresponds to the support of boundary wavelets

supp Yy = [0, (m1+2)277"] fori < ny,.

We will measure the support in the units of 2~¢~! and denote },,, = n; +2.
Right-edge boundary wavelets are

]
Vionroi—i = Y i j@rypriog—jy 1= 0,0, (npy—1)
j=0
with the same coefficients a;; and the same upper bound /;,, of the length.
Inner wavelets Yy ; for
. L
1= Npy,..., 2" —npy— 1

are constructed by
n

Y= Z AjPri12(i—ny,)+14)- (14)
=0



It holds
supp e = [2(i — )27 71, (23 — npy) 12 +2)277 1. (15)

We denote I;,, = ns + 2 the length of the support of inner wavelets in the unit 2-¢1.
All constructions are such that the support of the last inner wavelet contains the point x = 1.
From here it follows
22" —2mp, — 1) +mp+2)27 1 =1

and as /;,, = ny + 2 it follows that
(2(2° = 2npy — 1) + 152771 =1
which gives by a straightforward calculation
liw = 2(2np,, + 1). (16)
Another straightforward calcualation gives that the center of the support of vy ; is at the point
x=(i+%)27" (17)

In the next section we will use the value /,, = max{/p,,/;,} and the maximal number of
discontinuities n; which bases function can have. As two different discontinuities are distant at
least 2~¢~1 it holds ny < I, — 1.

Due to the construction of wavelets similar property to (5), (6), (7) it holds:

1 1
/Ofpél,xpél,jdx = 20 /0 Pby i 9, ¥ (18)

1 1
/O(pflai(pflajdx = 242[1/0 @y,iPry,jdx

and also
1
| ot = [ 0hiol (19)
1
/O Qi@ jdx = A OrivkPr,j1kdx

whenever all involved wavelets are inner ones.

2 Wavelet Matrix

In this section, we first show that matrices (1) in a wavelet basis can be stored in a constant
space. Next we show in the Theorem that they have at most linear non-zero elements with
respect to the order N of the matrices.

2.1 Storage of Matrices

We store matrices (1) in blocks as in Figure 3. Let us denote B(¢) the block corresponding to
scaling functions and to wavelets at the /-th level. Blocks B(4) and B(5) as well as the top-
left block corresponding to scaling functions are stored as a whole. Elements of blocks B(?),
¢ =6,... are computed by the formulas (9). We store in an array both the discontinuities of
scaling functions and integrals

1 for the matrix g
vee-nar m={
J

2 for the matrix d
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Source: Own

Fig. 3. Structure of a wavelet matrix

Now we describe how to pair discontinuities and integrals for inner wavelets (rows corre-
sponding to boundary wavelets are zero due to choice of ¢ in (8) — it is chosen in such a way
that the support of the left-edge boundary wavelet does not overlap the support of the right-edge
boundary wavelet). We assign the central point of its support (17)

x=(i+3)27"

to the wavelet y,; and from it we measure points x; of discontinuities of scaling functions.
They are positioned at

1.2732.273,...,6.273,7.273, (20)
so they can be inside the support of Yy ; at the points
=027 27 )27 (i 42)27 (21)
Inner wavelets are ZWZ_Z_I long, so we have n :=[,,/2 — 1 = 2n,,, points (16)
(i—n+1)27¢ .. .027" (22)
on the left of x and n points
(+127 . (i+n)27" (23)
on the right of x. In total we have 2n = [,, — 1 points and we will index them by an index
j=0,...,1, —2. Given discontinuity at k2~> we have an equation

(i—n+1+j)27 " =k273,

and so
i=k2 3 4n—1—j.

As the value of the integral depends just on j and ¢ and the dependence on ¢ is given by (9),
we have 8 scaling functions x 7 discontinuities x (I, —2) integrals and the cycle of the length
56(1,, — 2) to construct any block B(6).....

Let us denote by B(¢1,/;) blocks of wavelet functions of the levels ¢; and ¢,. In case that
¢; and ¢, differ by at least two we use similar idea as described above for the blocks of scaling
functions. Other blocks are stored in a compressed way, separately boundary wavelets and inner
wavelets and to reconstruct the whole block we use (18), (19).



2.2 Number of Non-Zero Elements

Matrices (1) in a wavelet basis have a block structure. The first block in a row and in a column
corresponds to scaling functions of the third level, the second one to wavelets of the third level,
then the other levels follow (Figure 3).

In the following theorem, we show that matrices (1) in a wavelet basis have at most linear
number of non-zero elements with respect to the order N of the matrices.

Theorem. Letn € N, n > 3,

n
By ={¢3;:i=0,...,7}U U{l//g7i:i=0,...,<2£_l_1}’
(=4

let N be |%,| = 2", I, be the maximum of length of basis functions in 2~* units, ny be a
maximal number of discontinuities of basis functions. Then the matrices (1) have at most
(2ng4ly, —2n4 + 21, — 1)N non-zero elements.

PROOF.

e Square diagonal blocks: the integral is zero for basis functions with disjoint supports.
Supports of neighbour functions are shifted by 27/*! — see (15) — so every function meets
in its support at most (I, — 1) functions and every row will contain at most (/,, — 1) non-
zero elements. In total the N rows in diagonal blocks contain at most (/,, — 1)N non-zero
elements.

e Blocks above the diagonal: every basis function has at most n; points of discontinuity and
every discontinuity is met by at most (/,,/2 — 1) wavelets of a given finer level. So every
row in every block contains at most n,4(/,,/2 — 1) non-zero elements. We will calculate
them by blocks in the same column from right to left and get at most ny(l,,/2—1)(N/2+
N/4+N/8+---+8) < ny(l,/2—1)N non-zero elements.

e [n blocks under diagonal there is the same amount of non-zero elements as over diagonal
as matrices are symmetric.

We get
(Ly— 1)N+2n4(l,/2—1)N = (ngly, —2ng+1,, — 1)N
in total. L]

3 Numerical Experiment

We tested our implementation on a one-dimensional Poisson equation on the interval [0, 1] with
the solution
u(x) = (1—x)(1—e>%). (24)
The columns of the table contain:
e Level of wavelet basis L.
Matrix order N.
Number of iterations (we use conjugate gradient method) #CG.

Total time of conjugate gradient method in seconds.

Time per cycle in seconds.

L, norm of error of a solution.

We run it on a processor with 2.4 GHz frequency.
Note that the very slowly increasing number of iterations shows that wavelet basis is well-
conditioned.



Tab. 1. Results of numerical experiment

L N | #CG | time of CG(s) | time per cycle L> norm
12 32768 | 47 0.46 0.0098 | 2.1 x 1012
13 65536 | 47 0.92 0.020 | 2.6 x 10~ 13
14 131072 ] 49 1.9 0.040 | 3.3x 10714
15] 262144 | 49 4.0 0.082 [4.1x10° 1
16| 524288 | 50 8.3 0.17 | 5.2x1071¢
171048576 | 51 17 034 | 6.5%x10°17
1812097152 | 51 35 0.69 | 8.1 x 10718

Source: Own

Conclusion

We presented an efficient implementation of multiplication by a wavelet matrix. Our next aim
is to use it to solve a multi-dimensional Poisson equation on hypercube with a basis which is a
tensor product of presented basis.
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NASOBENf WAVELETOVOU MATICI — EFEKTIVN{ IMPLEMENTACE

Matice tuhosti Dirichletovy okrajové tlohy —(au’)’ = f v bazi splajnovych waveletd ma dle
K. Urbana O(nlogn) nenulovych prvki. UkéZeme, Ze pro konstantni funkci a jich je ve
skute¢nosti O(n) a popiSeme algoritmus, ktery pocitd ndsobeni vektoru touto matici v O(n)
operacich. V implementaci pouzivime wavelety na bazi kvadratickych splajn.

DIE MULTIPLIKATION DER WAVELET-MATRIX — EINE EFFEKTIVE
IMPLEMENTIERUNG

Die Zihigkeitsmatrix der Dirichlet-Randaufgabe —(au')’ = f auf der Basis der Spline-Wavelets
hat nach K. Urban O(nlogn) Nicht-Null-Elemente. Wir zeigen, dass es fiir die konstante Funk-
tion a in Wirklichkeit O(n) gibt, und wir beschreiben einen Algorithmus, der die Multiplikation
des Vektors durch diese Matrix in O(n)-Operationen berechnet. In der Implementierung be-
nutzen wir Wavelets auf der Basis quadratischer Splines.

MNOZENIE MACIERZA FALKOWA — EFEKTYWNE WDRAZANIE

Macierz sztywnosci Dirichleta kraficowego zadania —(au')’ = f w bazie falek splajnowych
ma wg K. Urbana O(nlogn) elementéw niezerowych. Pokazano, ze dla funkcji statej a jest
ich w rzeczywistosci O(n) oraz opisano algorytm, ktéry oblicza mnozenie wektora poprzez te
macierz w O(n) operacjach. Wdrazane sa falki na bazie splajnéw drugiego stopnia.
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PERTURBED PROBLEMS FOR LOW DISCRETIZATION ORDERS

Miloslav Vlasak
*Hans—Goerg Roos

Charles University in Prague
Faculty of Mathematics and Physics
Department of Numerical Mathematics
Sokolovsla 83, Praha 8, 186 75, Czech Republic
vlasak@karlin.mff.cuni.cz

*Technical University of Dresden
Institute of Numerical Mathematics
Helmholzstrasse 10, 01069 Dresden, Germany
hans-goerg.roos@tu-dresden.de

Abstract

We consider an unsteady 1D singularly perturbed convedtiifiusion problem. We discretize
such a problem by the linear finite element method (FEM) onish&m mesh and by a discon-
tinuous Galerkin method in time. We present optimal a peoror estimates for low order time
discretizations.

Keywords: Convection—diffusion; Shishkin mesh; time discontinuowade&kin method.

Introduction

We focus ourselves on the analysis of the solution of an adgténear singularly perturbed
convection—diffusion equation. This type of equation carcbnsidered as a simplified model
problem to many important problems, especially to Naviesk&s equations, which describe
compressible flow.

We discretize our equation in space by the simple conforriegr finite element method
on a Shishkin mesh and then we discretize the resultingrsysterdinary differential equations
by the discontinuous Galerkin method.

The space discretization of such a problem is a difficult taskit stimulated development
of many stabilization methods (e.g. a streamline upwinddvetGalerkin (SUPG) method,
local projection stabilizations) and layer—adapting tegbes (e.g. Shishkin meshes, Bakhvalov
meshes). For the complete overview see [6].

Considering the space discretization on Shishkin meshesyilvéollow the theory for
stationary singularly perturbed problems based on theisaladecomposition, which enables
us to derive a priori error estimates independent of theausiiin parameter even with respect
to the norms (seminorms) of the exact solution, which canlbe laighly dependent on the
diffusion parameter. For the details see [6].

The discontinuous Galerkin (DG) method is a very populareggh for solving ordinary
differential equations arising from the space discreittrabf parabolic problems, which is
based on the piecewise polynomial approximation in time.oAgiimportant advantages we
should mention unconditional stability for arbitrary ordehich allows us to solve stiff prob-
lems efficiently, and good smoothing property, which ensablketo work with inexact or rough
data. We should also mention that the DG method is suitablehfanges in our computational



domain and in computational spaces, which allows us to égudiaptivity during the computa-
tional process. For introduction to the DG time discretasee e.g. [8].

In [1] and [4] the authors study the DG method in time and tlwallprojection stabilization
respectively the DG method in space on standard meshesnigularly perturbed problems.
The error estimates in these papers contain norms of thé salations which go to infinity if
the diffusion parameter goes to O.

There are only few papers dealing with finite elements in spacthe special meshes com-
bined with any discretization in time. We should mention §8id [5], where the backward
difference formula (BDF) time discretizations and tescheme are used and a priori error
estimates are derived. In [5] the authors also study the D@ discretization and derive sub-
optimal error estimates.

In contrast to the results in [5], we present a sketch of tlefoof optimal error estimates
for the DG time discretization for lower convergence orders®(L?) norm.

The main difficulty in proving optimal error estimates foetBG time discretization com-
bined with a space discretization on a Shishkin mesh is tetfat we cannot employ a standard
technique of the proof, which is based on the constructioa sifiitable projection, which en-
ables us to eliminate a discrete time derivative in the exqoiation, see e.g. [7]. This technique
enforces us to do the upper bound of the projection erroratoed in stationary terms, which
depends on a higher time derivative of the exact solutiod irseminorm, which depends on
the diffusion parameter.

1 Continuous Problem

Let us consider the 1D parabolic singularly perturbed bl

%(x,t) 322( )+bg( t)+cuxt) = f(x), Vxe(0,1),te(0,T), (1)

u(0,t)=u(1,t) = 0, Vte(0,T),
ux,0) = uw(x), vxe(0,1),

where functionsf € L?(0,1), u® € L?(0,1), 0< € << 1 and functions andc are sufficiently
smooth withb(x) > 8 > 0. By substitution in time variable we can achieve

10b
E—— > .
c 20X<X)_CO>O (2)
Let us define the bilinear form
1 du o"'v du
a(u,v) = 0x I (bd_ + Cu) vdx 3

To simplify the text we will use the following notatior.,.) and|.|| areL?(0, 1) scalar product
and norm|/.|; and||.||; areH(0,1) seminorm and norm.

It is possible to show that the solution has in general thenbaty layer ak = 1. When
we assume sufficiently compatible data, we can avoid thdemds of interior layers, which
enables us to concentrate on the boundary layer only, seBlf§kover, it is possible to prove

tlu(x,t) 1 _
‘W‘SC(HW)’ vk.j=0. (4)

This result shows dependence of space derivativess which complicates deriving of standard
a priori error estimates.



1.1 Discretization

We want to discretize the problem (1) by the standard fingeneint method on Shishkin meshes
in space. This technique allows us to derive a priori errtimeges that are independent af
We define the parameter

5S¢
=38
whereN is the number of mesh points. We assume our mesh points aicistgutly distributed

in intervals[0,1— o] and[1— g, 1], with the same number of mesh points in both intervals. Let
us define the conforming linear finite element spgg®n our mesh.

To discretize the problem (1) in time we assume the timefpantd=tp <t1 < ... <t; =T
with time intervaldm = (tm_1,tm), time stepSm = |Im| = tm —tm_1 andT = maxp-1_._r Tm. We

o log(N), )

denote the function values at the nodes/8s-= v(t,). To be able to use the Galerkin type of
discretization we denote the space of piecewise polyndnmitions

q .
Vi = {ve L2(0,T,W) : V|1, = %vjmt’, Vim€ W} (6)
j:

For the functions from such a space we need to define the valulee nodes of time partition

VD = V(tek) = lim, v(t) ™)
and the jumps
{Vim=v] VT (8)

Definition 1 We say that the function ¥ V] is the approximate solution to the problem (1) if

/l(U’,v)+a(U,v)dt+({U}m1,VT‘1) = /I(f,v)dt, 9)
WeVy, Vm=1,...r
U°v) = (Wv) WeWw.

2 Error Analysis
We define the weighted norm
IVIZ = eV +[IvI[?, vveH(0,1). (10)
It is possible to show that
a(v,v) > min(co, 1)||v||Z > 0. (11)

2.1 Stationary Problem

In this part we want to go through some well known results lier singularly perturbed prob-
lems (for the details see [6]). Let us assume a related statygroblem

a(u,v) = (f*,v), WeHj(0,1), (12)



with somef* : L?(0,1), and the corresponding discrete finite element problem erayer—
adapted mesh. Let us define the Ritz projecBarH2(0,1) — Wy satisfying

alu—Ruv) =0, WWeW. (13)
It is possible to prove following estimates:

CN~1log(N), (14)
C(N~tlog(N))?, (15)

with C independent of. For the proof see e.g. [6].

lu—Rule

<
lu—Ru| <

2.2 Radau Quadrature

Let us define the Radau quadrature on each intégyval

q
= _%Wi f(tmi), (16)

wherety,j are Radau quadrature nodesgdrwith tm o = tm. Such a quadrature has the algebraic
order 2 and the coefficients of the quadrature satisty @5 < 1.
It is possible to express our method (9) by

Q[(U" V)] +Q[aU, V)] + ({U}m 1,V Y = Q[(f,v)], WeW. (17)

Since the equation for the continuous solution (1) is defiaeevery point € I, we can see
that

QU V)] + Qla(u,v)] + ({u}m-1,VT 1) = Q[(f,v)], Wve V. (18)

2.3 Projections

We define the space

q .
VT ={veL?0,T,H}0,1) : V|, = %vjmtl, Vim€ H3(0,1)}. (19)
=

We define the time projectioR : C([0, T],H3(0,1)) — VT, such that

ZOE. U(tmi), (20)

where/j is a Lagrange interpolation basis function for the quadeatwdety,j. Since

q

RPUt) = R;g U(tm,) :Z}&(t)Ru(th):PRL(t), (21)

we can see that projectiosandR commute. We define the space—time projectioe PR
C(0,T,H3(0,1)) — V.
Now, we present some basic approximation properties of mjegtionsP andrt.



Lemma 1 Let u be the exact solution of (1). Then

sup|Pu—ul| < Crt91 (22)

Im

where the constant C does not dependon

The proof can be made by standard arguments. It is an analogigt [2, Theorem 3.1.5] in
Bochner spaces.

Lemma 2 Let u be the exact solution of (1). Then

sup|mu—ul| < C(t%'+(Ntlog(N))?), (23)

Im

where the constant C does not dependar N.

The proof of the lemma follows directly from estimates of grejectionP andR and from the
triangle inequality.

2.4 Main Result

We are ready to present the main result.

Theorem 1 Let u be an exact solution of (1) andd&Vy be its discrete approximation given by
(9) withg=0,1. Then

max sup|U —ul| <C ((N"tlog(N))2 419+, (24)
m=

IRRAS] |m

To prove the theorem we divide the ertdr— u into projection par) = mu—u andé =
U — ru € V. Then we subtract the equation for the exact solution (I8fthe equation for
the discrete solution (17) and we obtain

J &)+ e+ (€ no v (25)
= QI V)]~ ({n}m-1.V7™") ~ Qlan V)],

SincePu(tm;i) = u(tm;), we get

q
Qla(n,v)] = .;Wia(Ru(tmvi) —U(tmj),v) =0 (26)

we need to estimate the rest of the right—hand side only.

Lemma 3 Let u be an exact solution of (1). Then

QN V)] + ({N -1,V 1) < TmC (T4 (N~ Llog(N))?) sup||v]|, (27)

m

WZSAAR



The proof of the lemma is rather long and technical and wilbbklished in detail in forthcom-

ing paper.
We can estimate the right—hand side of (25) by Lemma 3. Theobign by settiny = 2&

&2~ 8™ 212+ {8 -1+ 2min(co, ) [ ]2kt 28)
< TniC (1971 + (N~ tlog(N))?) sup||].
Im

We need to deal with the term at the right-hand side. For tlse ga= 0 we know that
|| is constant with respect to time and we can exchange the Xasession by the term
TmC(1971 + (N~tlog(N))?)|[E™||. Then it is sufficient to employ Young'’s inequality and the
discrete Gronwall lemma to finish the proof of the theoreme Taseg = 1 is still quite simple.
Forg= 1 the term||&|| is linear with respect to time and so we can find its supremuomatof
the end points of the intervg},. If the supremum occurs at the poipt we can follow the same
idea as in the casg= 0. If the supremum occurs at the poigt 1, we can divide our term

JEM ) = &Mt —E™ L E™ L < {E tmoall + 1E™ Y. (29)

Then we need again to employ carefully Young’s inequalitgt tre discrete Gronwall lemma
to finish the proof of the theorem.

Conclusion

For simplicity, we assume the main result wigh= 0,1 only. Nevertheless, the result holds
true even for arbitrarg > 0. Then the proof of the theorem will be more complicated aed w
will not consider such cases. The result holds also truedosistent stabilization methods and
general layer—adapted meshes with a slightly differemhtdescribing convergence behavior
with respect to space. It is also not important to restricselves to 1D. We can simply extend
the results from [3] discussing multidimensional case. Tillg general result with complete
detailed proofs will be publishes in forthcoming paper.
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OPTIMALN| ODHADY CHYB NESTACIONARNICH SINGULARNE
PERTURBOVANYCH PROBLEMU PRO DISKRETIZACE NZK EHO RADU

Uvazujeme nestacid@rr jednodimenzioalni singlalrné perturbovapy problem. Diskretizu-
jeme tento prot@m v prostoru pomadenetody konénych prvkli na Shishkinoych stich a véase
pomod nespojie Galerkinovy metody. U&eme optinalni apriorri odhady chyb pr@&asowe
diskretizace rzkéhoradu.

OPTIMALE SCHATZUNGEN NICHTSTATIONARER SINGULAR GESTORTES
PROBLEME FUR DIE DISKRETIERUNG NIEDERERORDNUNG

Wir betrachten ein nichtstati@nes eindimensionales singugesbrtes Problem. Wir diskretie-
ren dieses Problem im Raum mit Hilfe der Methode der finitemielete auf den Shishkin’schen
Netzen und in der Zeit mit Hilfe der nichtkontinuierlicheral@rkin-Methode. Wir zeigen die
optiamlen A-priori-Schtzungen von Fehleriiif die zeitliche Diskretierung niederer Ordnung.

OPTYMALNE SZACOWANIE BLEDéW NIESTACJONARNYCH OSOBLIWIE
ZABURZONYCH PROBLEMOW DLA DYSKRETYZACJI NISKIEGO RZ=DU

W artykule opisano niestacjonarny jednowymiarowy osoigizaburzony problem. Problem
ten jest dyskretyzowany w przestrzeni przy pomocy metodgnehdw skahczonych na sieci-
ach Shishkina oraz w czasie przy pomocy ragéej metody Galerkina. Pokazano optymalne
a priori szacunki l#du dla czasowej dyskretyzacji niskiegedz.
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Abstract

The paper deals with the problem of non-parametric stedisthodeling of 2-dimensional sur-
faces from observed data, i.e. the regression analysis.energl, the model is constructed
from a set of basal functions, as are the splines, gaussiahethers. However, such model-
ing means to estimate a large set of parameters (locatiohsofional units and parameters
of their combination). We shall present two approachesahig reduction of the number of
needed parameters. Namely, a well known method of proegiosuit, and the less known
method of Gordon surface. Further, we shall analyze passiiious consequences of sparse
data to precision of model and uncertainty of predictiontiMées will be illustrated in artificial
examples.

Keywords: Statistics; regression analysis; splines; projectiorspitir Gordon surface; predic-
tion error.

Introduction

Though the main concern of the paper is two-dimensionakssgon analysis, we shall start,
in Part 1, with a 1-dimensional case. We think that it is thetlyeay how to show the way
of modeling curves from functional units and the problemsnaxted with such an approach.
The use of localized units (as B-splines or gaussians) isesoent when we wish to describe
a non-regularly varying function (a signal, for instancelpwever, as we shall see, the use of
combination of localized units requires also sufficienttycalized’ (i.e. dense) measurements,
to avoid unexpected non-precision of model performance.

This problem will be illustrated first in the case of a 1-dirsiemal curve, variance of pre-
diction will be computed, and its relationship with measoeat design shown. Then, in Part 2,
we shall devote to the 2-dimensional regression models. Ak iecall some approaches how
the number of involved parameters can be reduced. Then baied overview of the projection
pursuit method, we concentrate, in Part 3, to the model oactgin via so called Gordon sur-
face. Even here, we shall analyze the relation between @sigrdand model (and prediction)
uncertainty.

In Part 1 we shall employ also the MCMC (Markov chain Monte Capliamcedures in the
framework of the Bayes statistical inference. The reasonasMCMC generates a represen-
tation of posterior distribution of estimated model. Witk aid it is possible to visualize the
variability of estimates. Simultaneously, estimatedribstion of predicted values is obtained.
More details on the MCMC methods can be found elsewhere, $tairce in [5] and also in [8].



1 Nonparametric Regression

Let us consider first a pair of one-dimensional random vée&g¥ (input variable, predictor)
andY (output variable, response) and a general response mdaetdiby a density (y; r (X)) of
conditional probability ofY for givenX = x, wherer (x) is a smooth non-parametrized response
function. This definition involves, as a special case, thadard regression modék=r(X) + &,
wheres is a random Gauss noise with zero mean and an unknown vargnce

There are essentially two different ways how to estimatenomk functionr. The first
consists in the local (e.g. kernel) smoothing. The othereggh, studied here, employs the
approximation of (x) by a combination of functions from some functional basis: iRstance
radial basis functions (gaussians), polynomial splinesigmetric functions or wavelets are
popular choices. Hence, the model of response functionheaf®tm

M
r(x) = a’B(xB) = _ZlaJBj (xB), 1)
j=

wherea = (a1,...,am)’ is a vector of linear parameterB; are basis functions anff =
(B1,-..,Bw)" is a vector of parameters of the basis functions (e.g. knbgplnes, centers
and scales of radial functions). While the estimates afan be obtained directly from linear
regression context, estimation Bfis a difficult optimization problem. As a solution to the
nonlinear problem for coefficienf® as well as to optimal choice ®f, it is possible to use the
Bayes methodology in combination with the Markov chain Mo@tglo (MCMC) algorithms.

In this framework, the parametfris considered to be a multi-dimensional random vector, with
a prior distribution satisfying certain constraint. SitameouslyM is also regarded as a random
variable, with some prior 0f0,1,2; ..., Mmax}-

1.1 Modeling via B—splines

Polynomial splines are constructed from piece-wise patyiats which are joined together in
the 'knots’. At these points, continuity conditions arefifldd. We mostly deal with the cubic
splines which have continuous two first derivatives. Thegeseveral variants of functional
bases creating the spline, we prefer the B—splines as thelp@akzed. Let us consider an
interval[a, b] and a set oM different inner knotsffp =a < 1 < ... Bu < Bm+1 =D, letus add
six other 'dummy’ knot3_j = a— j(B1—a), Bu+1+j = b+ j(b—PBm), j =1,2,3. One way
how to define the B—spline function, following for instancé, mploys divided differences:
j+2
Bj(xB)= Y {(X—Bk)i/

k=)]—2

j+2
(Bk - BS) } )

s=j—2,s#k
for j=-1,0,1, ... M,M +1,M + 2. Here, function(u); meansu-1[u > 0]. Thus,M inner
knots defineM -+ 4 basal cubic units. Each urij is zero outside the intervaBj_», Bj;2). The
interference of two neighboring units depends on positibthe knots, a change of one knot
has effect on several nearest units only (e. g. in the caseliot 8—splines, five units have to
be updated when one knot is changed). It means that in modelgiiange of ong results in
updating of only fiveaj, j =k—2,k—1,k k4 1,k+2. This leads to the reduction of necessary
computations.

1.2 Optimal Number of Units

It is expected that the model with more units decreasesuaki@riance (or increases the like-
lihood). Therefore we should examine whether the additiban@ unit from corresponding



functional basis improves the fit of the model 'sufficientlin a non—Bayes setting, this is often
measured by a penalty criterion, e.g. Akaike’s AIC, SchvgaBIC, GCV (see also Friedman
[4]). Similar is the criteriongd equMy), wherey is a number from(0.5,1), 3 is the estimate
of residual variance?, M denotes the number of used unisis the extent of data sample.

Equivalently, we can obtain the penalty as a part of the @acep probability in the MCMC
algorithm. Let us assume that the prior for variablas specified in such a way that the pro-
portionQo(M*)/Qp(M) < 1 if M* > M. For instance, if prior is proportional to efpM /NY).
Such a choice decreases the chance to accept a model witr nigimber of units, if the gain
of that model (measured by likelihood ratio) is low. The diddi of new units can be comple-
mentary controlled by a rule guaranteeing a reasonablemairdistance between them and by
prescribing maximal number of units.

Source: Own

Fig. 1. Left: Data, estimated regression curve (central) anPlo bands. Right: Variability of
MCMC generated posterior representatiof’r(x)

Example 1. 160 uniformly distributed pointg; were sampled in (0,4) (6,10), and output
valuesy; = r(x) + & were then generated, where

r(x) = xsin((%%) 2)

and & were independent identically distributed Gauss randornabtas with mean zero and
varianceg? = 4. For estimation of function(x), the cubic B-splines were used. As regards the
prior for their knots, we used uniform distribution onthé 8 < 1 < B> < ... < fm < 10}.
100 loops of the Markov chain generation were performed. [©op updated sequentially
all components of3, with possible change dfl. It means that it contains between 20 — 50
iterations of model, depending on actual numidier

Only the final result after each loop was registered as a newbaeof the chain;(™. The
chain obtained in such a manner has a rather low autocooreldthe average of this sequence
of functions, after skipping firg= 20 of them,

(= 3 (2



serves then as the final estimate ©f), empirical variance or the quantiles of the &6V (x), m=
s+1,...,S} yield information about the uncertainty of the estimate isegx. In the case of
Gauss random noise, unknown parametés estimated from the averaged squares of residuals
of the preceding iteration. The procedure started from frainiinits defined by 3 inner knots
located equidistantly inside (0,10). It converged to firits, with final estimaté? = 4.18.
Figure 1, left plot, shows the poin{s;, yi}, the estimate(X) andr{x) + 2& intervals connected
to two bands. However, the right plot shows the variabiliyast 80 members of chaift™ (x).

It can be taken as a representation of posterior distribudfo (x), quite sufficient for illustra-
tion of certain important features. Namely, it is seen hoanthriability of estimate increases in
the region with sparse data. It also means that there iresaascertainty of prediction of true
values ofr(x) (compare also discussion in [2], Ch. 10). A vertical cut at\egik represents
Bayes prediction distribution of correspondir(g).

10

X

Source: Own

Fig. 2. Evaluation of function Vx), in the case without data in (4,6) (left), with one measure-
ment added to x 5 (center), from data distributed uniformly through wholel(@), (right)

1.3 Variance of Prediction

In the present part we shall recall some well known resuléitjtying the variance of prediction
in linear regression model, see for instance [1], and adegohtto our case. For simplicity, let
us assume that the functional units, i. e. their number andriparameters, are fixed. Hence,
we solve the linear regression case

Yi =BT(Xi)-d—|—£i, i=1...,n

whereg are the i.i.d. normal random variable$ (0, d?), B(x) = (B1(X),...,Bu(x))" are
functional units (e. gB-splines) evaluated at data-poimts- (Xy,...,X,)". DenoteB then x M
matrix with rowsBT (), A= (BT -B)~%, y = (y1,...,yn)". Then the least squares method
yields the estimate

G=A-B".y d@—a~.1(0,0%A),

A

whereQ is the null vector. Further, at a selected pditite prediction of/(z) isy(z) =B" (2)- 4.
Its expectation is(z), while its variance equals

var(y(z)) =B (z)-A-B(2) - 2.

We see that it depends both on défe= A(x)) from which the model was estimated, and on
position of prediction point.



On this basis we can study interaction of data design andghi@d error, particularly the
influence of additional measurements to model precisionilléstration, let us return to Exam-
ple 1. Let the model be constructed fr@¥splines defined by 7 inner knots placed equidistantly
inside (0, 10), so that the model contaimMd = 11 B-spline functions. Figure 2 shows function
V(2) =BT (2) AB(2) in 3 cases. The left plot corresponds to data shown in Figure Iwithout
measurements in intervéd, 6). The central plot corresponds to the situation when one mea-
surement was added xo= 5. Finally, the right-hand plot shows functidf{z) computed from
data distributed uniformly over whole intervd, 10), without any gap.

2 Multi-Dimensional Case

Now we assume that the input varialde= (Xy, ..., Xp) is ap-component vector. In general, the
multivariate regression modeling has to deal with functiohinteractions of several predictors.
Such a function is as a rule modeled by a tensor product olanensional units. The problem
with multivariate units is not only that their number grovexonentially) with dimension, but
that there also grows a number of units (and parametersiwvare influenced by updating of
one component of ‘inner’ parameter (e. g. of one knot). Fstance, a function(x) in R? can
be modeled as

M1 My

r(X) = oo+ ) ajoBj(x1,B)+ 3 akCu(X2,¥)+ ) > ajkBj(x1,B)C(x2,¥).  (3)
=1 k=1

Such a function containkl; + My inner parameterg;, y, but 14+ M + Mz + M1 My ‘linear’
parametersxjc. The high number of parameters leads naturally to the higle tieeded for
(iterative, as a rule) computations. That is why there aengits to reduce the dimensionality
of ‘decision space’ of the model construction. Especiatly methods based on the idea of
decision tree are successful. The most known one is the CARG$@ication and Regression
Tree), giving a histogram-like result, and its modificatigiming a continuous function, the
MARS (Multi-dimensional Adaptive Regression Splines) [4].

In the simplest scenario the multi-dimensional model haadditive form. The response
functionr(x) is then a sum op functions of one variable. In our context

P M p
r(x) IkzljzlajkBjk(Xk,Bk) = k;af(Bk(Xk,ﬁk),

vectorsf, and valuesdVl, k=1,...,p, are optimized iteratively. Most of algorithms innovate
sequentially one component after another. Naturally, biéir of such a model is rather limited.

2.1 Projection Pursuit

This is one of the approaches how to model the multi-dimeradimteractions of input variables
[7]. The PP estimator has the following form

si(B}x),

M =

r (x) = |

=1

l.e. it is the sum of 1-d functions of linear combinationstétamns) of covariates. Now, the ob-
jective is to find an optima&K and optimalp-dimensional vectorf ;. The problem of estimation
of non-parametrized functiorss is then solved in the framework of additive model. The space



of B’sis limited to such thalB;| = 1. Notice also that the rotation RP is fully described by an
angle havingo— 1 components, each with values[i 1. So that the dimension of nonlinear
parameter is actuallp — 1. For instance, ifR? the angles of rotations can be ordered to a se-
qgquence X y1 < yo < ... < ¥k < T, so that the process of solution is quite similar to thatidgal
with optimal location of knots ifRL. Thus, the problem of construction of 2-dimensional model
is changed to two nested 1-dimensional problems.

On the other hand, it is well known that the projection pursUnighly sensitive, that the de-
pendence of’s is rather non-smooth. The method is implemented to sepepalar statistical
software packets (S-plus, R).

2.2 Variance of Prediction in PP

We shall study now the error or prediction in a similar managiin part 2.4. Again, let us
assume that the angles of rotatigpsk = 1, ... K, are selected, and that also functional units
Bjk(2) are already fixedj = 1,2,..., M for k-th projection. Thus, we shall deal with the model

K Mg

y¥) = > > ajBik(z),

k=1j=1

where we denoteds = Yk x X = COSyk - X1 + Siny - X2 the projection of poinX = (x1,X2) to
directiony. Thus, we again deal with the linear regression scheme

yi=B'(x) a+&,

whereB(x;) = {Bjk(zki), i=L1...,M,k= 1,...,K}, Zi = W*Xi, @ = {aj}, its dimension is
M =K My, and(yi,X), i = 1,...,n, are measurements. Formally the case is the same as the
case discussed in 2.3. A numerical illustration is a parba@ir&ple 2 in the next section.

3 A Model of Gordon Surface

The Gordon surface [6] is one of constructions of smoothes@s used mostly in engineering
applications, some others from this set are for instanceuExin Surface, Ruled Surface or
Coons Patch. We shall adapt it here to the needs of 2-dimeaistatistical regression analysis.
Let us consider a surfacggiven by a smooth functiog(x), x € X C R,. We assume that

Sis given in a form of the Gordon surface, namely: Consider @EKtlinesLy (k=1,...,K)
crossing the domaiX. Cuts of surfaces above linedy are smooth functiong(z), z € L.
For each poink € X, let x(k) be its projection td_x. Further, letR¢(X) be a weight of poink
w.r. to lineLx. We assume tha®,(x) = 1 if x € L, and for points lying between linds, the
weight is given by a convenient (sufficiently smooth) kerfugiction, e. g. by a Gauss kernel,
with propertys K | R¢(x) = 1. Then let us define

r(x) =Y Ra(X)-rc(x(k)) (4)

as a surface value at Regarding the functiong(z), it is assumed that they are linear combi-
nations of 1-dimensional functional units (e Bysplines or radial-basic functiongymn(z)

My
rv(2) = lekm¢km(2) =W 9y (2).



Hence, each such function contaidg unknown parametensi, and localized unit®ym(z).
The units, as well as blending (mixing) weighRg(x), should be selected by an analyst. It is
seen that the model has a similar feature as the projectimuipuinstead of beams given by
rotations the core is given by a net of lines, and the prajaadf data points is weighted. The
simplest choice of lineky are equidistant vertical (or horizontal) lines crossiig

3.1 Statistical Model and Estimation

Let us now imagine a set of measuremdptsx;), i = 1,...,n of the surfaceSat pointsx; with
errorsg; (i. e. a regression model)

i =r(Xi)+ &,

& are centered independent Gauss variables witl vawo?. The objective of statistical anal-
ysis is to estimate unknown parametag, compute the variance of estimates and also of
predictionr(x) at a pointx, based on these estimates. We shall use the following agmroa
First, functionsry will be estimated. Them(z) will be propagated to whol&X by blending
given in expression (4).

Again, denote byx;(k) projections of points to linesLy. Let R; be again the weight
of x; w.r. to lineLg. Further, denoty = (y1,...,yn), for eachk denote(Dk a matrixn x My
with elementspmi(xi(k)), P the diad R} matrix n x n and Gy diag{ (R 1/2} matrix. Let
us eventually omit indicessuch that; = 0. A natural estimator of parametem is then the
result of weighted least squares method,

1

W = (P RPy) PRy,

corresponding to a regression moglet ®,wy + Gy €, € = (&1,...,&,) . It follows thatwy =
Wi+ Ay - D B Gy g, with A = (P} R Py) 1 therefore B, = wy and

var(wy) = Ac- a2.

In general, we can consider one set of weigRigx), for blending functiongy, and a different
set,F(X), as weights used in the estimation procedure. Naturally,possible to sei(x) =
Rk(X). As regards the large sample (asymptotic) behavior of thegature, it is natural to adopt
the approach common in statistical smoothing methods. Narasn increases, the width
of kernels is controlled by a decreasing window-width, whsimultaneously the number of
lines,K, should increase, both with a proper rate. In such a way,dhsistency of estimation
procedure can be guaranteed.

3.2 Prediction

Now, letx be an arbitrary point fronX, different from allx;. Predicted value suggested by (4),
where parametem are substituted by their estimates, is given as

sz ) Wy (X(K)),

while its 'true’ value (which we do not know) would bgx) = r(x) + &, wherer(X) is given
by (4), & is the same random variable like al] independent on them. We are interested in the

difference «

(%) = r(X) = Y Re(X) (Wi —X)" @1c(X(K)).

k=1



Let us denote bw = (W}, W,,...,wj )’ the vector of lengtiM x 1, whereM = S, M, con-
taining all parameters, similarly faw. Further,

b(x) = (Ra(X) $1(X)", Ro(X) §(X)",.....Re (%) $c (X))’
is alsoM x 1 vector, depending ox Then, we obtain that
F(X) —r(x) = b'(x) (W—w).
Its expectation is zero, while its variance equals
var(f(x) —r(x)) = b'(x)- 7 - b(x),

where ¥ is theM x M covariance matrix cqw — w). It is, naturally, symmetric, positive
definite almost surely, and composed from blogksk, / =1,...,K, of dimensionV x M:

Vie = E{(Wi—wi)- (W, —wp)'} =
= E{Ak(DLH(GkEE/Gng(DgAg}:AkCDf(H(GkG[ngCDgAg'O'Z.

“Diagonal” blocks are thel, = Ay - a2. Finally, the differenc&(x) — y(x) has the expectation
zero, too, and variand#(x) 7 b(x) + 2.

As the matrix?” depends on the design of observed poxighe variability of prediction
at a pointx depends on information in its neighborhood. We thus, in tlewing example,
see the same phenomenon as in Example 1, i.e. a growing aimtgidf model in sparse data
regions.

The model considered here contaMs= SK_; My parameters. In a standard regression
setting the number of observations shouldhhe M to guarantee a reliable estimation. Notice
that in the Gordon surface model> max My suffices.

3.3 Analysis of Prediction Variance

As the direct computation of variance of prediction is hexther complicated (also due the
presence of weighting functions) we shall prefer “emplifidaustration utilizing the following
example.

Example 2. The data of size = 200 were generated from the functioix) = x; - sin(xy/3) +
sin(xz/2+ 1) and additional standard Gauss random noise. For estimat@fixed all 'nonlin-
ear’ components of the Gordon surface, namely: Number e8], was fixed to 7, they were
located horizontally, equidistantly if®, 10). To fit 1-dimensional curves along these lines, the
cubic B-splines were used. For them, 5 equidistant knots wiex@ed along each line. The
same Gauss kernels were used both for weighting and blending

In order to evaluate variability of estimates, the analygs repeatetil = 200 times. Fig-
ure 3 shows the mean and variance from 200 surfaces, ediirftata full data covering the
whole region(0,10) x (0,10). Then, Figure 4 displays the mean and variance of 200 s face
estimated from data with missing valueg#6) x (4,6) square. There is no significant differ-
ences between the means, they correspond, more-less, tautiesurfacer (x). However, the
large variance in Figure 4 is the warning that one cannotjuedyyon estimated trend, that the
inference has to be accompanied by the analysis of variamzk donfidence, concerning the
parameters). Notice also that the peak of variance has tiiealedirection (inX x Y plane),
I.e. orthogonal to line&y. It is caused by mixing of curves constructed along the |itl@s
mixing propagates the peak in tkeirection.
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Fig. 3. The mean (left) and variance (right) estimated from the dat@ering uniformly the
whole region(0,10) x (0,10)
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Fig. 4. The mean (left) and variance (right) estimated from the deith missing values in
region (4,6) x (4,6)

3.4 Comparison with Projection Pursuit

The same data as in Example 2 were repeatedly (With 200 repetitions) analyzed with the
projection pursuit method. Again, the structure of modes fixed, we selected just four angles
equidistantly inside€0, 1), each projection was fitted by B-splines with 5 inner knotsited
equidistantly between minimum and maximum value of pra@dets. Such a selection was
quite satisfactory, resulting surface fitted well (not veotkan the Gordon surface shown on
preceding figures). Figure 5 shows estimated variance oftsgs.e. from 200 repetitions), left
plot corresponds to full data, the right plot again to datthaigap in the regiof4, 6) x (4,6).
The variance in the second case is still significant, howeusarh lower compared to results of
Gordon model application. It is probably caused by the stinecof core lines (parallel lines in
Gordon construction, a rosette in projection pursuit).

Conclusion

The objective of the paper was to examine several ways hovonstaict statistical model
of 2-dimensional surfaces and to study advantages andgmnshbf presented methods, from



Source: Own

Fig. 5. Estimated variance of projection pursuit regression, frathdata (left), from the data
with missing values in regiof4, 6) x (4,6) (right)

the point of their accuracy, flexibility, and also computatl effort. The main attention was
focused on the method of Gordon surface construction, atieetstudy of relationship between
the design of data (input variables), selected set of Ipedlifunctional units, and resulting
variance of model estimate and prediction.
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O DVOU FLEXIBILNICH METODACH PRO DVOUROZMERNOU REGRESN
ANAL YZU

Prace je ¥novana neparametriému statistickmu modelo@an dvourozn&rnych ploch na a-
kladé pozorovajich dat, tj. dvourozr@rré regreshanalze. Model je konstrucdn jako kom-
binace jednoduglth bazowch funkd, jako jsou spliny, gausany apod. Neyhodou takoeho
pristupu je pateba odhadnout vet(kmndstvi parametll. Budou ulazany dva [fistupy, kteé
pocet potebrych paramefi redukuj. A to metoda zvaa projection pursuit, ktér je statis-
tikim dolfe zrama, a pak mré zrama metoda konstrukce tzv. Gordonovy plochyar@vei
také ukdzeme, jak neptomnost dat v Liité oblasti zv§uje variabilitu modelu a tedy i netitost
predikce. Metody budoufpdvedeny na uglych prikladech.

UBER ZWEI FLEXIBLE METHODEN FUR EINE ZWEIDIMENSIONALE
REGRESSANALYSE

Diese Arbeit befasst sich mit einer nichtparametrischatistischen Modellierung zweidimen-
sionaler Fachen auf Grundlage beobachteter Daten, d. h. mit der zwverdiionalen Regress-
analyse. Das Modell ist konstruiert als Kombination eihtcBasenfunktionen wie z. B. Spli-
nes, Gaussian’sche Funktionen&au. Als Nachteil eines solchen Ansatzes erweist sicht die
Notwendigkeit, eine grol3e Menge Parameter ziatn. Es werden zwei Aaize gezeigt,
welche die Anzahl der erforderlichen Parameter reduziexd,zwar projection pursuit, welche
den Statistikern wohl bekannt ist, und dann die weniger beteaKonstruktionsmethode der
Gordon-Fhchen. Gleichzeitig zeigen wir, wie die Abwesenheit vonddaauf einem bes-
timmten Gebiet die Variabiliit des Modells und damit auch die Unbestimmtheit dédition
erhbht. Die Methoden werden ariikstlichen Beispielen vorgéfirt.

O DWU ELASTYCZNYCH METODACH DO DWUWYMIAROWEJ ANALIZY
REGRESJI

Artykut poSwiecony jest nieparametrycznemu statystycznemu modelovpamvierzchni dwu-
wymiarowych na podstawie obserwowanych danych, tj. dwuisyowej analizie regresji.
Model skonstruowano jako patzenie prostych funkcji bazowych, takich jak splajny,ssaany

itp. Wada takiego podéicia jest konieczré oszacowania digj liczby paramefw. Pokazano
dwa podejcia ograniczajce liczle niezlednych paramebw. To metoda nazywana projec-
tion pursuit, kéra jest dobrze znana statystykom oraz mniej znana metoastriabcji tzw.
powierzchni Gordona. Jedno&ege pokazano, jak brak danych w pewnym obszarzeksvia
zmienn& modelu, czyli take niepewngt prognozowania. Metody zaprezentowano na sztucz-
nych przyktadach.
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