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PARALLEL APPROACH TO THE SOLUTION OF STATIONARY  

REACTION-DIFFUSION PROBLEM 

Daniela Bímová 

Technical University of Liberec 

Faculty of Science, Humanities and Education 

Department of Mathematics and Didactics of Mathematics 

Studentská 2, 461 17, Liberec, Czech Republic 

daniela.bimova@tul.cz 

Abstract 

The paper is devoted to the parallel solution of the two-dimensional stationary  

reaction-diffusion problem. By the usage of parallel approach to the linear algebra representa-

tion we create the parallel algorithm for computing a numerical solution of the  

two-dimensional stationary reaction-diffusion problem. We compare calculation times  

of computing the approximate solution of the system of (linear) difference equations for  

different sizes of the system matrix by the numerical conjugate gradient method on 1, 2, 3, 

and 4 processors, respectively.       

Keywords: Stationary reaction – diffusion problem, parallel linear algebra, finite difference 

method, conjugate gradient method. 

Introduction 

Our model problem is represented by the stationary reaction-diffusion equation, which dis-

cretization via the finite difference method leads to the system of linear algebraic equations. 

 We choose the numerical conjugate gradient method for solving the system of linear al-

gebraic equations in this paper and we try to apply this method in parallel algorithm imple-

mented in Fortran. The aim of this paper is to find how we save the calculating time compu-

ting the system of linear algebraic equations on 2, 3, or 4 processors instead of on one proces-

sor. We perform our calculation in numerical experiment in which we compute the vector of 

the approximate solution (for different mesh sizes of the grid) of the system of linear differ-

ence equations by the conjugate gradient method. 

 We have discussed the analogous problem using the method of steepest descent in [1].  

 

1. Setting of Stationary Reaction-Diffusion Problem 

We consider the two-dimensional boundary value problem in this chapter. It is the analogy  

of a one-dimensional boundary value problem mentioned in [2].  

The task is to find a function u: R  fulfilling the stationary reaction-diffusion equation 

    fuku   in dcba ,,  , Rdcba ,,, , a  b, c  d,    0, Rk  (1) 

  gu 


 on  ,  (2) 

where f: R  is the given function and where g: R  represents a Dirichlet boundary 

condition. 
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 For Nnm,  we bring up    11  nm  of evenly spaced points   jiji yxX ,,  

 hjchia  , , where mi ,,1,0  , nj ,,1,0   and where h is the spatial step. We 

denote jiU ,  the approximate solution at the points jiX , , i. e.    jijiji XuyxuU ,, ,  , and we 

put    jijiji XfyxfF ,, ,  . 

For every regular knot jiX , we use three-point stencil for approximation the second deriv-

atives, i.e.  

 ji yx
x

u
,

2

2




  

2

,1,,1 2

h

UUU jijiji  
,  ji yx
y

u
,

2

2




  

2

1,,1, 2

h

UUU jijiji  
. 

Applying this to (1) we obtain the difference equations for the regular knots  jiji yxX ,,  , it 

means we have the equations of the form  

   jijijijijiji F
h

UUUhkUU ,

2

1,,1,

2

1,,1 4


  , 121  m,,,i  ,  

  1,,2,1  nj  , 

  .Rk  

 This is the standard five-point scheme. The approximate values of the sought function u 

in knots of the given grid are represented by the numerical solution of the system of (linear) 

algebraic equations 

 FAU    (3) 

with an unknown vector  

     11

1,11,11,21,21,11,1 ,,,,...,,,...,, 

  nm

nmmnn UUUUUUU R
T

  

and a matrix A, which we can write in the following way 

































LI00

IL

00

LI

00IL

A











, 

where 

,

4100

14

00

41

0014

2

2

2

2

































hk

hk

hk

hk











L  

I is the identity matrix, and 0 is the zero matrix. As well as the vector of the right side of the 

mentioned system of (linear) difference equations we can write as follows 
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.

,11,1,1
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2
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2
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
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
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h
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h

mmm
h

nn
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h

h

nnn
h

h

h

UUF

UF

UUF

UF

F

UF

UUF

UF

UUF



























F

 

According to (2) we consider the following Dirichlet boundary conditions: 

  0,0, ii XgU  ,  nini XgU ,,    1,,2,1  mi  , 

  jj XgU ,0,0  ,  jmjm XgU ,,    1,,2,1  nj  . 

2. Parallel approach to the solution of the system of linear algebraic equations  

2.1. Matrix mapping in parallel linear algebra 

The way, in which the matrix is mapped on the net of processors, determines efficiency and 

elegance of an algorithm in most the cases. We have chosen the striped mapping cyclically by 

rows of a matrix for our stationary reaction-diffusion problem. 

2.2. The striped mapping of the matrix cyclically by rows 

In this paragraph we describe how we map a matrix using MPI in parallel algorithms. 

 Let us assume that there is given the matrix A of the mentioned shape and of the type  

(n, n). In the parallel algorithm we work generally on p processors. The first task is to map the 

matrix A onto the particular processors. The matrix A will be mapped by the striped mapping 

cyclically by rows onto the particular processors. The striped mapping assumes that the pro-

cessors are connected into the linear virtual array and that they are numbered 0, 1, 2, …, p – 1, 

where p is the number of used processors, in general. The matrix A (denoted A_global) is 

generated and known only by so called master processor. The master processor distributes 

data (the row vectors of the matrix A) into the particular processors. We obtain new matrices 

(denoted A_local) of the type (n/p, n), where n is the number of rows of original matrix and 

where p is the number of used processors, by the data distribution. Matrices “A_local” consist 

of the appropriate rows of the matrix A. 
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       xyyxyxyxu  1164,

 The analogous situation is true for mapping the vector F (of the right side of the system 

of linear algebraic equations).  There is one small difference, only one element (not the whole 

row) is sent in every step of the distribution. 

2.3. Product of a matrix and of a vector in parallel algorithm 

We use the iterative methods for solving the system of linear algebraic equations. Part of eve-

ry iterative method is the product of a matrix and of a vector. That is why we describe product 

of a matrix A and of a vector U from the matrix equation  

FAU   

using MPI in parallel algorithms in this paragraph. 

 Every processor knows only a part of the vector U, with whom we want to multiply the 

matrix A, on the basis of the previous mapping of a vector onto the particular processors. (We 

assume that the given vector U is mapped in the same way in which the vector F was 

mapped). That is the reason why every processor has to find the rest part of the vector U, 

which it does not know. Every processor can call the command “MPI_ALLGATHER” by 

which it can find the missing information about the rest parts of the vector U.  

 If all the processors know all the elements of the vector U, we can perform dot product 

and calculate the appropriate element of the result vector. 

2.4. Scalar product of two vectors in parallel algorithm 

Except of the product of a matrix and of a vector, the scalar product of two vectors occurs in 

the iterative methods, too. In this paragraph we describe process of computing a scalar pro- 

duct of two vectors in parallel algorithms.  

 Every processor knows only a part of the vector U as well as of the vector V (which we 

want to multiply scalarly) on the basis of the previous mapping (the striped mapping cyclical-

ly by rows) of a vector onto the particular processors. That is why we firstly multiply scalarly 

the appropriate elements of the vectors U, V. Secondly, we call the command 

“MPI_ALLREDUCE” that sums over all processors and distributes the resulting sum onto all 

the processors. All the processors finally know value of the scalar product of the vectors U, V.  

3. Numerical experiment of stationary reaction-diffusion problem  

We consider the two-dimensional stationary reaction-diffusion problem 

 fuku   in  210, , (4) 

 0


u  on   . (5) 

We set 1,1  k  and cover the domain   by the grid of knots with the spatial step h in the 

direction of both the coordinate axes x and y. We choose function f in the problem (4)  

so that the function 

                     (6) 

is the exact solution.  

 The approximate values of the solution u in all the inner regular knots of the given grid 

are the numerical solution of the problem (4) – (5). We find the numerical solution by the 

conjugate gradient method with prescribed tolerance 10
-5

 for the norm of residue. 
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 Table 1 illustrates the development of calculation times according to the number of used 

processors with respect to spatial step. 

 

Tab. 1. Calculation times needed for computing the vector U of the approximate solution for 

different mesh sizes of the grid on one, two, three, and four processors 
 

Step 
Number 

of knots 

Number of 

iterations 

Condition 

number 
1 processor 2 processors 3 processors 4 processors 

h = 1/25 576 56 260 1 s 1 s 1 s 1 s 

h = 1/49 2 304 110 963 15 s 10 s 7 s 5 s 

h = 1/73 5 184 163 2 112 2 min 35 s 1 min 13 s 49 s 35 s 

h = 1/97 9 216 217 3 704 13 min 01 s 5 min 50 s 3 min 45 s 2 min 57 s 

Source: Own based on computations on the cluster 

 

 There is shown the graph of the exact solution of the problem (4) – (5) in Fig. 1a  

and there are drawn the contours of the exact solution of the problem (4) – (5) in Fig. 1b.   

                   

Source: Own based on exact solution of (6) Source: Own based on exact solution of (6) 

Fig. 1a.  Exact solution Fig. 1b. Contours of the exact solution 
 

 Furthermore, there are drawn the graphs of the approximate solutions of the problem  

(4) – (5) for the different mesh sizes in Fig 2a – 2d. The graph of the approximate solution for 

the mesh size h =
9
1  is sketched in Fig. 2a, for the mesh size h =

21
1  in Fig. 2b, for the mesh 

size h = 
41
1 in Fig. 2c, and finally for the mesh size h = 

61
1

 
in Fig. 2d. 

                              
Source: Own based on numerical experiment Source: Own based on numerical experiment 

Fig. 2a. Approximate solution,  Fig. 2b. Approximate solution,  

              mesh size h =
9
1                             mesh size h =

21
1  
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Source: Own based on numerical experiment Source: Own based on numerical experiment 

Fig. 2c. Approximate solution,  Fig. 2d. Approximate solution,  

              mesh size h =
41
1                               mesh size h =

61
1  

Conclusion 

We discussed the two-dimensional stationary reaction-diffusion problem. We described the 

striped mapping of a matrix cyclically by rows in parallel programming. We showed the pos-

sibilities of applying the basic principles of linear algebra – product of a matrix and of a vec-

tor, scalar product of two vectors – in parallel algorithm. Finally, we commented the numeri-

cal experiment in which the mentioned theory is applied in practice.   

 We can summarize on the basis of the numerical experiment results that computing the 

approximate solution of the system of linear difference equations is approximately two times 

(three times, resp. four times) quicker, if we calculate the system of equations on two (three, 

resp. four) processors instead of on one processor. Mentioned results are best seen from the 

calculation times for bigger mesh sizes of the grid. The results are written in the Tab. 1. 
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 PARALELNÍ PŘÍSTUP K ŘEŠENÍ STACIONÁRNÍHO  

REAKČNĚ-DIFÚZNÍHO PROBLÉMU  

Článek je věnován paralelnímu řešení dvoudimenzionálního stacionárního reakčně-difúzního 

problému. Pomocí paralelního přístupu k reprezentaci lineární algebry vytvoříme paralelní 

algoritmus pro výpočet numerického řešení dvoudimenzionálního stacionárního reakčně-

difúzního problému. Porovnáme časy potřebné k výpočtu přibližného řešení systému (lineár-

ních) diferenciálních rovnic pro různě velkou matici soustavy numerickou metodou sdruže-

ných gradientů na 1, 2, 3 a 4 procesorech. 

PARALLERER ANSATZ ZUR LÖSUNG EINES STATIONÄREN  

REAKTIONSDIFFUSEN PROBLEMS 

Dieser Artikel beschäftigt sich mit der parallelen Lösung eines zweidimensionalen stationären 

reaktionsdiffusen Problems. Mit Hilfe eines parallelen Ansatzes zur Repräsentation linearer 

Algebra bilden wir einen parallelen Algorithmus für die Berechnung einer numerischen Lö-

sung eines zweidimensionalen stationären reaktionsdiffusen Problems. Wir vergleichen die 

Zeiten, die zur Berechnung einer annähernden Lösung des Systems (linearer) differenzialer 

Gleichungen einer großen Matrix eines Systems durch die numerische Methode dualer Gradi-

enten auf 1, 2, 3 und 4 Prozessoren nötig sind. 
 

PARALELNE PODEJŚCIE DO ROZWIĄZYWANIA STACJONARNEGO  

PROBLEMU REAKCYJNO-DYFUZYJNEGO 

Artykuł poświęcony jest paralelnemu rozwiązywaniu dwuwymiarowego stacjonarnego pro-

blemu reakcyjno-dyfuzyjnego. Przy pomocy podejścia paralelnego do reprezentacji algebry 

liniowej stworzymy algorytm równoległy do wyliczenia numerycznego rozwiązania 

dwuwymiarowego stacjonarnego problemu reakcyjno-dyfuzyjnego. Porównamy czasy 

niezbędne do wyliczenia przybliżonego rozwiązania układu równań różniczkowych (lini-

owych) dla macierzy układu o różnej wielkości przy pomocy metody numerycznej gradi-

entów sprzężonych na 1, 2, 3 i 4 procesorach. 
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Abstract 

In the paper, an algorithm for finding an optimal or almost optimal permutation for an 

ordering of elements of a matrix, which is sparse, asymmetric and reducible, is suggested. 

Using this algorithm we can solve large sparse systems of linear equations more efficiently. 

The algorithm is a modification of the algorithm presented in [6], therefore the same 

indications and symbols are use.  

Keywords: Asymmetric reducible sparse matrix, algorithm. 

 

Introduction 

A matrix can be considered as sparse if the number of its zero elements is much greater than 

the number of nonzero ones. Sparse matrices occur in many fields of applied mathematics, for 

example at partial differential equations solving, but also in many other fields of science, like 

structural analysis, management analysis, power system analysis, surveying etc. Solving 

a practical problem we obtain large systems of linear equations with sparse matrices. Hand in 

hand with a development of a parallel programming for large quantity data, the importance of 

an optimization of sparse matrices increases. There exist lots of ways how to do it. Some of 

them go out from graph structures of associated matrices. In the paper, one such algorithm is 

suggested. It is a modification of the algorithm presented in [6], where symmetric sparse 

irreducible matrices were discussed, for generally Boolean asymmetric reducible sparse 

matrices. Using such algorithm we are able to solve large sparse systems of linear equations 

by some direct method. Indications and symbols are kept from the paper [6].  

1. Basic Theory and Assumptions 

Let  jia ,A  be a sparse matrix of order n,  
jiv ,V ,  

jiw ,W  be matrices of order n, 

where 

  01,1,,1;0 ,,,  jijiji avnjiv   

   001,1,,1;0 ,,,,  ijjijiji aawnjiw  . 

 

The matrix A is called Boolean symmetric if V = W. In the opposite case, it is said 

Boolean asymmetric.  

The graph G(A) = (X, E)  is called  the non-oriented graph associated to the matrix A, 

 G
0
(A) = (X, E

0
) oriented 
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if  nxx ,,1 X  is a set of nodes of the graph  G(A) such that the node ix  corresponds 

G
0
(A)  

to the row i of A, and the set  E is a set of all     non-oriented edges of the graph   G(A), 

E
0
                                oriented G

0
(A)  

i.e.   jiwxxxx jijiji  ,1;; ,XXE . 

  jivxxxx jijiji  ,1;; ,XXE
0

 

If G is a connected graph associated to the matrix A, it implies the matrix A is irreducible. Let 

us denote: 

    xyxyx  EXN ;;)(  

    xyxyx  0

1 EXN ;;)(  

    xxyyx  0

2 EXN ;;)(  

  zyxzxyzyx  )()(;;)( NNED  

  zyxzxyzyx  )()(;;)( 11

0

1 NNED  

  zyxzxyzyx  )()(;;)( 22

0

2 NNED  

 

Evidently, 

N is the set of all successors (neighbours) of the node x including x in the graph G,  

N1(x) is the set of all  heads (ended nodes) of all oriented edges  from x in G
0
 including x.  

N2(x) tails (starting nodes)  to 

The sets D(x), D1(x), D2(x) describe relations of successors in the graph G
0 

each other, in 

relation to the fill in of matrices L and U in the LU-decomposition of the matrix A (and/or to 

the fill in of matrices L, D in the LDL
T
-decomposition).

 
The numbers of elements of the sets 

),( ixN  ),( ix1N  )( ix2N , ),( ixD  ),( ix1D  )( ix2D  are denoted by the symbols ),(Gin  ),(1 0
Gin  

),(2 0
Gin  ),(Gid  ),(1 0

Gid  )(2 0
Gid , respectively. The number di(G) (called “fill in”) 

determines a number of new edges after elimination of the node xi.  

The graph         iiix xxx
i

DXEXG  ,  is called the graph  

         iiiix xxxx
i 21

0 , DDXEXG
0   

produced from the graph G by an elimination of the node xi.  

G
0
 

With respect to the found algorithm, let us denote G0 = G, 00

0 GG  ,  

kG  be a graph produced from  1kG  by an elimination of the node xi, 1,,2,1  nk  . 

0
G k  0

G 1k  
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2. Algorithms 

Our goal is to find an optimal, respective almost optimal, permutation to change the given 

ordering of rows and columns of the matrix A so that the elimination of a system with the 

matrix A is as efficient as possible. In [6], two algorithms are presented. They are defined for 

irreducible sparse symmetric systems. The following algorithms are determined for reducible 

sparse generally asymmetric systems. The Algorithm 1 deals with matrices as if symmetric, 

Algorithm 2 deals with asymmetric matrices. 

 

Algorithm 1  

Step 0: 

Put 0
S , GG0  . 

Step :1,,1  nk   

1. Put 1kk
SR

  for 1k
S   else  

1k

k
GR  jj xx ; . 

2.    








 


1k1k

kk

1 GGRS
kR

qjj ddx
qx

min; . 

3.  ji
jx

k k
1S

 min . 

4. Eliminate the node 
ki

x  from the graph 1kG   (i.e. the index ki  constructed in the 

permutation p is equal to the integer k). 

5.  k

k
GNS  )(

kij xx  

 
Algorithm 2  

Step 0: 

Put 0
S , 00

0 GG  . 

Step :1,,1  nk   

1. Put 1kk
SR

  for 1k
S    else  0

1k

k
GR  jj xx ; . 

2.    








 


0

1k

0

1k

kk

1 GGRS
kR

qjj ddx
qx

min; . 

3.  ji
jx

k k
1S

 min . 

4. Eliminate the node 
ki

x  from the graph 
0

1kG   (i.e. the index ki  constructed in the 

permutation p is equal to the integer k). 

5.   0

k21

k
GNNS  )()(

kk iij xxx  

Sometimes, Boolean symmetric matrices of linear systems contain a row or column, of which 

the number of non-zero elements approximates to n.  
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Then it is suitable to define a maximal permissible number of elements dmax of the set ),( ixD  

and transport nodes ix , for them  Gid  > dmax, resp.  0
Gid  > dmax, in the desired permutation 

to the last positions. We will eliminate these nodes from the graph G, resp. G
0
, and Algorithm 

1, resp. Algorithm 2, deals with remaining nodes. 

 

Example 1: 

Let 

 

























30125

02004

10103

20012

54321

A , 





























40010

01002

40300

00014

30211

B  

be matrices. Applying the Algorithm 1 above, we have got the permutation matrix 

P = (2, 5, 3, 1, 4) and then 

 

























01000

00001

00100

10000

00010

P , 

























00010

10000

00100

00001

01000

T
P , 

 

























24000

41352

03110

05132

02021

T
PAP , 





























12000

01231

00340

00041

04001

T
PBP . 

The products PA  and PB  exchange rows of the matrix A and B, T
AP  and T

BP exchange 

columns of A and B. Algorithms 1 manipulate with matrices as they are Boolean symmetric. 

It removes (almost all) non-zero elements of diagonals and produces (almost all) non-zero 

vectors perpendicular to it. Let us look at the structures of the matrices A and B (non-zero 

elements are indicated by the symbol x, the symbol   denotes non-zero elements which we 

must fill in B to obtain the symmetric matrix B): 

 

























xxxx

xx

xxx

xxx

xxxxx

A , 

































xx

xx

xx

xx

xxxx

B  

Then the matrix B has the same structure as A. 



 
 

 
19 

Using the algorithms 1, we have got  

 

























xx

xxxxx

xxx

xxxx

xxx

PAP
T , 

































xx

xxxx

xx

xx

xx

PBP
T . 

Example 2: 

In the Table 1, we see how the almost optimal permutation is changing depending on the 

choice of the number dmax. 

Tab. 1. The dependance of the permutation on dmax 

 

 

 

 

 

 

 

 

Source: Own based on computations  

 

The highlighted node i is the node, for that the number of elements of the set D(i) is greater 

than the chosen number dmax and that is transport to last free positions in the permutation P. 

If dmax = 2 then
 
the permutation matrix P is of the form  1,4,3,5,2P  and  

 

























14352

42000

30110

50132

20021

T
PAP , 





























10231

21000

00340

00041

40001

T
PBP . 

 

 

Matrices A, B dmax = 0 dmax = 1 dmax = 2 

i  D(i) invi peri D(i) invi peri D(i) invi peri 

1 1,2,3,4,5 [2,3] 5 2 [2,3], [2,3] 5 2 

[2,3], [2,4], 

[3,4], [4,5] 5 2 

2 1,2,5  1 3  1 5  1 5 

3 1,3,5  2 4  3 3  3 3 

4 1,4  3 5  4 4  4 4 

5 1,2,3,5 [2,3] 4 1 [2,3] 2 1 [2,3] 2 1 
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The structures of non-zero elements are: 

 

























xxxxx

xx

xxx

xxxx

xxx

PAP
T , 

































xxxx

xx

xx

xx

xxx

PBP
T . 

The advantage of these algorithms is a less number of computing operations for a solving of 

systems of linear equations since we calculate with almost all non-zero elements of given 

matrices of systems. 

 

Conclusion 

In a science papers and books, there exist lots of algorithms and methods, how to solve large 

linear systems with a sparse matrix. Principles of computations are different. Some of them 

use graphic structures of matrices. The algorithm above is one of them. The other ways could 

be found, for example in [2] -[6]. 
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ALGORITMUS PRO ELIMINACI SOUSTAV S ŘÍDKÝMI NESYMETRICKÝMI 

ROZLOŽITELNÝMI MATICEMI 

V článku je uveden algoritmus určený k nalezení optimálního či skoro optimálního 

uspořádání prvků matice, která je řídká, nesymetrická a rozložitelná (reducibilní). Pomocí 

tohoto algoritmu můžeme efektivněji řešit velké řídké soustavy lineárních rovnic. Uvedený 

algoritmus je modifikací známého algoritmu pro symetrické nerozložitelné matice. 

EIN ALGORITHMUS FÜR DIE ELIMINIERUNG DER SYSTEME MIT SELTENEN 

ASYMMETRISCHEN ZERLEGBAREN MATRIXEN 

Im Artikel wird ein Algorithmus vorgestellt, der zu einer optimalen oder fast optimalen 

Anordnung der Matrixelemente führen soll. Diese Matrix ist selten, asymmetrisch und 

zerlegbar (reduzierbar). Mit Hilfe dieses Algorithmus können wir große seltene Systeme 

linearer Gleichungen effektiver lösen. Der angeführte Algorithmus ist eine Modifikation eines 

bekannten Algorithmus für eine symmetrische, nicht zerlegbare Matrix. 

ALGORYTM DO ELIMINACJI UKŁADÓW Z RZADKIMI NIESYMETRYCZNYMI 

MACIERZAMI ROZKŁADALNYMI 

W artykule przedstawiono algorytm przeznaczony do znalezienia optymalnego lub prawie 

optymalnego układu elementów macierzy, która jest rzadka, niesymetryczna i rozkładalna. 

Przy pomocy tego algorytmu można bardziej efektywnie rozwiązywać duże rzadkie układy 

równań liniowych. Podany algorytm stanowi modyfikację znanego algorytmu dla 

symetrycznych macierzy nierozkładalnych. 
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Abstract

Iterative methods for solving variational inequalities ininfinite dimensional Hilbert spaces as
a rule require some discretization. This leads to variational inequalities over families of spaces.
In the present paper this problem is addressed by an iterative method with only a finite number
of steps at each discretization level. First, abstract methods are studied and later an optimal
control problem with elliptic state equations and some bound on the controls is considered. The
discretization technique rests upon a nested family of piecewise linearC0-elements conforming
finite element discretizations.

Keywords: Optimal control; iteration-discretization; projection algorithm; elliptic state equa-
tion; finite element discretization.

Introduction

The solution of variational inequalities in function spaces often requires discretizations as well
as iteration methods for solving the obtained finite dimensional problems. Similarly, the practi-
cal application of iteration methods in function spaces as arule needs some finite dimensional
approximation of the iteration procedure. Both processes, i.e. discretization and iteration, are
not finite. The aim of our paper is to provide a sketch of the ideas developed in [3] for a new
iteration-discretization method for variational inequality problems over the fixed point set of
a quasi-nonexpansive operator which bases on appropriate extensions to families of problems
and mappings. We give partially an overview over the problemsetting and illustrate underlying
analytical results. The related proofs can be found in [3].

1 Variational Inequalities over Sets of Fixed Points

Let H denote a real Hilbert space with the inner product〈·, ·〉 and the related norm‖ · ‖ and
T : H → H be a quasi-nonexpansive operator, i.e. an operator with FixT 6= /0 and

‖Tu−z‖ ≤ ‖u−z‖ for all u∈ H , for all z∈ FixT,

where
FixT := {v∈ H : Tv= v}.

22



Further, let a mappingF : H → H be given which isκ-Lipschitz continuous andη-strongly
monotone overH , i.e. with someκ ≥ η > 0 holds

‖F (u)−F (v)‖ ≤ κ‖u−v‖ for all u, v∈ H (1)

and
〈F (u)−F (v),u−v〉 ≥ η‖u−v‖2 for all u, v∈ H . (2)

We consider the problem, calledVIP(F ,FixT),

Find ū∈ FixT with

〈F (ū),u− ū〉 ≥ 0 for all u ∈ FixT. (3)

Since FixT is non-empty, closed and convex there exists a unique solution ū of the problem
VIP(F ,FixT). Problems of this type are considered in e.g. [1], [5], [8] and the book [2]
provides a comprehensive discussion of them.

Having infinite-dimensional Hilbert spacesH in mind, the numerical treatment of
VIP(F ,FixT) requires an appropriate discretization. LetHk ⊂ H denote a family of nested
closed subspaces andTk : H → Hk a family of quasi-nonexpansive operators that satisfy

FixTk ⊂ FixT and
∞
⋂

k=0
FixTk 6= /0. Further, let{Fk}

∞
k=0 with Fk : H → Hk be a sequence of

operators which areκ-Lipschitz continuous andη-strongly monotone overHk. Now, instead
of VIP(F ,FixT) we will consider the following sequence of problemsVIP(Fk,FixTk)

Find ūk ∈ FixTk with

〈Fk(ū
k),u− ūk〉 ≥ 0 for all u ∈ FixTk. (4)

The corresponding conditions for the approximation will bepresented in the further part of the
paper (see Theorem 1). As forVIP(F ,FixT) the made assumption guarantees that each of
the problemsVIP(Fk,FixTk) possess a unique solution ¯uk. However, we will not solve each
problemVIP(Fk,FixTk), but propose and analyze an iteration-discretization procedure that
approximate the solution ofVIP(F ,FixT) by simultaneously performing iteration steps and
refining the discretization.

2 Iteration Methods Based upon Families of Operators

With µ ∈ (0, 2η
κ2 ) and {λ k}

∞
k=0 ⊂ (0,µ] we consider the following iteration for solving

VIP(F ,FixT):
uk+1 = (I −λ kFk)Tku

k, (5)

whereI denotes the identity operator andu0 ∈H is arbitrarily chosen. An alternative recursion
is defined by

uk+1 = Tk (I −λ kFk)uk, (6)

which we study later under the additional assumption that the operatorsTk are projections on
closed convex sets. Both iterations can be seen equivalent after transformations. Despite the fact
that the sequences generated either by (5) or by (6) do not coincide we use the same notation
since in the sequel we clearly distinguish which of the iterations is applied. First, we analyze
the iteration (5). Denote

Sk = (I −λ kFk)Tk. (7)
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Iteration (5) can be shortly written in the form

uk+1 = Sku
k.

Let µ ∈
(

0, 2η
κ2

)

, define

τ := 1−
√

1+ µ2κ2−2µ η . (8)

Sinceη ≤ κ , consequently,τ is well defined and we haveτ ∈ (0,1].

Lemma 1 Let µ ∈
(

0, 2η
κ2

)

. Then the operators Gk := I −µFk satisfy

‖Gkx−Gky‖ ≤ (1− τ)‖x−y‖ for all x, y∈ Hk.

From the lemma above with (7) we obtain

Corollary 1 Let µ ∈
(

0, 2η
κ2

)

andλ k ∈ [0,µ]. Then

‖Sku−Skv‖ ≤

(

1−
λ kτ
µ

)

‖Tku−Tkv‖ for all u,v∈ Hk.

For the further analysis we make the assumption:

There existz∈
∞
⋂

k=0

FixTk and somec∈ R such that‖Fkz‖ ≤ c (9)

for all k≥ 0. Theκ-Lipschitz continuity ofFk for anyr > 0 yields the boundedness of‖Fku‖
for anyu∈ B(z, r) := {v∈ Hk : ‖v−z‖ < r}.

Lemma 2 Let u0 ∈ H be arbitrary and{uk}∞
k=0 be generated by (5). Then the sequences

{uk}∞
k=0, {FkTkuk}∞

k=0 and{Tkuk−PFixT uk}∞
k=0 are bounded, where PFixT denotes the metric

projection ontoFixT.

Define

αk :=
λ kτ
µ

(10)

and

β k := αk
µ2

τ2

(

‖Fkū
k‖2 +2〈FkTku

k−Fkū
k,Fkū

k〉
)

(11)

It is clear thatαk ∈ (0,1].

Lemma 3 Let uk+1 be given by (5) and̄uk ∈ FixTk be the unique solution of VIP(Fk,FixTk).
Then

‖uk+1− ūk‖2 ≤ (1−αk)‖uk− ūk‖2 +αkβ k (12)

Before we turn to the convergence theorem we provide the following auxiliary result.
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Lemma 4 Let{ak}
∞
k=0 ⊂ R+ be a sequence satisfying the inequality

ak+1 ≤ (1−αk)ak +αkβ k + γk, (13)

where {αk}
∞
k=0 ⊂ [0,1], {β k}

∞
k=0 ⊂ R+, {γk}

∞
k=0,⊂ R+. If ∑∞

k=0αk = +∞, limsupk β k ≤ 0
and∑∞

k=0γk < +∞ then
lim
k→∞

ak = 0.

Theorem 1 Let ū ∈ FixT be the unique solution of VIP(F ,FixT) and let ūk be the unique
solution of VIP(Fk,FixTk). Suppose that{Fkūk}∞

k=0 is bounded and that

∞

∑
k=0

‖ūk− ū‖ < +∞. (14)

Let{λ k}
∞
k=0 ⊂ (0,µ] be a sequence with

lim
k→∞

λ k = 0 and
∞

∑
k=0

λ k = +∞. (15)

Then for any u0 ∈ H the sequence{uk}∞
k=0 generated by (5) converges strongly toū.

3 Iterations by a Sequence of Contraction Mappings

Now, we study the convergence behavior of the alternative iteration process (6), i.e. the case
where{uk}∞

k=0 is generated by the iteration

uk+1 = Vku
k := Tk (I −λ kFk)uk. (16)

For this type of iteration we apply metric-projections as operatorsTk. These operators are non-
expansive. Unlike in the preceeding section here the parametersλ k have not to tend to zero.
For the operatorsVk = Tk (I −λ kFk) with Lemma 1 forλ k := µ we obtain

‖Vku−Vkv‖ ≤ σ‖u−v‖ for all u, v∈ Hk, (17)

whereσ := 1− τ < 1. Further, the mapV := T(I −λF ) is assumed to satisfy

‖Vu−Vv‖ ≤ σ‖u−v‖ for all u, v∈ H . (18)

As a consequence the operatorsVk andV possess unique fixed points ¯uk andū, respectively, i.e.,

ūk = Vkū
k, k = 0,1,2, . . . and ū = Vū. (19)

Theorem 2 Let the conditions (17), (18) be satisfied and letū andūk denote the unique fixed
points of the operator V and Vk, respectively. Assume that the approximation property

∞

∑
k=0

‖ūk− ū‖ < +∞ (20)

holds. Then for any u0 ∈ H0 the sequence{uk}∞
k=0 generated by (16) converges to the fixed

point ū of V .
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Proof With the fixed point property of ¯uk for the operatorVk holds

‖uk+1− ūk‖ = ‖Vku
k−Vkū

k‖ ≤ σ‖uk− ūk‖.

With the triangle inequality this yields

‖uk+1− ūk+1‖ ≤ ‖uk+1− ūk‖+‖ūk− ūk+1‖ ≤ σ‖uk− ūk‖+‖ūk− ūk+1‖.

and we obtain

‖uk+1− ūk+1‖ ≤ σ‖uk− ūk‖+‖ūk− ū‖+‖ūk+1− ū‖, k≥ 0. (21)

Let defineak := ‖uk− ūk‖, αk := 1−σ , β k := 0 and

γk := ‖ūk− ū‖+‖ūk+1− ū‖.

Then (21) can be expressed by (13). Trivially
∞
∑

k=0
αk = +∞ and limsupk β k ≤ 0. The made as-

sumption (20) yields
∞
∑

k=0
γk < +∞. Now, we can apply Lemma 4 and obtain lim

k→∞
‖uk− ūk‖= 0.

With (20) this completes the proof.

4 An Optimal Control Model Problem

Next, we apply the iteration method introduced above to somevariational inequality problem
that arises from the optimality criterion of an optimal control problem with bounds upon the
controls.

Let Ω ⊂ R
2 be some open convex polyhedron andΓ its boundary. Consider the optimal

control problem

J̃(y,u) :=
1
2

∫

Ω

(y−d)2 +
α
2

∫

Ω

u2 → min ! (22a)

s.t.−∆y = u in Ω, y+
∂y
∂n

= 0 onΓ, u∈ Q := {u : u≤ b a.e. inΩ} (22b)

with givenα > 0, d ∈ L2(Ω) andb∈ R. The state equation is understood as weak formulation.
Let Y := H1(Ω) be the Sobolev space of functions overΩ that possess the first order weak
derivatives inL2(Ω). Further, we letU = L2(Ω). Definea(·, ·) : Y×Y → R by

a(u,v) :=
∫

Ω

∇u·∇v +
∫

Γ

uv for all u, v∈Y.

Now, the weak formulation of (22b) is given by

y∈Y : a(y,v) = 〈u,v〉 for all v∈Y. (23)

The Lax-Milgram Lemma (cf. [4]) guarantees that for anyu ∈ U the equation (23) possesses
a unique solution. This defines a linear operatorS: U →Y by

Su∈Y : a(Su,v) = 〈u,v〉 for all v∈Y (24)
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and with the ellipticity constantγ > 0 this satisfies

‖Su‖1 ≤
1
γ
‖u‖0. (25)

Using the operatorSwe obtain the reduced form of (22)

J(u) :=
1
2
〈Su−d,Su−d〉 +

α
2
〈u,u〉 → min! s.t. u∈ Q. (26)

This problem has a unique solution ¯u∈ Q and this solution can be characterized by a variational
inequality that satisfies the general assumptions made above for the abstract problem (cf. [4],
[7]).

Theorem 3 The problem (26) possesses a unique solutionū∈ Q. Thereū∈U forms the solu-
tion of (26) if and only if

〈J′(ū),u− ū〉 ≥ 0 for all u ∈ Q (27)

holds.

The structure ofJ(·) yields
J′(u) = S∗(Su−d)+α u, (28)

whereS∗ denotes the adjoint ofSgiven by

a(z,w) = 〈z,v〉 ∀z∈Y and S∗v := w.

Now, we can show that (27) is of the considered abstract type.First, the Hilbert spaceH is
just the spaceU = L2(Ω). The setQ ⊂ U is closed and convex. Thus, the metric-projection
PQ : U → Q is well defined by

PQu∈ Q : ‖PQu−u‖0 ≤ ‖v−u‖0 for all v∈ Q,

and we have
u∈ Q ⇐⇒ u∈ FixPQ.

FromQ 6= /0 and from the nonexpansivity ofPQ we obtain thatT := PQ is a quasi-nonexpansive
operator. Further, the operatorF : U →U is defined by

Fu := S∗(Su−d)+αu.

Trivially, it is Lipschitz continuous because ofU →֒ H2(Ω) this yields

‖Fu−Fv‖ ≤ (‖S∗‖‖S‖+α)‖u−v‖ for all u, v∈U

and with (25) we obtain

‖Fu−Fv‖ ≤

(

1
γ2 +α

)

‖u−v‖ for all u, v∈U. (29)

Further, we have
〈Fu−Fv,u−v〉 ≥ α ‖u−v‖2 for all u, v∈U.

This proves that the problem (27) satisfies all assumptions made for the general problem. As
a consequence some parameterλ > 0 can be found such that the iteration

uk+1 = T(uk−λFuk), k≥ 0. (30)

for any u0 ∈ U converges to the optimal solution ¯u ∈ Q of the considered control problem.
However, the iteration (30) is in the function spaceU and requires an appropriate discretization.
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5 Families of Conforming Discretizations

Let Uk ⊂ U, Yk ⊂ Y we apply a piecewise linearC0-discretization over nested families{Tk}
of uniformly regular triangulations (see [4]). Withhk we denote the maximal diameter of the
triangles in{Tk}. We denote the related grid points byΩk := {xk, j}Nk

j=1. We have

Ωk ⊂ Ωk+1, k≥ 0. (31)

Let φk, j ∈C(Ω̄) be piecewise linear overTk with

φk,i(x
k, j) = δ i j , i, j = 1, . . . ,Nk, k≥ 0.

This means we assume{φk, j} to form a Lagrangian basis ofUk as well as ofYk, where

Uk := Yk := span
{

φk, j

}Nk

j=1
.

With (31) this implies Uk ⊂Uk+1 ⊂ ·· · ⊂U, Yk ⊂Yk+1 ⊂ ·· · ⊂Y.
For givenu∈U the conforming discretization of the state equations have the form:

yk ∈Yk : a(yk,v) = 〈u,v〉 for all v∈Yk. (32)

Again, the Lax-Milgram Lemma implies that for anyu ∈ U problem (32) possesses a unique
solution. Thus,Sku := yk defines linear mappingsSk : U →Yk ⊂Y. Let

Qk := {u∈Uk : u≤ b}.

This yields the following discrete problems

Jk(u) :=
1
2
〈Sku−d,Sku−d〉 +

α
2
〈u,u〉 → min! s.t. u∈ Qk . (33)

Problem (33) has a unique solution ¯uk ∈ Qk. Analogously to the continuous case we define
Fk : U →Yk by

Fku := S∗k(Sku−d)+αu for all u∈U

andTk := PQk, the metric-projection ontoQk. Then

u j+1 = Tk(u j −λ kFku j), j ≥ 0. (34)

forms an iteration technique on the discretization levelk. For sufficiently smallλ k > 0 the
sequence generated by (34) converges to the unique solutionūk of the discrete control problem
(33). As mentioned in Section 3, there are two different types of iterations. Instead of (34) we
may also apply iteration-discretization method

uk+1 = Tk(uk−λ kFkuk), k≥ 0. (35)

with appropriate parametersλ k > 0. This recursion differs from (34) by acting on a family of
discrete problems, where on each discretization level onlya maximal number of iteration steps
is performed. In particular, if the discretization changesin each step then (35) means that only
one iteration step is performed per discretization.

Now, we derive that (35) fulfills the assumptions made in Section 3. For the proofs we refer
again to [3].
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Lemma 5 Let U0 6= /0 thenFixTk 6= /0, k≥ 0 holds. Further, we have

FixTk ⊂ FixTk+1 ⊂ FixT k≥ 0.

Lemma 6 The continuous optimal control problem (26) has a unique solution ū and for any
k ≥ 0 the discrete control problem (33) possesses a unique solution ūk ∈ Qk. Further, there is
a constant c> 0 with

‖Fkū
k‖ ≤ c, k≥ 0.

Theorem 4 Let ūk ∈ Qk denote the solution of the discrete problem (33) andū∈ Q the solution
the original continuous problem (26). Then there exists a constant c> 0 such that

‖ūk− ū‖ ≤ chk. (36)

In principle, the estimate given in Theorem 4 could be refinedto

‖ūk− ū‖ ≤ ch3/2
k

if the technique proposed in [6] is applied to the discretization of the elliptic control problem
under consideration. In our application, however, the bound (36) is already sufficient to ensure
the convergence for simple refinement strategies. Indeed, if Tk is generated by subdivisions
of all triangles using the midpoints of all edges then we obtain hk+1 = hk/2 and consequently

∞
∑

k=0
hk < +∞ holds. Thus, the proposed iteration-discretization technique converges.

Conclusion

The present paper provides some theoretical approach to thesimultaneous refinement of the dis-
cretzation of function spaces and iterations for solving variational inequality problems over the
fixed point set of a quasi-nonexpansive operator in Hilbert spaces. This approach forms some
basis for implementable algorithms because it avoids nested infinite processes. The increase
the efficiency of the discussed methods further improvements, e.g. preconditioning, have to be
investigated in the future.
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[7] TRÖLTZSCH, F.: Optimal control of partial differential equations. Theory, methods and
applications.Graduate Studies in Mathematics, 112. AMS, Providence, RI, 2010.

[8] YAMADA, I.; OGURA, N.: Hybrid steepest descent method forvariational inequality
problem over the fixed point set of certain quasi-nonexpansive mapping.Numer. Funct.
Anal. Opt., 25 (2004), pp. 619–655.

Prof. Dr. hab. Andrzej Cegielski, Prof. Dr. rer. nat. habil. Christian Grossmann

30



ITERAČNĚ–DISKRETIZAČNÍ METODY PRO VARIAČNÍ NEROVNOST

Iterǎcńı metody prǒrěseńı variǎcńıch nerovnostı́ v Hilbertových prostorech nekonečné dimenze
vyžaduj́ı diskretizaci. To vede ǩrěseńı posloupnosti variǎcńıch nerovnostı́ v prostorech koněcné
dimenze. Tato pŕace se v̌enuje iterǎcńım metod́am, kteŕe vyžaduj́ı pouze koněcný počet krok̊u
na kǎzdé diskretizǎcńı úrovni. Nejprve je studov́ana abstraktńı úloha a ńasledňe konkŕetńı
úloha optiḿalńıho řı́zeńı s eliptickou stavovou rovnicı́ a s omezeńımi na řı́d́ıćı proměnnou.
Diskretizace je provedena pomocı́ posloupnosti do sebe vnořeńych počástech linéarńıch, spo-
jit ých, konformńıch koněcných prvk̊u.

EIN ITERATIONS-DISKRETISIERUNGS-VERFAHREN FÜR EINE

VARIATIONSUNGLEICHUNG

Iterationsverfahren zur Behandlung von Variationsungleichungen in undendlichdimensionalen
Hilbert-Räumen erfordern in der Regel eine Diskretisierung. Diese führt auf Variationsungle-
ichungen̈uber einer Familie von R̈aumen. In der vorliegenden Arbeit wird dieses Problem durch
ein Iterationsverfahren mit einer nur endlichen Zahl von Schritten je Diskretisierungsniveau be-
handelt. Zun̈achst werden abstrakte Methoden untersucht und später auf ein Problem der opti-
malen Steuerung mit elliptischen Zustandsgleichungen undSteuerrestriktionen angewandt. Die
Diskretisierung erfolgt durch eine sich verfeinernde Familie stückweise linearer, konformerC0

finiter Elemente.

METODA ITERACYJNO-DYSKRETYZACYJNA DLA NIERÓWNOŚCI

WARIACYJNEJ

Metody iteracyjne dla nierównósci wariacyjnych w nieskónczenie-wymiarowych przestrzeniach
Hilberta zazwyczaj wymagaja֒ dyskretyzacji. Ta z kolei prowadzi do nierównósci wariacyjnych
okréslonych na rodzinie przestrzeni. W niniejszej pracy dla tego problemu stosujemy metode֒
iteracyjna֒, w kt́orej na kȧzdym poziomie dyskretyzacji przeprowadzanych jest skończenie wiele
kroków. Najpierw badamy metody abstrakcyjne, które nast֒epnie stosujemy do problemu stero-
wania optymalnego z eliptycznym równaniem stanu i z ograniczeniami na sterowanie. Przy
dyskretyzacji stosujemy rodzine֒ zag֒eszczaj֒acych si֒e element́ow skónczonych, kt́ore sa֒ kawał-
kami liniowe, cia֒głe i konforemne.
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Abstract

The paper is concerned with theoretical and computational issues of a numerical resolution of
the convection-diffusion equation. We use an implicit scheme for the time discretization and
an adaptive wavelet-based method for a spatial discretization. We use a well-conditioned cubic
spline-wavelet basis and a method for an inexact multiplication of wavelet stiffness matrix with
a vector which we have recently proposed in [1, 2]. The theoretical advantages of our scheme
as well as numerical examples will be presented.

Keywords: Convection-diffusion equation; spline; wavelet; adaptivity.

Introduction

In this paper we consider a numerical approximation of the convection-diffusion equation

∂u
∂ t

= µ∆u−bdivu− cu+ f for x ∈ Ω, t ∈ (0,T ) , (1)

with initial and boundary conditions

u(x,0) = u0(x) for x ∈ Ω, u(x, t) = 0 for x ∈ ∂Ω.

We assume thatµ > 0, b and c are constants,u : Ω× (0,T ) → R , f , u0 ∈ L2(Ω). We
consider only the domainΩ = (0,1)n. It is well-known that the solution of (1) typically contains
layers and that the numerical solution by the Galerkin method on uniform mesh suffers from
the Gibbs phenomenon. Thus, it is convenient to solve the problem adaptively. In this paper, we
use a modification of the wavelet-based adaptive method from[6] for a spatial discretization,
because it has several advantages, namely:

• The adaptivity in the context of a wavelet discretization issimple. It consists in keeping
the large wavelet coefficients and discarding the smaller ones.

• The algorithm is asymptotically optimal. It means that the number of floating point oper-
ations depends linearly on the number of nonzero wavelet coefficients.
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• The condition numbers of stiffness matrices are uniformly bounded.

The paper is organized as follows: In Section 2 we use the backward Euler formula for a
discretization in time and derive a variational formulation for the given time level. We define
an equivalentl2-problem and propose iterations for solving this problem inSection 3. In Sec-
tion 4 we introduce an implementable version of the iterations and discuss computational issues.
Numerical examples are presented in Section 5.

1 Discretization

Let h > 0, tk := kh anduk be an approximation ofu(·, tk). For simplicity, we use the backward
Euler method for a discretization in time:

uk+1−uk

τ
= µ∆uk+1−bdivuk+1− cuk+1 + f .

Then the variational formulation of our problem at the time leveltk is

ak

(

uk+1,v
)

= f k (v) , v ∈ H1
0 (Ω) , (2)

where a continuous bilinear formak : H1
0 (Ω)×H1

0 (Ω) → R and f k ∈ H−1
0 (Ω) are given by

ak (u,v) := µ
∫

Ω
∇u ·∇vdx+b

∫

Ω
vdivudx+

(

1
τ

+ c

)

∫

Ω
uvdx

f k (v) :=
1
τ

∫

Ω
ukvdx+

∫

Ω
f vdx,

whereH1
0 (Ω) denotes the subspace of all functions from a Sobolev spaceH1(Ω) with zero

traces on∂Ω, H−1
0 (Ω) denotes its dual. In the sequel, we solve (2) by wavelet-based method.

For this reason we propose the definition of a wavelet basis ofSobolev spaceHs
0 (Ω).

FamilyΨ := {ψλ ,λ = ( j,k) ∈ J } for an infinite setJ = JΦ∪JΨ, #JΦ < ∞, is called
thewavelet basis of H1

0 (Ω), if

i) Ψ is a Riesz basis ofH1
0 (Ω), that meansΨ generatesH1

0 (Ω) and there exist constants
c,C ∈ (0,∞) such that for allb := {bλ}λ∈J

∈ l2(J ), whereλ = ( j,k) and |λ | = j
denotes the level, holds

c‖b‖ ≤

∥

∥

∥

∥

∥

∑
λ∈J

bλ 2−|λ |ψλ

∥

∥

∥

∥

∥

Hs(Ω)

≤C‖b‖ .

ii) Functions are local in the sense that diam(Ωλ ) ≤ C2−|λ | for all λ ∈ J , whereΩλ is
support ofψλ .

iii) Functions have cancellation properties of the orderm, i.e.

|〈v,ψλ 〉| ≤ 2−m|λ | |v|Hm(Ωλ ) , λ ∈ Jψ , v ∈ H1
0 (Ω) ,

where〈·, ·〉 denotes theL2(Ω) inner product.
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In this paper,Ψ will be a cubic spline wavelet basis adapted to homogeneous Dirichlet
boundary conditions from [1] that has a cancellation property of the order six. The basis func-
tions are local and also their duals are local. Its structureis

Ψ = Φ4∪
∞
⋃

j=4

Ψ j, (3)

whereΦ4 contains scaling functions andΨ j is formed by wavelets on the levelj. Also the
smoothness of basis functions is an important property. In this case, the Sobolev exponent of
smoothness is 2.5.

2 Wavelet Method

In this section we propose a method for solving (2) based on wavelets. LetDk be a diagonal
matrix with diagonal elements

√

ak (ψλ ,ψλ ). ThenD−1
k Ψ is a wavelet basis inH1

0 (Ω) and the
equation (2) can be reformulated as an equivalent biinfinitematrix equation

Akuk = fk, (4)

whereAk = D−1
k ak (Ψ,Ψ)D−1

k is a diagonally preconditioned stiffness matrix,uk =
(

uk
)T

D−1
k Ψ

andfk = D−1
k f k (Ψ).

Then,uk solves (2) if and only ifuk solves the matrix equation (4). Moreover, the matrixAk

satisfies
condAk ≤C < +∞. (5)

While the classical adaptive methods use refining and derefining a given mesh according
to a-posteriori local error indicators, the wavelet approach is somewhat different and follows a
paradigm which comprises the following steps:

1. One starts with a variational formulation but instead of turning to a finite dimensional
approximation, using the suitable wavelet basis the continuous problem is transformed
into an infinite-dimensionall2-problem.

2. One then tries to devise convergent iterations for thel2-problem.

3. Finally, one derives a practical version of this idealized iteration. All infinite-dimensional
quantities have to be replaced by finitely supported ones andthe routine for the application
of the biinfinite-dimensional matrixA approximately have to be designed.

We solve the discrete infinite-dimensional problem (4) approximately. For notational sim-
plicity we omit the indexk in this section. MatrixA := Ak is not symmetric positive definite,
but one can obtain a symmetric positive definite formulationby squaring:L := AT A, g := AT f.
Then (4) is equivalent toLu = g. There exists some relaxation weightω with

‖I −ωL‖ ≤ ρ < 1. (6)

Thus simple iterations of the form

un+1 = un +ω (g−Lun) (7)

converge. Neither we can evaluate the generally infinite array g exactly, nor we can compute
Lu , even whenu has a finite support. Thus, we need to approximateg and productLu with
some given precision.
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3 Adaptive Wavelet Scheme

We use the following implementable version of the ideal iteration (7).

SOLVE [L, g, ε] → uε
Let ω satisfy (6) andK ∈ N be fixed such thatρK < 1/10.
Set j := 0, u0 := 0, ε0 :=

∥

∥L−1
∥

∥‖g‖.
While ε j > ε do

j := j +1, ε j := 10ρKε j−1, gj := RHS[g,
ε j

20ωK ], z0 := ui−1,
l := l +1, resl := 0,
If l ≤ K and‖resl‖ >

(∥

∥L−1
∥

∥− 1
10ωK

)

ε j do
l := l +1,
resl := gj −APPLY [L ,zl−1,

ε j
20ωK ],

zl := zl−1 +ω resl,
end if,
u j := COARSE[zl,0.7ε j],

end while,
uε := u j.

Let us comment particular subroutines. The subroutineCOARSE computes a vectorvε
which is close to the vector ofvN of N-largest coefficients ofv for which

∥

∥v−vN
∥

∥ < ε. Since
sorting of all elements ofv requiresO (M logM) operations, whereM is the length ofv, the
procedureCOARSE uses so called binning [8].

COARSE[v, ε] → vε

1. Setq :=
⌈

log
(

(#suppv)1/2‖v‖l2 /ε
)⌉

.

2. Regroup the elements ofv into the setsB0, . . . ,Bq, wherevλ ∈ Bi if and only if

2−(i+1) ‖v‖l2 < |vλ | ≤ 2−i ‖v‖l2 , 0≤ i < q. (8)

Possible remaining elements are put into the setBq.
3. Createvε by collecting nonzero entries fromB0 and when it is exhausted fromB1 and so

forth until
‖v−vε‖ ≤ ε. (9)

The subroutine
RHS[g,ε] → gε (10)

approximates the right-hand sideg by the finitely supported vectorgε such that

‖g−gε‖ ≤ ε. (11)

It can be realized by computing in a preprocessing step a highly accurate approximation tog in
the dual basis along with the corresponding coefficients andthen applying ofCOARSE to this
finitely supported array of coefficients.

In [2], we proposed the improved matrix-vector multiplication in the context of adaptive
wavelet methods. Unlike [3, 9], we are not searching for 2k greatest vector entries in absolute
value, but instead we trace actual decay of matrix and vectorentries. Let us denote

(L k)λ ,λ ′ :=

{

Lλ ,λ ′, ||λ |− |λ ′|| ≤ k,
0, otherwise.

(12)
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and
SL k := max

∣

∣

∣
(L k)λ ,λ ′

∣

∣

∣
, λ ,λ ′ ∈ J (13)

for k ≥ 0, andvk contains all vector entries greater than a given tolerance divided bySL k . Then
we can compute

Lv ≈ wK :=
K

∑
k=0

L kvk.

We can chooseK such that
‖wK −Lv‖ ≤ ε. (14)

In [2], it was shown that the number of floating point operations needed for computation of the
approximate productLV , depends linearly on the number of nonzero elements ofwK.

Theorem 1. Under the above assumptions, for any ε > 0, the approximations uε produced by
SOLVE satisfy

∥

∥u−uT
ε D−1Ψ

∥

∥ . ε (15)

and
# f lops ≤C#suppuε , (16)

where the constant C does not depend on ε .

Proof. Since the used subroutines are asymptotically optimal, theasymptotical optimality of
SOLVE can be proven by similar way as in [6].

As an alternative to the Richardson iterations the steepest descent approach was studied
in [7].

4 Numerical examples

In this section, we present two numerical examples.

Example 1. Let us consider the equation

µu′′ +u′−u = 1, (17)

with homogeneous Dirichlet boundary conditions

u(0) = u(1) = 0. (18)

It is known that the exact solution is given by

u(x) =

(

el −1
)

ekx −
(

1− ek
)

elx

ek − el −1, (19)

where

k =
−1+

√
1+4µ

2µ
, l =

−1−
√

1+4µ
2µ

. (20)

The condition numbers of stiffness matrices As for this equation corresponding to the multi-
scale wavelet basis with s levels of wavelets are displayed in Table 1. It can be seen that they
are indeed uniformly bounded.

In this case a boundary layer occurs near the point 0. The graph of u for µ = 10−3 is
displayed at Figure 1. We solved this equation by an adaptive wavelet scheme from Section 3.
Convergence history is shown in Figure 1. Only 54 basis function were used for achieving the
error 3.27·10−5 in the L∞-norm.
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Tab. 1. The condition numbers of stiffness matrices As corresponding to the multi-scale wavelet
basis with s levels of wavelets

s condAs

1 75.1
2 96.7
3 101.2
4 101.2
5 101.8
6 101.8
7 101.8
8 101.8

Source: Own
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Fig. 1. The graph of the exact solution (left) and convergence history (right) for Example 1. for
µ = 10−3

Example 2. Let us consider the equation

∂u
∂ t

= µu′′ +u′− et , (21)

with initial and boundary conditions

u(x,0) = u(x) for x ∈ [0,1] , u(0, t) = u(1, t) = 0 for t ∈ [0,1] , (22)

where u(x) is given by (19). Then the exact solution is

u(x, t) = u(x)et . (23)

For µ = 10−3 and τ = 0.05 we need only 355basis functions to obtain an error less than 10−3

at the time T = 1.

Conclusion

In this paper we proposed an adaptive wavelet-based method for numerical resolution of the
convection-diffusion equation and we briefly reviewed someaspects of a wavelet discretization
in connection with our numerical scheme. Computational details and theoretical results one can
find in [1, 2, 4, 5, 6].
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ADAPTIVNÍ WAVELETOV É SCHÉMA PRO KONVEKTIVNĚ-DIFŮZNÍ ROVNICI

Článek se zab́yvá teoreticḱymi a výpočetńımi aspekty numericḱehořěseńı konvektivňe-difůz-
ńıch rovnic. Poǔzijeme implicitńı sch́ema pročasovou diskretizaci a adaptivnı́ waveletovou
metodu pro prostorovou diskretizaci. Použijeme dob̌re podḿıněnou kubickou spline-waveleto-
vou b́azi a metodu pro p̌ribli žné ńasobeńı waveletov́e matice tuhosti s vektorem, které jsme
ned́avno navrhli. Budou prezentovány teoreticḱe výhody nǎseho sch́ematu a taḱe numericḱe
přı́klady.

DAS ADAPTIVE WAVELET-SCHEMA FÜR KONVEKTIV-DIFFUSE

GLEICHUNGEN

Dieser Artikel befasst sich mit theoretischen und rechnerischen Aspekten der numerischen
Lösung konvektiv-diffuser Gleichungen. Dazu verwenden wirein implizites Schema für die
zeitliche Diskretisierung und die adaptive Wavelet-Methode für eine r̈aumliche Diskretisierung.
Wir benutzen die gut bedingte kubische Spline-Wavelet-Basis und -Methode f̈ur eine ann̈ahernde
Multiplikation der Z̈ahigkeits-Wavelet-Matrix mit einem Vektor, den wir vor nicht langer Zeit
entworfen haben. Es werden theoretische Vorteile unseres Schemas und auch numerische
Beispiele vorgestellt.

ADAPTACYJNY SCHEMAT FALKOWY DLA RÓWNANIA

KONWEKCYJNO-DYFUZYJNEGO

W artykule przedstawiono teoretyczne i obliczeniowe aspekty numerycznego rozwia֒zywania
równán konwekcyjno-dyfuzyjnych. Zastosowano schemat niejawny(dyskretny) dla czasowej
dyskretyzacji oraz adaptacyjna֒ metod֒e falkowa֒ (waveletow֒a) dla dyskretyzacji przestrzennej.
Wykorzystujemy dobrze uwarunkowana֒ kubiczn֒a baz֒e splajno-falkow֒a oraz metod֒e przybli̇zo-
nego mnȯzenia falkowej macierzy sztywności z wektorem, kt́ore niedawno zaproponowaliśmy.
Zostały zaprezentowane teoretyczne zalety naszego schematu oraz przykłady numeryczne.
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Technical University of Liberec
Faculty of Science, Humanities and Education

Department of Mathematics and Didactics of Mathematics
Studentská 2, 461 17, Liberec, Czech Republic

dana.cerna@tul.cz

*Technical University of Liberec
Faculty of Science, Humanities and Education

Department of Mathematics and Didactics of Mathematics
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Abstract

One of the most important part of adaptive wavelet methods is an efficient approximate multi-
plication of stiffness matrices with vectors in wavelet coordinates. Although there are known
algorithms to perform it in linear complexity, the application of them is relatively time con-
suming and its implementation is very difficult. Therefore, it is necessary to develop a well-
conditioned wavelet basis with respect to which both the mass and stiffness matrices are sparse
in the sense that the number of nonzero elements in any column is bounded by a constant. Then,
matrix-vector multiplication can be performed exactly with linear complexity. We present here
a wavelet basis on the interval with respect to which both the mass and stiffness matrices cor-
responding to the one-dimensional Laplacian are sparse. Consequently, the stiffness matrix
corresponding to the n-dimensional Laplacian in tensor product wavelet basis is also sparse.
Moreover, the constructed basis has an excellent condition number. In this contribution, we
shortly review this construction and show several numerical tests.

Keywords: Wavelet; Hermite cubic splines; sparse representations.

Introduction

A general concept for solving of operator equations by means of wavelets was proposed by A.
Cohen, W. Dahmen and R. DeVore in [2, 3]. The aim of this concept consists in the approxi-
mation of the unknown solution u which should correspond to the best N-term approximation,
and the associated computational work should be proportional to the number of unknowns.
It consists of the following steps: transformation of the variational formulation into the well-
conditioned infinite-dimensional problem in the space l2, finding of the convergent iteration
process for the l2 problem and finally derivation of its computable version. The essential step
to achieve this goal is an efficient approximate multiplication of quasi-sparse wavelet matrices

40



with vectors.
In [2], authors exploited an off-diagonal decay of entries of the wavelet stiffness matrices

and designed a numerical routine APPLY which approximates the exact matrix-vector product
with the desired tolerance ε and that has linear computational complexity, up to sorting op-
erations. The idea of APPLY is following: To truncate A in scale by zeroing ai, j whenever
δ (i, j) > k (δ represents the level difference of two functions in the wavelet expansion) and
denote the resulting matrix by Ak. At the same time to sort vector entries v with respect to the
size of their absolute values. One obtains vk by retaining 2k greatest coefficients in absolute
values of v and setting all other equal to zero. The maximum value of k should be determined
to reach a desired accuracy of approximation. Then one computes an approximation of Av by

w := Akv0 +Ak−1(v1−v0)+ . . .+A0(vk−vk−1) (1)

with the aim to balance both accuracy and computational complexity at the same time. In [6],
binning and approximate sorting strategy was used to eliminate these sorting costs and then an
asymptotically optimal algorithm was obtained. The idea is following: Reorder the elements of
v into the sets V0, . . . , Vq, where vλ ∈Vi if and only if

2−i−1 ‖v‖l2 < vλ < 2−i ‖v‖l2 , 0 ≤ i < q.

Eventual remaining elements are put into the set Vq. And subsequently to generate vectors vk by
successively extracting 2k elements from

⋃
iVi, starting from V0 and when it is empty continuing

with V1 and so forth. Finally, the scheme (1) is applied. Further improvements of this scheme
were proposed in [1, 4].

The described scheme was shown to possess the best possible rate of convergence in linear
complexity and since tensor product wavelets are applied, this rate is independent of the space
dimension [4]. Although it has optimal computational complexity, the application of the AP-
PLY routine is relatively time consuming and moreover it is not easy to implement it efficiently.
Therefore, it is necessary to develop a well-conditioned wavelet basis with respect to which both
the mass and stiffness matrix are sparse. This means that the number of nonzero elements in
any column as well as the condition number of stiffness matrices are bounded independent of
the matrix size which is not generally true using a wavelet discretization. Then, a matrix-vector
multiplication can be performed exactly with linear complexity.

The remainder of this paper is organized as follows. In the next section, we present a
construction of a wavelet basis on the interval based on Hermite multiwavelets with respect to
which both the mass and stiffness matrices corresponding to the one-dimensional Laplacian are
sparse and very well-conditioned. We also identify several free parameters in the construction
of the second two wavelets which can be used to improve properties of a constructed basis. In
the last section, we present several numerical tests to compare a proposed basis with the basis
proposed in [5].

1 Hermite Multiwavelets

We start with Hermite cubic splines as the primal scaling bases on the interval. They are defined
by

φ1(x) =


(x+1)2(1−2x) −1 ≤ x ≤ 0
(1− x)2(2x+1) 0 ≤ x ≤ 1

0 otherwise
, φ2(x) =


(x+1)2x −1 ≤ x ≤ 0
(1− x)2x 0 ≤ x ≤ 1

0 otherwise
.
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For n ≥ 1, let Vn be the space of piecewise cubic splines v ∈ C1(0,1)∩C[0,1] for which
v(0) = v(1) = 0. The dimension of Vn is 2n+1 and the set

Φn := {φ1(2nx− j) : j = 1, ...,2n−1}∪
{

φ2(2nx− j)|[0,1] : j = 0, ...,2n}
is the basis for Vn. Let Wn be the complement of Vn in Vn+1 then we have the following decom-
position of the space H1

0 (0,1)

H1
0 (0,1) = V1 +W1 +W2 +W3 . . . .

We follow the construction proposed in [5] and construct four wavelets. Wavelets from the
space Wn+1 are orthogonal to the scaling functions from the space Vn for n ≥ 1. This property
ensures that both the mass and stiffness matrix corresponding to the one-dimensional Laplacian
have at most three wavelet blocks of nonzero elements in any column and then the number
of nonzero elements in any column is bounded independent of the matrix size. The first two
wavelets have supports in [−1,1] and are uniquely determined by the above orthogonality con-
dition and by imposing that the first one is odd and the second one is even. The second two
wavelets have supports in [−2,2]. And we impose on them the orthogonality condition and
again one of them should be odd and the second one even.

Then the space Wn is defined by

Ψn :=
{

ψ1(2nx−2 j−1), ψ2(2nx−2 j−1) : j = 0, ...,2n−1−1
}

∪
{

ψ3(2nx−2 j) : j = 1, ...,2n−1−1
}
∪

{
ψ4(2nx−2 j)|[0,1] : j = 0, ...,2n−1} .

There remain several free parameters in the construction of the second two wavelets. In [5],
these parameters were used to prescribe the orthogonality to the first two wavelets. We try to use
these parameters to obtain better conditioned basis and alternatively also more sparse stiffness
matrices. Some preliminary results are presented in the next section.

2 Numerical Experiments

We will limit ourselves to the equation −pu′′+ qu = f with the Dirichlet boundary conditions
u(0) = u(1) = 0 and with positive constant coefficients. The corresponding Galerkin approxi-

mation problem is the following: Find un =
2n+2

∑
i=1

civi such that

∫ 1

0
pu′n v′ + qun vdx =

∫ 1

0
f vdx ∀v ∈Vn.

To solve arising system of equations, we use the standard wavelet diagonal preconditioning and
then apply the conjugate gradient method. The iterations are terminated if the difference of two
consecutive iterations is less than 10−n−2/cond(An), where cond(An), denotes the condition
number of the corresponding stiffness matrix.

First, we solve the above problem with p = q = 1 and with p = 1, q = 0. In both examples,
the exact solution is u = x(1− e50x−50) which exhibits a steep gradient near the point 1. See
Figure 1. Obtained results are summarized in Table 1. In this table, NIT represents the number
of iterations, NEW denotes new wavelets, and finally DS denotes wavelets proposed in [5]. The
achieved approximation error was the same in all cases.
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Source: Own

Fig. 1. The exact solution

Tab. 1. Obtained results
p = 1, q = 0 p = q = 1

n ||un−u||L2 NIT DS NIT NEW NIT DS NIT NEW
1 6.0e-02 5 4 5 4
2 1.7e-02 7 6 7 6
3 2.6e-03 9 7 8 7
4 2.7e-04 10 9 10 9
5 2.3e-05 13 10 12 11
6 1.8e-06 14 12 14 12
7 1.2e-07 16 13 15 13
8 8.3e-09 17 15 16 15
9 5.3e-10 19 16 19 16
10 3.4e-11 19 17 19 18

Source: Own

Conclusion

The presented numerical results affirm that the proposed wavelet basis is better conditioned
then the wavelet basis proposed in [5] which resulted in slightly smaller numbers of required
iterations. Moreover, the numbers of nonzero elements in stiffness matrices corresponding
to Poisson equation were substantially smaller. We believe that it will be possible to further
improve the proposed construction.
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O ŘÍDKÉ REPREZENTACI LAPLACIÁNU

Jednou z nejdůležitějšı́ch částı́ waveletových adaptivnı́ch metod je efektivnı́ přibližné násobenı́
matice tuhosti s vektory ve waveletových souřadnicı́ch. Přestože jsou známy algoritmy pro
přibližné násobenı́ s lineárnı́ složitostı́, jejich aplikace je relativně časově náročná a jejich im-
plementace velice obtı́žná. Proto je důležité vyvı́jet dobře podmı́něné waveletové báze, pro
které jsou jak matice hmotnosti, tak matice tuhosti řı́dké ve smyslu, že počet nenulových prvků
v libovolném sloupci je omezený konstantou. Potom je totiž možné násobit matici s vek-
torem přesně s lineárnı́ přesnostı́. V tomto přı́spěvku prezentujeme waveletovou bázi adapto-
vanou na interval, vzhledem ke které jsou jak matice hmotnosti, tak matice tuhosti odpovı́dajı́cı́
jednodimenzionálnı́mu Laplaciánu řı́dké. Následně je rovněž matice tuhosti odpovı́dajı́cı́ n - di-
menzionálnı́mu Laplaciánu ve waveletové bázi, která vznikne tenzorovým součinem jednodi-
menzionálnı́ch bázı́, řı́dká. Navı́c jsou konstruované báze velmi dobře podmı́něné. V tomto
přı́spěvku krátce představı́me tuto konstrukci a ukážeme několik numerických testů.

ÜBER DIE SELTENE REPRÄSENTATION VON LAPLAZIAN

Eine der der wichtigsten Teile der adaptiven Wavelet-Methoden besteht in der annähernden
Multiplikation der Zähigkeitsmatrix mit Vektoren in den Wavelet-Koordinaten. Obschon Al-
gorithmen fr eine annähernde Multiplikation mit linearer Komplexität bekannt sind, ist deren
Anwendung zeitlich gesehen relativ aufwändig und ihre Implementierung sehr beschwerlich.
Daher ist es wichtig, eine gut bedingte Wavelet-Basis zu entwickeln, für welche sowohl die
Massen- als auch die Zähigkeitsmatrix insofern selten sind, als die Anzahl der Null-Elemente
in einer beliebigen Kolumne durch die Konstante begrenzt ist. Hernach ist es nämlich möglich,
die Matrix mit dem Vektor genau mit linearer Genauigkeit zu multiplizieren. In diesem Beitrag
präsentieren wir die ans Intervall angepasste Wavelet-Basis, hinsichtlich derer sowohl die Ma-
ssen- als auch die dem eindimensionalen Laplazian entsprechende Zähigkeitsmatrix selten sind.
Auch die dem n-dimensionalen Laplazian in der Wavelet-Basis entsprechende Zähigkeitsmatrix,
die durch das Tensorprodukt eindimensionaler Basen entsteht, ist selten. Darüber hinaus werden
die konstruierten Basen sehr gut bedingt. In diesem Beitrag stellen wir kurz diese Konstruktion
vor und zeigen einige numerische Tests.

O RZADKIEJ REPREZENTACJI LAPLASJANU

Jedn ↪a z najważniejszych cz ↪eści falkowych metod adaptacyjnych jest efektywne przybliżone
mnożenie macierzy sztywności z wektorami we współrz ↪ednych waveletowych. Chociaż znane
s ↪a algorytmy służ ↪ace do przybliżonego mnożenia o złożoności liniowej, ich stosowanie jest sto-
sunkowo czasochłonne a ich wdrażanie bardzo trudne. Dlatego ważne jest opracowywanie do-
brze uwarunkowanej bazy falkowej, dla której macierze masy, jak również macierze sztywności
s ↪a rzadkie, to znaczy liczba elementów niezerowych w dowolnej kolumnie nie jest ogranic-
zona stał ↪a. Wówczas bowiem można macierz z wektorem mnożyć z dokładności ↪a liniow ↪a.
W niniejszym artykule zaprezentowano baz ↪e falkow ↪a zaadaptowan ↪a do interwału, w stosunku
do której macierze masy, jak również macierze sztywności odpowiadaj ↪ace jednowymiarowemu
laplasjanowi s ↪a rzadkie. Nast ↪epnie także macierz sztywności odpowiadaj ↪aca n-wymiarowemu
lapsjanowi w bazie falkowej (waveletowej), która powstaje w wyniku iloczynu tensorowego baz
jednowymiarowych, jest rzadka. Ponadto konstruowane bazy s ↪a bardzo dobrze uwarunkowane.
W niniejszym artykule krótko przedstawiono tak ↪a konstrukcj ↪e oraz pokazano kilka testów nu-
merycznych.
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Abstract

First multiwavelets have appeared around the early 1990s. The basic idea behind multiwavelets
is simple: to replace the single scaling function φ by the multiscaling function ΦΦΦ to have some
additional desired properties. It seems to be an interesting trade off because multiwavelets
provide higher order approximation with shorter support than single scaling function. Moreover,
it is possible to have both symmetric and orthogonal multiwavelets while this is not possible for
single wavelets. In recent years, several simple constructions of wavelet bases based on Hermite
cubic splines were proposed. In this contribution, we shortly review these constructions, use
these wavelets to solve numerically differential equations, and compare their performance.

Keywords: Wavelet; Hermite cubic splines; elliptic differential equations.

Introduction

A vector-valued function

ΦΦΦ(x) = (φ1(x),φ2(x), . . . ,φr(x))T , φ1(x),φ2(x), . . . ,φr(x) ∈ L2(R)

will be called a multiscaling function if it satisfies the following refinement equation

ΦΦΦ(x) =
t

∑
k=s

HkΦΦΦ(ax− k),

where s, t ∈ Z, s < t, Hk are some r× r matrices, a ∈ N and a ≥ 2. The multiscaling function
generates a multiresolution analysis of L2(R) in a similar way as for scalar wavelets. Subspaces
Vj are defined

Vj = closL2(R){φl, j,k = a j/2
φl(a jx− k) : 1 ≤ l ≤ r, k ∈ Z}, j ∈ Z.
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Then Wj, j ∈ Z denotes the orthogonal complementary subspaces of Vj in Vj+1 and the vector-
valued function

ΨΨΨ(x) = (ψ1(x),ψ2(x), . . . ,ψ(a−1)r(x))
T , ψ1(x),ψ2(x), . . . ,ψ(a−1)r(x) ∈ L2(R).

Therefore there exist matrices Qk such that

ΨΨΨ(x) =
t

∑
k=s

QkΦΦΦ(ax− k),

and fast decomposition and reconstruction algorithms can be constructed like for scalar wavelets.
Moreover, multiwavelets usually have shorter support than corresponding single wavelets, it is
possible to construct both symmetric and orthogonal multiwavelets while this is not possible
for single wavelets, and finally, it is possible to have a basis formed by functions with different
orders (see Example 1). However, multiwavelets have also some disadvantages: the discrete
multiwavelet transform usually requires preprocessing and postprocessing, and their construc-
tion is also more complicated. The reason, why preprocessing is necessary, is in the fact that
for scalar wavelets, we have

2−n/2 f
(
2−nk

)
≈

∫
f (x)φn,k(x)dx

and this does not hold in general for multiwavelets. Multiwavelets which do not require prepro-
cessing are for instance the so called balanced multiwavelets. They were constructed in [7, 8].
For more details on multiwavelets, we refer to [6].

Example 1 Simple example of piecewise linear multiwavelets is taken from [1]:

φ1(x) =
{

1 0 ≤ x ≤ 1
0 otherwise , φ2(x) =

{
2
√

3
(
x− 1

2

)
0 ≤ x ≤ 1

0 otherwise
,

ψ1(x) =


6x−1 0 ≤ x < 1

2
6x−5 1

2 ≤ x ≤ 1
0 otherwise

, ψ2(x) =


2
√

3
(
2x− 1

2

)
0 ≤ x < 1

2
−2

√
3
(
2x− 3

2

) 1
2 ≤ x ≤ 1

0 otherwise
.

The remainder of this paper is organized as follows. In the next section, we review sev-
eral simple constructions of wavelets based on Hermite cubic splines. Specifically, wavelets
with two vanishing wavelet moments proposed in [5], a hierarchical basis based on Hermite cu-
bic splines, wavelets with four vanishing wavelet moments proposed in [2], and wavelets with
respect to which both the mass and stiffness matrices corresponding to the one-dimensional
Laplacian are sparse [3]. In the last section, we use these wavelets to solve numerically differ-
ential equations and compare their performance.

1 Hermite Cubic Spline Wavelets

In the year 2000, W. Dahmen et al. [4] proposed a construction of biorthogonal multiwavelets
adapted to the interval [0,1] on the basis of Hermite cubic splines. They started with Hermite
cubic splines as the primal scaling bases on R. Then, they constructed dual scaling bases on
R consisting of continuous functions with small supports and with polynomial exactness of
order 2. Consequently, they derived primal and dual boundary scaling functions retaining the
polynomial exactness. This ensures vanishing moments of the corresponding wavelets. Finally,
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Source: Own

Fig. 1. Piecewise linear multiwavelets

they applied the method of stable completions to construct the corresponding primal and dual
multiwavelets on the interval.

These Hermite cubic splines are defined by

φ1(x) =


(x+1)2(1−2x) −1 ≤ x ≤ 0
(1− x)2(2x+1) 0 ≤ x ≤ 1

0 otherwise
, φ2(x) =


(x+1)2x −1 ≤ x ≤ 0
(1− x)2x 0 ≤ x ≤ 1

0 otherwise
.

They possess the following interpolation property:

φ1(0) = 1, φ
′
1(0) = 0, φ2(0) = 0, φ

′
2(0) = 1

and then for any function f ∈C1(R)

u := ∑
j∈Z

f ( j)φ1(x− j)+ ∑
j∈Z

f ′( j)φ2(x− j)

is a Hermite interpolant to f on Z.

1.1 Wavelets proposed by R. Q. Jia and S. T. Liu

An interesting construction was proposed in [5]. The authors constructed multiwavelets based
on Hermite cubic splines with continuous derivatives and with a support on the interval [−1,1].
One of the constructed wavelets is symmetric, and the second one is antisymmetric. They also
adapted them to the interval [0,1] and their construction of boundary wavelets is very simple
unlike the construction from [4]. In comparison with the semi-orthogonal wavelets, the wavelets
at different levels are orthogonal with respect to 〈u′,v′〉 instead of 〈u,v〉 . They are given by

ψ1(x) =−2φ1(2x+1)+4φ1(2x)−2φ1(2x−1)−21φ2(2x+1)+21φ2(2x−1),
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φ1 φ2

Source: Own

Fig. 2. The Hermite cubic spline

ψ1 ψ2

Source: Own

Fig. 3. Wavelets proposed by R. Q. Jia and S. T. Liu

ψ2(x) = φ1(2x+1)−φ1(2x−1)+9φ2(2x+1)+12φ2(2x)+9φ2(2x−1).

Both wavelets are supported on [−1,1] and its adaptation to the interval [0,1] is performed
by the restriction of the antisymmetric wavelet to the interval [0,1]. For n≥ 1, let Vn be the space
of piecewise cubic splines v ∈C1(0,1)∩C[0,1] for which v(0) = v(1) = 0. The dimension of
Vn is 2n+1 and the set

Φn := {φ1(2nx− j) : j = 1, ...,2n−1}∪
{

φ2(2nx− j)|[0,1] : j = 0, ...,2n}
is the basis for Vn. Let Wn be the complement of Vn in Vn+1 with the basis defined by

Ψn := {ψ1(2nx− j) : j = 1, ...,2n−1}∪
{

ψ2(2nx− j)|[0,1] : j = 0, ...,2n} .

Then, we have the following decomposition of H1
0 (0,1)

H1
0 (0,1) = V1 +W1 +W2 +W3 . . . .

1.2 Hierarchical Basis

The second possibility to define complement wavelet spaces, we use the following hierarchical
approach:

ψ1(x) = φ1(2x+1) and ψ2(x) = φ2(2x+1).
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Both functions are supported on [−1,0] and therefore no boundary functions are necessary.
The complement space Wn is then given by

Ψn := {ψ1(2nx− j) : j = 1, ...,2n}∪{ψ2(2nx− j) : j = 1, ...,2n} .

ψ1 ψ2

Source: Own

Fig. 4. Hierarchical wavelets

1.3 Wavelets with Moments

The third possibility is to define wavelets to have maximal number of vanishing moments for
the given support [−1,1]. Wavelets are given then by

ψ1(x) = φ1(2x+1)−φ1(2x−1)+
39
7

φ2(2x+1)+
132
7

φ2(2x)+
39
7

φ2(2x−1),

and

ψ2(x) =−1
2

φ1(2x+1)+φ1(2x)− 1
2

φ1(2x−1)− 15
4

φ2(2x+1)+
15
4

φ2(2x−1).

ψ1 ψ2

Source: Own

Fig. 5. Wavelets with the maximal number of vanishing moments
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Boundary wavelets are constructed to have the same number of vanishing moments as inner
wavelets. For more details, see [2]. Again let Wn be the complement of Vn in Vn+1 with the basis
defined by

Ψn := {ψ1(2nx− j), ψ2(2nx− j) : j = 1, ...,2n−1}
∪ψ3(2nx−1)|[0,1]∪ψ4(2n(x−1)+1)|[0,1].

1.4 Wavelets Proposed by T. J. Dijkema and R. Stevenson

Further construction was proposed in [3]. They first proved that it is not possible to construct
continuous piecewise smooth wavelets which have a compact support, form Riesz basis for
L2(I), properly scaled wavelets form the Riesz basis for H1(I), and with〈

ψ
′
λ
,ψ ′

µ

〉
= 0, and

〈
ψλ ,ψµ

〉
= 0 ∀λ ,µ.

Consequently, they constructed cubic Hermite wavelets with the continuous first derivative such
that among the primal multiresolution spaces Vj and the dual multiresolution spaces Ṽj the
following relation holds

Vj +V ′′
j ⊂ Ṽj+1.

As a consequence 〈
ψ
′
λ
,ψ ′

µ

〉
= 0,

〈
ψλ ,ψµ

〉
= 0, ∀λ , µ : |λ |> |µ|+1.

Their wavelets are then given by

ψ1(x) = φ1(2x+1)−φ1(2x−1)+
39
7

φ2(2x+1)+
132
7

φ2(2x)+
39
7

φ2(2x−1),

ψ2(x) =−1
2

φ1(2x+1)+φ1(2x)− 1
2

φ1(2x−1)− 15
4

φ2(2x+1)+
15
4

φ2(2x−1),

ψ3(x) =
3

∑
i=−3

ciφ1(2x− i)+diφ2(2x− i), ψ4(x) =
3

∑
i=−3

eiφ1(2x− i)+ fiφ2(2x− i)

with

c =
[
− 4595

13728
,

7
65

, −18737
68640

, 1, −18737
68640

,
7
65

, − 4595
13728

]
,

d =
[
−68741

22880
, −69

40
, −204701

22880
, 0,

204701
22880

,
69
40

,
68741
22880

]
,

e =
[

417
22880

, − 7
2340

,
5443

205920
, 0, − 5443

205920
,

7
2340

, − 417
22880

]
,

f =
[

723
4576

,
1
8
,

8153
13728

,
1
2
,

8153
13728

,
1
8
,

723
4576

]
.

Again Wn is the complement of Vn in Vn+1 with the basis defined by

Ψn :=
{

ψ1(2nx−2 j−1), ψ2(2nx−2 j−1) : j = 0, ...,2n−1−1
}

∪
{

ψ3(2nx−2 j) : j = 1, ...,2n−1−1
}
∪

{
ψ4(2nx−2 j)|[0,1] : j = 0, ...,2n−1} .
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ψ3 ψ4

Source: Own

Fig. 6. Wavelets proposed by T. J. Dijkema and R. Stevenson

2 Numerical Experiments

In this section, the wavelets introduced in the previous section are used to solve numeri-cally dif-
ferential equations. We will restrict ourselves to the equation −pu′′+qu = f with the Dirichlet
boundary conditions u(0) = u(1) = 0 and with positive constant coefficients. The corresponding

Galerkin approximation problem is the following: Find un =
2n+2

∑
i=1

civi such that

∫ 1

0
pu′n v′ + qun vdx =

∫ 1

0
f vdx ∀v ∈Vn.

By the Lax-Milgram lemma, this approximation problem has the unique solution. We also use
the standard wavelet preconditioning consisting in normalizing each basis function with respect
to the above bilinear form. To solve the arising system of linear equations, we use the conjugate
gradient method. The iterations are terminated if the difference of two consecutive iterations is
less than 10−n−2/cond(An), where cond(An) denotes the condition number of the corresponding
stiffness matrix.

Tab. 1. Obtained results for the problem with p = q = 1.

JL H M DS
n ||un−u||L2 NZ IT NZ IT NZ IT NZ IT
1 6.0e-02 48 4 40 7 54 7 54 5
2 1.7e-02 172 5 128 13 162 11 154 7
3 2.6e-03 552 6 368 20 418 16 410 9
4 2.7e-04 1580 7 976 31 1010 21 986 10
5 2.3e-05 4168 8 2448 41 2306 24 2202 13
6 1.8e-06 10396 10 5904 52 5042 25 4698 14
7 1.2e-07 24936 10 13840 74 10690 28 9754 16
8 8.3e-09 58283 11 31760 84 22194 31 19967 17
9 5.4e-10 135302 12 71696 110 46963 33 41627 19

Source: Own
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Tab. 2. Obtained results for the problem with p = 1 and q = 0.

JL H M DS
n ||un−u||L2 NZ IT NZ IT NZ IT NZ IT
1 6.0e-02 24 3 36 7 50 7 54 5
2 1.7e-02 56 5 116 12 154 11 154 7
3 2.6e-03 128 6 340 20 406 16 410 8
4 2.7e-04 280 6 916 31 994 20 986 10
5 2.3e-05 592 8 2324 41 2286 24 2202 12
6 1.8e-06 1224 10 5652 52 5018 25 4698 14
7 1.2e-07 2847 10 13332 69 10677 28 9762 15
8 8.3e-09 8818 10 30740 84 22347 30 20019 16
9 5.4e-10 35863 12 69652 110 46613 33 41421 19

Source: Own

First we solve the above problem with p = q = 1 and the exact solution u = x(1− e50x−50)
which exhibits a steep gradient near the point 1. Results are summarized in Table 1. Then we
solve the above problem with p = 1, q = 0 and with the exact solution u = x(1−e50x−50) which
exhibits a steep gradient near the point 1. Results are summarized in Table 2. In both tables, NZ
is the number of nonzero elements in stiffness matrices, IT represents the number of iterations,
JL denotes wavelets proposed in [5], H denotes hierarchical basis, M denotes wavelets proposed
in [2], and finally DS denotes wavelets proposed in [3]. Achieved approximation error was the
same for all bases.

Conclusion

Presented results affirm that wavelets proposed in [5] have excellent condition number, and
especially for the Poisson equation, the arising stiffness matrices are very sparse. Wavelets
proposed in [3] are best suited for general differential equations with constant coefficients.
Results of tested hierarchical basis confirm the well known fact that these basis do not form
the Riesz basis and therefore they need some additional preconditioning. Concerning the basis
proposed in [2], we suppose that it will be better (than tested bases) suited for non-constant
differential equations solved adaptively. Presented results also suggest that there is probably
some space to improve the condition number of the basis proposed in [2].
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MULTIWAVELETY ZALOŽENÉ NA HERMITOVSKÝCH KUBICKÝCH SPLINECH

Prvnı́ multiwaveletová báze se objevila kolem roku 1990. Základnı́ myšlenka multiwaveletů
je jednoduchá: nahradı́me jednu škálovou funkci jednou multiškálovou, abychom zı́skali lepšı́
vlastnosti bázových funkcı́. Multiwavelety totiž umožňujı́ aproximace vyššı́ho řádu s kratšı́m
nosičem než klasické škálové funkce. Navı́c je možné zkonstruovat symetrické ortogonálnı́
multiwavelety, což pro klasické wavelety nenı́ možné. V minulých letech se objevilo několik
jednoduchých konstrukcı́ waveletových bázı́ založených na hermitovských kubických splinech.
V tomto přı́spěvku stručně představı́me tyto konstrukce, použijeme tyto wavelety k nume-
rickému řešenı́ diferenciálnı́ch rovnic a srovnáme jejich vlastnosti.

AUF KUBISCHEN HERMITE-SPLINES ANGELEGTE MULTIWAVELETS

Die erste Multiwaveletbasis erschien um das Jahr 1990. Der Grundgedanke der Multiwavelets
ist einfach: Wir ersetzen eine Skalenfunktion durch eine Multiskalenfunktion, um bessere
Eigenschaften von Basenfunktionen zu erhalten. Die Multiwavelets ermöglichen nämlich eine
Annäherung höherer Ordnung mit einem kürzeren Träger als die klassischen Skalenfunktionen.
Außerdem ist es möglich, symmetrische orthogonale Multiwavelets zu konstruieren, was für die
klassischen Wavelets nicht möglich ist. In den vergangenen Jahren erschienen einige einfache
Konstruktionen von Wavelet-Basen, die auf kubischen Hermite-Splinen beruhen. In diesem
Beitrag stellen wir kurz diese Konstruktionen vor. Wir benutzen die Wavelets zur numerischen
Lösung von Differenzialgleichungen und vergleichen deren Eigenschaften.

FALKI WIELOKROTNE OPARTE NA HERMITOWSKICH SPLAJNACH

KUBICZNYCH

Pierwsza falka wielokrotna (ang. multiwavelets) pojawiła si ↪e około 1990 roku. Podstawowa
idea falek wielokrotnych jest prosta: zast ↪epujemy jedn ↪a funkcj ↪e skaluj ↪ac ↪a jedn ↪a wieloskaluj ↪ac ↪a,
aby pozyskać lepsze cechy funkcji bazowych. Falki wielokrotne umożliwiaj ↪a bowiem aproksy-
macj ↪e wyższego rz ↪edu z krótsz ↪a baz ↪a w porównaniu z klasyczn ↪a funkcj ↪a skaluj ↪ac ↪a. Ponadto
możliwe jest skonstruowanie symetrycznych ortogonalnych falek wielokrotnych, co nie jest
możliwe w przypadku klasycznych falek. W poprzednich latach pojawiło si ↪e kilka prostych
konstrukcji baz falkowych opartych na hermitowskich splajnach kubicznych. W niniejszym
artykule krótko przedstawiono takie konstrukcje, omawiane falki zastosowano do numeryczne-
go rozwi ↪azywania równań różniczkowych oraz porównano ich cechy.
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Abstract

We deal with a numerical solution of nonlinear convection-diffusion problems with the aid of
the discontinuous Galerkin finite element (DGFE) method. Wepropose a newhp-adaptation
technique, which is based on a combination of a residuum-nonconformity estimator and a re-
gularity indicator. The residuum-nonconformity estimator consists of two building blocks (the
residuum error indicator and the value of the nonconformity). The estimator marks mesh ele-
ments for a refinement. The regularity indicator decides if the marked elements will be refined
by h- or p-technique. The residuum-nonconformity estimator as wellas the regularity indicator
are easily computable quantities. Moreover, the same technique estimates an algebraic error
arising from an iterative solution of the corresponding nonlinear algebraic system. The perfor-
mance of the proposedhp-DGFE method is demonstrated by several numerical examples.

Keywords: hp-discontinuous Galerkin finite element method; residuum-nonconformity indi-
cator; regularity estimator; algebraic error.

Introduction

Our aim is to develop a sufficiently robust, efficient and accurate numerical scheme for the
simulation of viscous compressible flows. Thediscontinuous Galerkin finite element(DGFE)
methods have become very popular numerical techniques for the solution of the compressible
Navier-Stokes equations. Recent progress of the use of the DGmethod for compressible flow
simulations can be found in [11].

In this paper, we deal with a model problem represented by a scalar nonlinear convection-
diffusion equation. We focus on ahp-adaptation strategy of DGFE methods which significantly
increase the accuracy and efficiency of the computation, see, e.g. [2, 6, 8, 12, 13].

The proposed strategy is based on a combination of a residuum-nonconformity estimator
and a regularity indicator. Theresiduum-nonconformity estimatorgives a lower estimate of
the error measure consisting of the error measured in a dual norm and the quantity measuring
a violation of the conformity of the solution. This estimator is locally defined for each mesh
element, it is easily computable and its implementation is very simple. Theregularity indicator
is based on the integration of interelement jumps of the approximate solution over the element
boundary. Taking into account results from a priori error analysis, we define the regularity
indicator. If this value is smaller than one then we apply ap-refinement otherwise we use
ah-refinement. Both refinements (h andp) are only isotropic, an anisotropic adaptation will be
a subject of the further research.
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1 Problem Formulation

1.1 Governing Equations

We consider a formal nonlinearpartial differential equation

Lu = 0 in Ω, (1a)

u = uD on ∂ΩD, (1b)

Nu = gN on ∂ΩN, (1c)

whereu : Ω → R is the unknown scalar function defined onΩ ∈ R
d, d = 2,3, L is a formal

second order differential operator and (1b) and (1c) formally represent the Dirichlet and Neu-
mann boundary conditions on the parts of boundary∂ΩD and∂ΩN, respectively. We assume
that there exits a unique weak solution of (1) which we denoteagain byu.

Let Th (h> 0) be a partition of the closureΩ of the domainΩ into a finite number of closed
d-dimensional simpliciesK with mutually disjoint interiors. We callTh = {K}K∈Th

a triangu-
lation of Ω and do not require the conforming properties from the finite element method.

Over the triangulationTh we define the so-calledbroken Sobolev space

Hs(Ω,Th) := {v;v|K ∈ Hs(K) ∀K ∈ Th}, s≥ 0 (2)

with the seminorm|v|Hs(Ω,Th) :=
(

∑K∈Th
|v|2Hs(K)

)1/2
, where| · |Hs(K) denotes the seminorm of

the Sobolev spaceHs(K), K ∈ Th.
Moreover, to eachK ∈Th, we assign a positive integerpK (=local polynomial degree). Then

we define the set
ph := {pK,K ∈ Th}. (3)

We define the finite dimensional subspace ofH1(Ω,Th) which consists of discontinuous piece-
wise polynomial functions associated with the vectorph by

Shp = {v; v∈ L2(Ω), v|K ∈ PpK(K) ∀K ∈ Th}, (4)

wherePpK(K) denotes the space of all polynomials onK of degree≤ pK, K ∈ Th.
We introduce a formal discretization of (1) with the aid of DGFE method. Hence, let

c̃h(u,v) : H2(Ω,Th)×H2(Ω,Th) → R (5)

be the corresponding form which is nonlinear with respect toits first argument and linear with
respect to the second one. We say that the functionuh ∈ Shp is anapproximate solutionof (1),
if

c̃h(uh,vh) = 0 ∀vh ∈ Shp. (6)

Moreover, we define the formNh : H1(Ω,Th) → R by

Nh(v) :=



2 ∑
Γ∈F I

h

∫

Γ
h−1

Γ [[v]]2dS+ ∑
Γ∈FD

h

∫

Γ
h−1

Γ (v−uD)2dS





1/2

, (7)

whereuD is from (1b),F I
h denotes the set of all interior faces ofTh, F D

h denotes the set of all
faces ofTh lying on ∂ΩD, [[·]] is the jump of a function fromH1(Ω,Th) andhΓ is the diameter
of a faceΓ.

Finally, we characterise the weak solution of (1).
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Lemma 1.1 The following implications are valid:

i) Let u∈ H2(Ω) be the weak solution of(1) then

c̃h(u,v) = 0 ∀v∈ H2(Ω,Th), (8a)

Nh(u) = 0. (8b)

ii) If u ∈ H2(Ω,Th) satisfies both conditions of(8) then u is the weak solution of(1).

The discrete problem (6) represents a system ofNh = dimShp nonlinear algebraic equations.
We solve it with the aid of a Newton-like iterative method which gives the solution ˜uh ∈ Shp

such that ˜ch(ũh,vh) ≈ 0 ∀vh ∈ Shp.

2 Residuum Estimator

In this section we investigate the discretization erroru−uh and the algebraic error ˜uh−uh in
a suitable (dual) norm and define estimators giving some information about these errors.

2.1 Error Measure

Similarly as in [3], our proposed error measure consists oftwo building blocks, which are mo-
tivated by Lemma 1.1, namely relations (8a) and (8b). LetX := H2(Ω,Th) and‖·‖X is a norm
defined onX, which will be specified later. Thefirst building blockis given by

Rh(uh) := sup
06=v∈X

c̃h(uh,v)
‖v‖X

(9)

which defines theresiduum error in the dual normof the approximate solutionuh ∈ Shp ⊂ X
and it measures a violation of (8a). However, it is impossible to evaluateRh(uh), since the
supremum is taken over an infinite-dimensional space. Therefore, in our approach, we seek the
maximum over some sufficiently large but finite dimension subspace ofX, which is presented
in Section 2.2.

Thesecond building blockis based on (8b), which characterises a violation of the conformity
of the weak solution and a violation of the Dirichlet boundary condition. It is represented by the
valueNh(uh) ≥ 0 given by (7) which we call thenonconformityof the approximate solution.
In contrast toRh(uh) the quantityNh(uh) is directly computable from (7). Finally, ourerror
measureis the sum of squares of theresiduum errorandnonconformity, i.e.,

Eh(uh) := (Rh(uh)
2 +Nh(uh)

2)1/2. (10)

Due to Lemma 1.1 we simply observe thatEh(uh) = 0 if and only ifuh = u.

2.2 Global and Element Residuum Estimators

In the previous section, we introduced the error measureEh(uh) =
√

Rh(uh)2 +Nh(uh)2 of the
approximate solutionuh ∈ Shp ⊂ X. WhereasNh(uh) is easy to evaluate, the quantityRh(uh)
has to be approximated in a suitable way, which is presented in this section. For eachK ∈ Th

and each integerp≥ 0, we define the spaces

Sp
K := {φh ∈ X, φh|K ∈ Pp(K), φh|Ω\K = 0} (11)
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and
S+

hp
:= {φ ∈ X;φ = ∑

K∈Th

cKφK, cK ∈ R, φK ∈ SpK+1
K , K ∈ Th}. (12)

Obviously,Shp ⊂ S+
hp

⊂ X.
Now, we define theelement residuum estimator

ρh,K(uh) := sup
06=ψh∈S

pK+1
K

c̃h(uh,ψh)

‖ψh‖X
= sup

ψh∈S
pK+1
K ,‖ψh‖X=1

c̃h(uh,ψh), uh ∈ X, (13)

for eachK ∈ Th and theglobal residuum estimator

ρh(uh) := sup
06=ψh∈S+

hp

c̃h(uh,ψh)

‖ψh‖X
= sup

ψh∈S+
hp,‖ψh‖X=1

c̃h(uh,ψh), uh ∈ X, (14)

which are easily computable quantities if‖·‖X is suitably chosen, see Section 2.4.
Obviously, if u ∈ X is the exact solution of (1) then consistency (8a) implies 0= ρh(u) =

ρh,K(u), K ∈ Th. Moreover, we have immediately a lower bound

ρh(uh) ≤ Rh(uh), (15)

sinceρh is the supremum over subspaceS+
hp

⊂ X. However, it is open if there exists an upper
bound, i.e.,Rh(uh) ≤Cρh(uh), whereC > 0. This will be the subject of a further research.

2.3 Algebraic Residuum Estimators

Similarly as in the previous section, we define the estimatorcorresponding to thealgebraic
error residuum. Let ũh ∈ Shp be the output of the iterative process used for the solution of (6).
We define thealgebraic residuum estimator

ρA
h (ũh) := sup

06=ψh∈Shp

c̃h(ũh,ψh)

‖ψh‖X
= sup

ψh∈Shp,‖ψh‖X=1
c̃h(uh,ψh), (16)

which measures the algebraic error (the difference betweenũh anduh), sinceρA
h (uh) = 0 due to

(6). The relations (14) and (16) giveρA
h (ũh) ≤ ρh(ũh), since in (14) the supremum is taken over

the larger space.
We stop the iterative process for the solution of the nonlinear algebraic problem (6) if

ρA
h (ũh) ≤ βρh(ũh), (17)

whereβ ∈ (0,1). In numerical experiments we putβ ≈ 0.01.

2.4 Choice of the Norm‖·‖X

In order to ensure a fast evaluation of estimatorsρh andρA
h , we need to choose the norm‖·‖X

in a suitable way. We employ

‖ · ‖X :=
(

δ‖ · ‖2
L2(Ω) + ε| · |2H1(Ω,Th)

)1/2
, (18)

which guarantees that
ρh(uh)

2 = ∑
K∈Th

ρh,K(uh)
2. (19)

Hereδ andε denote the size of “convection” and “diffusion”, respectively.
Therefore, it is sufficient to evaluate the element residuumestimatorsρh,K, K ∈ Th. This is

a standard task of seeking a constrain extrema overSpK+1
K with the constraint‖ψh‖X = 1. This

can be done directly very fast since the dimension ofSpK+1
K , K ∈ Th is small.
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2.5 Residuum-Nonconformity Estimators

We have already mentioned that the second building block of the error measure is given by the
nonconformityNh(uh) defined by (7). For the purpose of a mesh adaptation, we define its local
variant

Nh,K(v) :=



 ∑
Γ∈F I

h∩∂K

∫

Γ
h−1

Γ [[v]]2dS+ ∑
Γ∈FD

h ∩∂K

∫

Γ
h−1

Γ (v−uD)2dS





1/2

, v∈ H1(Ω,Th).

(20)
Obviously, from (7) and (20), we haveNh(v)2 = ∑K∈Th

Nh,K(v)2. Finally, we define thelocal
andglobal residuum-nonconformity estimatorsof the approximate solutionuh ∈ Shp by

ηh,K(uh) :=
(

ρh,K(uh)
2 +Nh,K(uh)

2)1/2
, K ∈ Th, (21a)

and ηh(uh) :=
(

ρh(uh)
2 +Nh(uh)

2)1/2
=

(

∑
K∈Th

ηh,K(uh)
2

)1/2

, (21b)

respectively. In virtue of (10), (15) and (21), we expect that the global residuum-nonconformity
estimatorηh(uh) approximates the error measureEh(uh). In the following we introduce an adap-
tation technique which produces ahp-mesh and the corresponding approximate solution such
that the estimatorηh(uh) is under a given tolerance.

3 hp-Adaptation Process

In this section, we present a newhp-adaptive DG technique for the solution of (6). In Section
2, we defined the element and global residuum-nonconformityestimatorsηh,K andηh, respec-
tively. We employ the norm‖·‖X given by (18) which guarantees that equality (19) is valid. As
already mentioned, our interest is to find the solution ˜uh ∈ Shp such that

ηh(ũh) ≤ ω, (22)

whereω > 0 is a given tolerance.
Let Th be a given mesh and ˜uh the corresponding approximation of (6). We require that

ηh,K(ũh) ≤
ω

√
#Th

∀K ∈ Th, (23)

where #Th denotes the number of elements ofTh. Obviously, if (23) is satisfied then, due
to (21b), condition (22) is valid and the adaptation processstops. Otherwise, we mark for
refinement allK ∈ Th violating (23).

Furthermore, all marked elements will be refined either byh- or by p-adaptation, namely,
either we split a given mother elementK into four daughter elements or we increase the degree
of polynomial approximation for a given element. Thus the new meshTĥ and new set{p̂K,K ∈
Tĥ} are created. We interpolate the old solution on a new mesh andperform the next adaptation
step till (22) is valid.

3.1 Regularity Indicator

The estimation of the regularity of the solution is an essential key of anyhp-adaptation strategy.
Our approach is based on a measure of inter-element jumps which is the base of the jump
indicator from [5] and the shock capturing technique from [7].
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We propose theregularity indicator

gK(uh) :=

∫

∂K∩Ω[[uh]]
2dS

|K|h2pK−2
K

, K ∈ Th, (24)

where|K| is the area ofK ∈ Th. If the exact solution is sufficiently regular, i.e.,sK ≥ pK +1,

thengK(uh) ≈ O
(

h2pK+1
K /h2

Kh2pK−2
K

)

= O(h1
K). On the other hand, if the exact solution is not

sufficiently regular, i.e.,sK < pK + 1 (⇔ sK ≤ pK), thengK(uh) ≈ O
(

h2sK−1
K /h2

Kh2pK−2
K

)

=

O(h2δ−1
K ), whereδ = sK − pk ≤ 0. Then we use the following strategy

gK(uh) ≤ 1 ⇒ solution is regular ⇒ p-refinement,
gK(uh) > 1 ⇒ solution is irregular ⇒ h-refinement,

K ∈ Th. (25)

4 Numerical Experiments

In the previous sections, we introduced and developed the adaptive hp-DGFE method. We
demonstrate its performance in this section by several numerical examples. Let ˜uh be the ap-
proximate solution resulting from an iterative method, i.e., the solution influenced by the alge-
braic error. We deal with two following numerical examples:

(E1) nonlinear convection-diffusion equation with a corner singularity from [9],

(E2) linear convection-diffusion equation with the stronginterior layer and the exponential
boundary layer from [10].

For the first one, we know the exact solution and therefore we are able to evaluate the
computational error. We carried out ahp-adaptive algorithm starting on a mesh with the step
h0 and P1 polynomial approximation. We evaluate‖u− ũh‖X , Nh(ũh) and ρh(ũh) with the
corresponding experimental orders of convergence (EOC) with respect to the number of degree
of freedomNh defined by

EOC=
logehl+1 − logehl

log(1/
√

Nhl+1)− log(1/
√

Nhl )
, l = 1,2, . . . , (26)

Moreover, we evaluate the“effectivity index”

ieff :=
ηh(ũh)

(

‖u− ũh‖X
2 +Nh(ũh)2

)1/2
=

(

ρh(ũh)
2 +Nh(ũh)

2
)1/2

(

‖u− ũh‖X
2 +Nh(ũh)2

)1/2
. (27)

Let us note that the indexieff is not a standard effectivity index sinceρh(ũh) is the approximation
of Rh(ũh) and not of‖u− ũh‖X. Obviously, if Nh(ũh) dominateρh(ũh) and‖u− ũh‖X then
the indexieff is close to one. In this case it would be also interesting to evaluate the ratio
ρh(ũh)/‖u− ũh‖X.

4.1 (E1): Nonlinear Convection-Diffusion Equation with a Corner Singularity

We consider the scalar nonlinear convection-diffusion equation

−∇ · (K(u)∇u)−
∂u2

∂x1
−

∂u2

∂x2
= g in Ω := (0,1)2, (28)

61



.00 .25 .50 .75 1.00.00

.25

.50

.75

1.00

.00 .01 .03 .04 .05.00

.01

.03

.04

.05

P0P0

P1P1

P2P2

P3P3

P4P4

P5P5

hp

Source: Own

Fig. 1. Example (E1) given by(28) – (30) with α = −3/2: the final grid with the cor-
responding degrees of polynomial approximation, the whole domain (left) and its detail
(0,1/20)× (0,1/20) (right)

whereK(u) is the nonsymmetric matrix given by

K(u) = ε
(

2+arctan(u) (2−arctan(u))/4
0 (4+arctan(u))/2

)

. (29)

The parameterε > 0 plays a role of an amount of diffusivity and we putε = 10−3. We prescribe
a Dirichlet boundary condition on∂Ω and set the source termg such that the exact solution is

u(x1,x2) = (x2
1 +x2

2)
α/2x1x2(1−x1)(1−x2), α ∈ R. (30)

We present two choices:α = 4 andα = −3/2. It is possible to show (see [1]) thatu ∈
Hκ(Ω), κ ∈ (0, 3+ α), whereHκ(Ω) denotes the Sobolev-Slobodetskii space of functions
with “non-integer derivatives”. Whereas the choiceα = 4 gives sufficiently regular solution,
the choiceα = −3/2 leads to the solution with a singularity atx1 = x2 = 0. Numerical exam-
ples presented in [4], carried out for a little different problem, show that this singularity avoids
to achieve an order of convergence better thanO(h3/2) in the L2-norm andO(h1/2) in the
H1-seminorm for any degree of polynomial approximation. Nevertheless, the exact solution
is regular outside of the singularity.

Table 1 shows the results for problem (28) – (30) withα = 4 andα = −3/2, namely the
values of the error‖u− ũh‖X, nonconformityNh(ũh), residuum error estimateρh(ũh) with the
corresponding EOC, indexieff and the computational times in seconds. We observe that the
computational error‖u− ũh‖X converge exponentially forα = 4 and significantly faster than
O(h1/2) for α = −3/2. Furthermore, the indexieff is very close to one for increasingNh which
supports the accuracy of the method. A small increase ofieff in Table 1 forα = 4 for the last
adaptation level is caused by the fact that we are close to themachine accuracy.

Furthermore, Figure 1 shows the finalhp-grid obtained with the aid of thehp-DGFE algo-
rithm for α = −3/2. (The caseα = 4 is not interesting since onlyp-refinement is carried out
due to the regularity of the exact solution.) We observe thatthe h-adaptation was carried out
in a small region near the singularity. On the other hand, thep-adaptation appears in regions
where the solution is regular.
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Tab. 1. Example (E1) given by(28) – (30): error ‖u− ũh‖X, nonconformityNh(ũh), residuum
error estimateρh(ũh) with the corresponding EOC, index ieff and the computational time in
seconds
α = 4:

lev #Th Nh ‖u− ũh‖X EOC Nh(ũh) EOC ρh(ũh) EOC ieff CPU(s)
0 128 384 6.45E-03 – 1.99E-02 – 5.58E-03 – 0.99 0.4
1 128 705 4.56E-04 8.72 3.07E-03 6.15 6.60E-04 7.03 1.01 0.7
2 128 384 6.45E-03 8.72 1.99E-02 6.15 5.58E-03 7.03 0.99 0.4
3 128 768 4.43E-04 7.73 3.01E-03 5.45 6.35E-04 6.27 1.01 0.7
4 128 1280 3.87E-05 9.54 2.75E-04 9.36 5.22E-05 9.78 1.01 1.0
5 128 1920 2.75E-06 13.05 1.73E-05 13.65 3.05E-06 14.02 1.00 1.4
6 128 2688 1.10E-07 19.12 7.04E-07 19.02 1.13E-07 19.59 1.00 2.2
7 128 3584 2.49E-09 26.35 1.62E-08 26.24 2.42E-09 26.72 1.00 3.4
8 128 4608 2.98E-11 35.22 2.23E-10 34.08 3.00E-11 34.92 1.00 5.3
9 128 5760 3.17E-15 82.03 2.02E-14 83.51 1.56E-14 67.83 1.25 9.0

α = −3/2:
lev #Th Nh ‖u− ũh‖X EOC Nh(ũh) EOC ρh(ũh) EOC ieff CPU(s)
0 128 384 1.32E-02 – 1.41E-01 – 4.52E-02 – 1.05 0.5
1 128 759 5.98E-03 2.32 6.70E-02 2.18 1.26E-02 3.75 1.01 0.8
2 128 919 5.50E-03 0.87 6.36E-02 0.55 6.26E-03 7.31 1.00 1.1
3 128 969 4.30E-03 9.31 5.52E-02 5.36 4.34E-03 13.81 1.00 1.4
4 134 1089 2.98E-03 6.29 3.96E-02 5.69 3.09E-03 5.86 1.00 1.6
5 140 1191 2.10E-03 7.81 2.75E-02 8.14 2.07E-03 8.91 1.00 1.9
6 152 1371 1.49E-03 4.82 1.93E-02 4.99 1.45E-03 5.03 1.00 2.1
7 158 1476 1.07E-03 9.07 1.37E-02 9.33 1.05E-03 8.72 1.00 2.5
8 164 1578 7.71E-04 9.78 9.78E-03 10.13 7.97E-04 8.34 1.00 2.9
9 176 1758 5.65E-04 5.75 7.04E-03 6.09 6.35E-04 4.21 1.00 3.3
10 188 1938 4.26E-04 5.81 5.15E-03 6.41 5.37E-04 3.43 1.00 3.8
11 200 2118 3.35E-04 5.41 3.87E-03 6.41 4.81E-04 2.48 1.00 4.3

Source: Own

4.2 (E2): Linear Convection-Diffusion Equation with the Strong Interior Layer and the
Exponential Boundary Layer

We consider the example from [10], given by

−ε△u+b1
∂u
∂x1

+b2
∂u
∂x2

= 0 in Ω := (0,1)2, (31)

whereε = 10−8 is a constant diffusion coefficient and(b1,b2) = (cos(−π/3),sin(−π/3)) is
the convection. We prescribe the Dirichlet boundary condition on∂Ω by

uD(x1,x2) =

{

0 for x1 = 1 orx2 ≤ 0.7,
1 otherwise.

(32)

The solution possesses an interior layer in the direction ofthe convection starting in(x1,x2) =
(0,0.7) and contains two boundary layers alongx1 = 0 andx2 = 0. On the boundaryx1 = 1 and
on the right part of the boundaryx2 = 0, exponential layers are developed. The width of layers
are proportional toε.

For this case, the exact solution is piecewise constant except thin regions along the boundary
and interior layer, however, its analytical expression is unknown. Therefore the computational
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Tab. 2. Example (E2) given by(31) – (32) with ε = 10−8: the approximation of the er-
ror ‖ū− ũh‖X, nonconformityNh(ũh), residuum error estimateρh(ũh) with the corresponding
EOC, index ieff and the computational time in seconds

lev #Th Nh ‖ū− ũh‖X EOC Nh(ũh) EOC ρh(ũh) EOC ieff CPU(s)
0 128 384 1.25E-01 – 3.58E+00 – 1.03E+00 – 1.04 0.3
1 128 635 9.56E-02 1.08 3.57E+00 0.01 7.60E-01 1.20 1.02 0.6
2 167 1211 8.06E-02 0.53 5.03E+00 -1.06 7.60E-01 -0.00 1.01 1.0
3 245 1984 7.50E-02 0.30 7.09E+00 -1.39 5.85E-01 1.06 1.00 2.2
4 467 3921 6.35E-02 0.49 1.00E+01 -1.02 5.95E-01 -0.05 1.00 4.0
5 1025 9751 6.12E-02 0.08 1.42E+01 -0.76 6.89E-01 -0.32 1.00 9.4
6 2189 21663 4.51E-02 0.76 2.01E+01 -0.87 7.32E-01 -0.15 1.00 18.2
7 4910 54765 3.17E-02 0.76 2.84E+01 -0.75 6.75E-01 0.17 1.00 50.8
8 7733 106285 2.28E-02 0.99 2.86E+01 -0.02 5.38E-01 0.68 1.00 196.6
9 14240 221582 1.76E-02 0.71 2.86E+01 -0.00 5.20E-01 0.09 1.00 505.8
10 19103 310336 1.62E-02 0.50 2.86E+01 -0.00 5.16E-01 0.04 1.00 1046.7
11 17849 272175 1.61E-02 -0.05 2.86E+01 0.00 5.16E-01 -0.00 1.00 1163.8
12 17426 250641 1.61E-02 -0.01 2.86E+01 -0.00 5.16E-01 0.00 1.00 1226.7
13 17366 240586 1.61E-02 0.03 2.86E+01 -0.01 5.16E-01 0.00 1.00 1248.5
14 17288 236116 1.61E-02 -0.16 2.86E+01 0.02 5.16E-01 0.01 1.00 1290.4
15 17207 233366 1.61E-02 0.12 2.86E+01 -0.05 5.16E-01 0.01 1.00 1311.4

Source: Own

error ‖u− ũh‖X is approximated by‖ū− ũh‖X whereū is piecewise constant function corre-
sponding to the exact solution of (31) in the limit withε → 0. (The boundary conditions have
to be modified of course.)

Table 2 shows the results of computations (E2) for problem (31) – (32), namely the values
of the approximation of the error‖ū− ũh‖X, nonconformityNh(ũh), residuum error estimate
ρh(ũh) with the corresponding EOC, indexieff and the computational times in seconds. The
value‖ū− ũh‖X does not tend to zero, probably due to the difference betweenthe exact solution
u and its approximation ¯u. Moreover, the nonconformityNh(ũh) is high, it will decrease with an
additional mesh adaptation, however, here we face a problemwith a too high number of degree
of freedom and the limits of our computer. It would be more efficient to apply an anisotropic
mesh adaptation. Nevertheless, the results show that the presentedhp-method works reasonably,
both layers are well captured.

Furthermore, Figure 2 shows the finalhp-grid obtained with the aid of thehp-DGFE al-
gorithm after 5, 10 and 15 adaptive cycles. We observe that the h-adaptation was carried out
in regions near both layers. In regions, where the solution is constant, theP0 approximation
is finally used. We also observe that the algorithm is able to decreaseNh when the thin layers
are well localized. Finally, Figure 3 shows the detail of thediagonal cut[0,0] → [1,1] of the
approximate solution afterl = 5, l = 10 andl = 15 adaptation cycles.

Conclusion

We presented ahp-adaptive numerical method for the solution of the second order boundary
value problem. This approach is based on a heuristic approximation of the error measured
in a dual norm. Although a theoretical justification of this technique is missing, numerical
experiments show reasonable computational properties.
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Fig. 2. Example (E2) given by(31)– (32)with ε = 10−8: the grids after l= 5,10,15adaptation
cycles with the corresponding degrees of polynomial approximation, the whole domain (left)
and its details(0.2,0.4)× (0.2,0.4) (centre) and(0.9,1)× (0,0.1) (right)
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hp-NESPOJIT́A GALERKINOVA METODA PRO NELINEÁRNÍ PROBLÉMY

Zab́yváme se numericḱym řěseńım nelinéarńıch konvektivňe-difusńıch rovnic pomoćı nespojit́e
Galerkinovy metody. Navrhujeme novouhp-adaptivńı metodu, kteŕa je zalǒzena na residúalně-
nekonformńım odhadu chybu a indiḱatoru regularity̌rěseńı. Residúalně-nekonformńı odhad se
sklád́a ze dvoǔcást́ı, residúalńım odhadu chyby a tzv. hodnotě nekonformity. Pomocı́ odhadu
chyby hled́ame elementy sı́tě, kteŕe se maj́ı zjemnit a indiḱator regularity rozhoduje, zda-li
maj́ı být oznǎceńe elementy zjemňeny technikouh nebo p. Residúalně-nekonformńı odhad
a i indikátor regularity jsou snadno spočitatelńe velǐciny. Stejńa technika m̊uže rovňež pomoci
odhadnout chybu vzniklou z nepřesńehořěseńı přı́slǔsńe nelinéarńı algebraicḱe soustavy rovnic.
Možnosti metody jsou dokumentovány pomoćı několika numericḱych experiment̊u.

DIE hp-DISKONTINUIERLICHE GALERKIN -METHODE FÜR NICHTLINEARE

PROBLEME

Wir bescḧaftigen uns mit de numerischen Lösung nichtlinearer konvektiv-diffuser Gleichun-
gen mit Hilfe der diskontinuierlichen Galerkin-Methode. Wir entwerfen eine neuehp-adaptive
Methode, die auf einer Kombination einer residual-nichtkonformen Fehlerscḧatzung und einem
Regulariẗatsindikator beruht. Die residual-nichtkonforme Schätzung besteht aus zwei Teilen,
der residualen Fehlerschätzung und dem so genannten Nichtkonformitätswert. Mit Hilfe der
Fehlerscḧatzung suchen wir Netzelemente, die verfeinert werden sollen, und der Regularitätsin-
dikator entscheidet, ob die bezeichneten Elemente mit der Technikh oderp verfeinert werden
sollen. Die residual-nichtkonforme Schätzung und auch der Regularitätsindikator sind wohl
berechenbare Größen. Die gleiche Technik kann ebenfalls bei der Schätzung eines Fehlers
helfen, der aus einer ungenauen Lösung des zugehörigen nichtlinearen algebraischen Glei-
chungssystems hervorgegangen ist. Die Möglichkeiten der Methode werden mit Hilfe einiger
numerischer Experimente dokumentiert.

hp-NIECIA֒GŁA METODA GALERKINA DLA PROBLEM ÓW NIELINIOWYCH

Zajmujemy si֒e numerycznym rozwia֒zywaniem nieliniowych ŕownán konwekcyjno-dyfuzyj-
nych przy pomocy niecia֒głej metody Galerkina. Proponujemy nowa֒ metod֒e hp-adaptacyjn֒a,
oparta֒ na rezydualnie niekonformicznym szacunku błe֒du i wskázniku regularnósci rozwia֒zania.
Szacunek rezydualno niekonformiczny składa sie֒ z dẃoch cz֒ésci, rezydualnym szacunku błe֒du
oraz tzw. wartósci niezgodnósci. Za pomoc֒a szacunku błe֒du poszukujemy elementów sieci,
które maj֒a zostác złagodzone a wskaźnik regularnósci decyduje o tym, czy zaznaczone ele-
menty maj֒a býc złagodzone przy pomocy technikih czy p. Szacunek rezydualno- niekon-
formiczny oraz wskáznik regularnósci sa֒ wielkósciami łatwymi do wyliczenia. Ta sama tech-
nika mȯze poḿoc tak̇ze przy szacowaniu błe֒du powstałego w wyniku niedokładnego rozwia֒za-
nia danego nieliniowego algebraicznego układu równán. Możliwości metody pokazano na
przykładzie kilku eksperymentów numerycznych.
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Abstract

We consider nonlinear algebraic systems arising from numerical discretizations of nonlinear
partial differential equations of diffusion type. In orderto solve them, some iterative nonlinear
solver, and, on each step of this solver, some iterative linear solver are used. We propose
adaptive stopping criteria for both these solvers, based onan a posteriori error estimate which
distinguishes the different error components, namely the discretization, linearization, and alge-
braic ones. Our estimates give a guaranteed error upper bound and also a robust error lower
bound. Numerical experiments for the nonlinear Laplace equation, nonconforming finite ele-
ment discretization, Newton linearization, and conjugategradients algebraic solver illustrate the
theory.

Keywords: Nonlinear algebraic system; adaptive linearization, adaptive algebraic solution;
stopping criterion; a posteriori error estimate.

Introduction

Consider a system of nonlinear algebraic equations written in the form: find a vectorU ∈ R
N,

N ≥ 1, such that
A (U) = F, (1)

whereA : R
N → R

N is a nonlinear operator andF ∈ R
N a given vector. We describe in this

contribution an adaptive version of the inexact Newton method, cf. [2], for problem (1).
Our method is driven by stopping criteria based on a posteriori error estimators distinguish-

ing three main error components, namely the discretization, linearization, and algebraic ones.
On a nonlinear solver stepk, k ≥ 1, and linear solver stepi, i ≥ 1, these estimators are respec-
tively denoted byηk,i

disc, ηk,i
lin , andηk,i

alg. A notion of an algebraic remainder estimatorηk,i
rem also

appears. All the estimators are fully computable quantities on each iteration step; their precise
form depends on the nonlinear problem, numerical discretization, and nonlinear solver at hand,
but is independent of the linear solver. Examples are given below, whereas the detailed forms
can be found in [1].

Let γrem, γalg, andγlin be positive user-given weights, typically of order 0.1, related to the
maximum percentage part of the given error component in the total error. The algorithm reads:

Algorithm 1 (Adaptive inexact Newton method).
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1. Choose an initial vector U0 ∈ R
N. Set k:= 1.

2. From Uk−1, define a matrixAk ∈ R
N,N and a vector Fk ∈ R

N. Consider the following
system of linear algebraic equations:

A
kUk = Fk. (2)

3. (a) Define Uk,0 := Uk−1 and set i:= 1.

(b) Perform a step of a chosen iterative linear solver for thesolution of the linear sys-
tem (2), starting from the vector Uk,i−1. This yields an approximation Uk,i to Uk

which satisfies
A

kUk,i = Fk−Rk,i, (3)

where Rk,i ∈ R
N is the algebraic residual vector on step i.

(c) Performν > 0 additional steps of the iterative linear solver yielding anapproxima-
tion Uk,i+ν to Uk which satisfies

A
kUk,i+ν = Fk−Rk,i+ν , (4)

where Rk,i+ν ∈ R
N is the algebraic residual vector on step i+ ν . The parameterν

is progressively increased until

ηk,i
rem≤ γremmax

{

ηk,i
disc,η

k,i
lin ,ηk,i

alg

}

. (5)

(d) Check the convergence criterion for the linear solver in the form

ηk,i
alg ≤ γalgmax

{

ηk,i
disc,η

k,i
lin

}

. (6)

If satisfied, set Uk := Uk,i. If not, set i:= i +ν and go back to step 3b.

4. Check the convergence criterion for the nonlinear solver in the form

ηk,i
lin ≤ γlinηk,i

disc. (7)

If satisfied, finish. If not, set k:= k+1 and go back to step 2.

A prominent example of linearization is the Newton one, giving (2) with

A
k
i j :=

∂Ai

∂U j
(Uk−1), Fk := F −A (Uk−1)+A

kUk−1, (8)

but other linearizations like the fixed point one are also allowed. As for the iterative algebraic
solver yielding (3), we also do not make any requirement.

1 A Nonlinear Partial Differential Equation and its Numerica l Approximation

The nonlinear systems (1) typically arise from some numerical approximation of a nonlinear
partial differential equation. LetΩ ⊂ R

d, d ≥ 2, be a polygonal (polyhedral) domain (open,
bounded, and connected set). We consider the following model partial differential equation:
find u : Ω → R such that

−∇·σσσ(u,∇u) = f in Ω, (9a)

u = 0 on∂Ω, (9b)
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whereσσσ : R×R
d → R

d is a nonlinear flux function andf : Ω → R a source term. The scalar-
valued unknown functionu is termed thepotential, and, given a potentialu, the vector-valued
function−σσσ(u,∇u) is termed theflux. We assume thatf ∈ Lq(Ω), q > 1, and setp := q

q−1 so

that 1
p + 1

q = 1. The energy space isV := W1,p
0 (Ω), i.e., the space ofLp(Ω) functions whose

weak derivatives are inLp(Ω), with the zero trace on∂Ω.
The exact solutionu lies in the spaceV. Let uk,i

h be a numerical approximation on a mesh
Th of Ω, linearization stepk≥ 1, and algebraic solver stepi ≥ 1, corresponding to the algebraic
vectorUk,i of (3). We supposeuk,i

h ∈V(Th), where

V(Th) := {v∈ Lp(Ω), v|K ∈W1,p(K) ∀K ∈ Th}. (10)

Remark thatV(Th) 6⊂ V, so thatuk,i
h can be nonconforming. LetEK regroup the facese of

an elementK ∈ Th, denote byhe the diameter of the facee, and by[[·]] the jump operator,
yielding the difference of (the traces of) the argument fromthe two mesh elements that sharee
on interfaces and the actual trace ife is a boundary face. The error between the exact solutionu
of (9) and the approximate solutionuk,i

h is measured as

Ju(u
k,i
h ) := Ju,F(u

k,i
h )+Ju,NC(uk,i

h ), (11)

where

Ju,F(u
k,i
h ) := sup

ϕ∈V;‖∇ϕ‖p=1

(

σσσ(u,∇u)−σσσ(uk,i
h ,∇uk,i

h ),∇ϕ
)

, (12a)

Ju,NC(uk,i
h ) :=

{

∑
K∈Th

∑
e∈EK

h1−q
e ‖[[u−uk,i

h ]]‖q
q,e

}
1
q

. (12b)

The quantityJu,F(u
k,i
h ) measures the error in the approximation of the exact flux−σσσ(u,∇u)

by the approximate one−σσσ(uk,i
h ,∇uk,i

h ) and represents the dual norm of the residual of (9);

Ju,NC(uk,i
h ) then measures the nonconformity of the discrete potentialuk,i

h , i.e., the departure

of uk,i
h from the spaceV. Therein‖·‖r stands for the Lebesgue norm inLr . Importantly, there

holdsJu(u
k,i
h ) = 0 if and only ifuk,i

h = u. The error measureJu(u
k,i
h ) is not easily computable

for a known exact solutionu; the Hölder inequality, however, gives

Ju(u
k,i
h ) ≤ J

up
u (uk,i

h ) := ‖σσσ(u,∇u)−σσσ(uk,i
h ,∇uk,i

h )‖q +Ju,NC(uk,i
h ), (13)

which is simple to evaluate, being based on the[Lq(Ω)]d-difference of the fluxes, plus the
nonconformity term. Our numerical experiments indicate that both error measuresJu(u

k,i
h )

andJ
up
u (uk,i

h ) exhibit a very close behavior.

2 A posteriori Error Estimates and their Efficiency

Recall the estimatorsηk,i
disc, ηk,i

lin , ηk,i
alg, andηk,i

rem introduced in the Introduction. These are quanti-

ties that are fully computable fromuk,i
h . Their precise forms for the model problem (9), various

numerical discretizations, and various linearizations are given in [1]. Let moreoverηk,i
quad be

a quadrature andηk,i
osc a data oscillation estimator. The following theorem has been shown

in [1]:
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Theorem 1 (A posteriori error estimate distinguishing the differenterror components). Let
u∈V solve(9) and let uk,ih ∈V(Th). Then

Ju(u
k,i
h ) ≤ ηk,i

disc+ηk,i
lin +ηk,i

alg+ηk,i
rem+ηk,i

quad+ηk,i
osc. (14)

Theorem 1 gives an overall error control on each stepk of the linearization andi of the
algebraic solver. This control is tight in the sense of the following result, shown in [1]:

Theorem 2 (Global efficiency and robustness). Let u∈ V solve(9) and let uk,ih ∈ V(Th). Let
the global stopping and balancing criteria(5), (6), (7) be satisfied. Then there exists a generic
constant C independent of the mesh size h, the domainΩ, the nonlinear functionσσσ , and the
Lebesgue exponent q such that

ηk,i
disc+ηk,i

lin +ηk,i
alg+ηk,i

rem≤C(Ju(u
k,i
h )+ηk,i

quad+ηk,i
osc). (15)

3 Numerical Illustration

This section gives a quick numerical illustration of the theoretical developments. We con-
sider (9) withσσσ(u,∇u) = |∇u|p−2∇u, which is the so-calledp-Laplacian. Here we only con-
sider the valuep = 10. We takeΩ := (0,1) × (0,1), f := 2, and prescribe an inhomogeneous
Dirichlet boundary condition by the exact solution

u(x) = −
p−1

p
|x− (0.5,0.5)|p/(p−1) +

p−1
p

(1
2

)p/(p−1)
.

We employ the Crouzeix–Raviart nonconforming finite element method for the discretization,
the Newton linearization (8), and the conjugate gradient algebraic solver with a diagonal pre-
conditioning.

We compare three different stopping criteria in Algorithm 1, leading to three different solu-
tion approaches:

• In the Full Newton (FN) method, both the nonlinear and linear solvers are iterated to
“almost” convergence, with the global stopping criteriaηk,i

alg≤ 10−8 andηk,i
lin ≤ 10−8. The

balancing criterion (5) is employed withγrem = 0.1.

• In the Inexact Newton (IN) method, the only difference with FN is that a fixed number
of preconditioned CG iterations is performed on each Newton linearization step. These
values were chosen respectively as 2, 3, 5, 8, 10, 15 on each level of the uniform mesh
refinement.

• Finally, in theAdaptive Inexact Newton (AIN) methodthat we propose, we rely on the
global stopping criteria (5), (6), and (7) withγrem = γalg = γlin = 0.3.

Figure 1 focuses on the 6th level uniformly refined mesh and tracks the dependence of the
error measureJ up

u (uk,i
h ), the overall error estimator, and the discretization and linearization

estimatorsηk,i
disc andηk,i

lin of Theorem 1 on the Newton iterations. Typically, the error and all the

estimators exceptηk,i
lin start to stagnate after the linearization error ceases to dominate. This is

precisely the point where the nonlinear iteration is stopped in AIN using (7), whereas both FN
and IN perform many unnecessary additional iterations.

Figure 2 further analyzes the situation on one chosen Newtoniteration from Figure 1. To be
in a region with similar error measureJ up

u (uk,i
h ), we have chosen the 6th iteration for FN and
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Fig. 1. Error and estimators as a function of Newton iterations, 6th level mesh. Newton (left),
inexact Newton (middle), and adaptive inexact Newton (right)
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Fig. 2. Error and estimators as a function of preconditioned CG iterations, 6th level mesh.
Newton, 6th step (left), inexact Newton, 6th step (middle), and adaptive inexact Newton, 8th
step (right)
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Fig. 3. Number of Newton iterations per refinement level (left), numberof linear solver itera-
tions per Newton step on 6th level mesh (middle), and total number of linear solver iterations
per refinement level (right)

72



1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

x 10
−3

1

1.5

2

2.5

3

3.5

4

4.5

5

x 10
−3

Source: Own

Fig. 4. Estimated (left) and actual (right) error distribution, 2nd level uniformly refined mesh,
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Fig. 5. Upper and lower effectivity indices. Newton (left), inexact Newton (middle), and adap-
tive inexact Newton (right)

IN and the 8th iteration for AIN. We see that almost no decrease of the error measureJ up
u (uk,i

h )
can be observed during the almost 650 iterations of the preconditioned CG method in the FN
case. The fixed 15 CG iterations in the IN case are, on the contrary, not sufficient to decrease
significantly the error. In our approach, just the sufficient, “online-decided” number of CG
iterations is performed and timely stopped using (6).

Figure 3 illustrates the overall performance of three approaches. We can see that the number
of Newton iterations per refinement level is stable around 20for FN. It increases significantly
for IN, whereas it is still reduced for AIN. On one Newton iteration, the number of CG iterations
also varies significantly among three approaches. Many iterations are necessary in the FN case
and fixed 15 iterations in the IN case, whereas AIN picks up thenumber that is “just necessary.”
Remark that this number is equal to two on the first Newton step;from here, the error is “lagged”
as a function of Newton iterations in the AIN case, cf. Figure1. The total number of necessary
CG iterations per refinement level is displayed in the right part of Figure 3. On the last mesh,
AIN only needs 306 total iterations, whereas IN needs 1470, and FN 8690 iterations. Thus, our
approach yields an economy by a factor of roughly 5 with respect to IN and roughly 30 with
respect to FN in terms of total iterations.

Figure 4 displays the distribution of the overall error estimator and of the error measure
J

up
u (uk,i

h ) on the 2nd level uniformly refined mesh for AIN. We see that even in presence of
algebraic and linearization errors, the overall error distribution is very well predicted. Finally,
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let J low
u (uk,i

h ) be an easily computable lower bound for the error measureJu(u
k,i
h ) obtained by

estimating the supremum in (12a) just with oneϕ. We define the upper and lower effectivity
indices respectively asI up := ηk,i/J

up
u (uk,i

h ) andI low := ηk,i/J low
u (uk,i

h ) and observe that

the effectivity index for the original error measureJu(u
k,i
h ), defined asI := η/Ju(u

k,i
h ), lies

betweenI up andI low. For the three methods (FN, IN, and AIN), all these indices are close to
the optimal value of 1 and in particularI up takes values very close to 1, see Figure 5.

Conclusion

In this work, we have presented an inexact Newton method witha posteriori error control and
adaptive stopping criteria. Numerical experiments illustrate that tight error bound and important
computational gains can be achieved by our approach. Details on all the presented developments
can be found in [1].
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ADAPTIVNÍ NEPŘESNÉ NEWTONOVY METODY S A POSTERIORŃIMI

ZASTAVOVACÍMI KRIT ÉRII

V této pŕaci uvǎzujeme syst́emy nelinéarńıch algebraicḱych rovnic vznikaj́ıćı při numericḱe
diskretizaci nelinéarńıch parcíalńıch diferencíalńıch rovnic dif́uzńıho typu. K jejich (p̌ribli žné-
mu) řěseńı uvǎzujeme nelinéarńı iterǎcńı metodu a, na kǎzdém jej́ım kroku, iterǎcńı řěsič
syst́emu linéarńıch algebraicḱych rovnic. Navrhujeme adaptivnı́ uzp̊usobeńı počtu krok̊u obou
iterǎcńıch řěsičů. Ob̌e zastavovaćı kritéria jsou zalǒzena na a posteriornı́ch odhadech, které
rozlišuj́ı růzńe slǒzky celkov́e chyby, v dańem p̌rı́paďe algebraickou chybu, linearizačńı chybu
a diskretizǎcńı chybu. Nǎse a posteriorńı odhady poskytujı́ zarǔcenou horńı hranici na celkovou
chybu mezi p̌ribli žným a p̌resńym řěseńım a źarověn robustnostńı hranici spodńı. Numeric-
ké experimenty pro nelineárńı Laplaceovu rovnici, nekonformnı́ metodu koněcných prvk̊u,
Newtonovu linearizaci a metodu sdružeńych gradient̊u pro řěseńı soustav linéarńıch algebraic-
kých rovnic ilustruj́ı teoreticḱe výsledky.

DIE ADAPTIVE UNGENAUE NEWTON-METHODE MIT

A-POSTERIORI-STOPP-KRITERIEN

In dieser Arbeit betrachten wir die Systeme nichtlinearer algebraischer Gleichungen, die bei
der numerischen Diskretisation nichtlinearer partiellerDifferenzialgleichungen entstehen. Zu
deren - ann̈aherungsweisen - L̈osung betrachten wir die nicht lineare iterative Methode und -
auf jedem ihrer Schritte - den iterativen Löser des Systems der linearen algebraischen Gleichun-
gen. Wir schlagen eine adaptive Angleichung der Schrittzahl beider iterativer L̈oser vor. Beide
Stopp-Kriterien gr̈unden sich auf A-posteriori-Schätzungen, welche verschiedene Bestandteile
des Gesamtfehlers unterscheiden, im vorliegenden Fall einen algebraischen Fehler, einen li-
nearisierenden Fehler und einen Diskreditisationsfehler. Unsere A-posteriori-Schätzungen ge-
währleisten eine garantierte Obergrenze für den Gesamtfehler zwischen der Näherungs- und der
genauen L̈osung und gleichzeitig eine Robustitätsgrenze nach unten. Die numerischen Experi-
mente f̈ur die nichtlineare Laplace-Gleichung, die nichtkonformeMethode der Endelemente,
die Newton’sche Linearisation sowie die Methode der dualenGradienten zur L̈osung der Sys-
teme linearer algebraischer Gleichungen illustrieren dietheoretischen Ergebnisse.

ADAPTACYJNE NIEDOKŁADNE METODY NEWTONA Z KRYTERIAMI

STOPUJA֒CYMI A POSTERIORI

W niniejszym opracowaniu przedstawiono systemy nieliniowych równán algebraicznych pow-
staja֒ce podczas numerycznej dyskretyzacji nieliniowych parcjalnych ŕownán różniczkowych o
charakterze dyfuzyjnym. Do ich (przybliżonego) rozwi֒azania zastosowano nieliniowa֒ metod֒e
iteracji a na kȧzdym jej etapie iteracyjny sposób rozwia֒zania układu liniowych ŕownán alge-
braicznych. Zaproponowano adaptacyjne dostosowanie liczby etaṕow obu sposob́ow. Oba kry-
teria stopuj֒ace oparte s֒a na szacunkach a posteriori, które odŕożniaja֒ różne elementy oǵolnego
błe֒du, w tym przypadku algebraiczne, linearyzacyjne i dyskretyzacyjne. Nasze oraz a posteri-
ori szacunki zapewniaja֒ ǵorna֒ granic֒e oǵolnego bł֒edu pomi֒edzy przybli̇zonym a dokładnym
rozwia֒zaniem oraz doln֒a stał֒a granic֒e błe֒du. Eksperymenty numeryczne dla nieliniowego
równania Laplace’a, niekonformiczna֒ metod֒e element́ow skónczonych, linearyzacje֒ Newtona
oraz metod֒e gradient́ow sprz֒eżonych do rozwi֒azywania układ́ow liniowych równán algebraicz-
nych przedstawiono w postaci teoretycznych wyników.
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Abstract

In this contribution we will deal with the problem of variability of interval data. The issue
is to find lower and upper bounds for the interval of possible values for the variance of given
interval data. This leads to the problem of minimizing/maximizing the sum of squares of the
distance between the components of then−dimensional vector and their average value. As the
maximization is more difficult than the minimization, we present here some theoretical results
concerning the solution. Furthermore, we introduce preliminary algorithms for solving both
problems which take into consideration their special structure.

Keywords: Interval data; computation of variance; theoretical analysis.

Introduction

In some cases, we have only intervals[ai,bi] of possible values ofxi instead of the actual value
xi. For example, measured values usually include some measurement error with known upper
bounds. Then, the actual value ofxi is unknown and we only know that its value is located
within the interval determined by the upper bound of the measurement error. Therefore, we
should work rather with these intervals than with these single values. Consequently, possible
values of their average and their variance are also intervals. For more details on interval data
see in [1]. While the computation of lower and upper bounds forthe average of interval data is
straightforward, the computation of lower and upper boundsfor their variance is significantly
complicated. In [4], it was proved that computing the variance for interval data is NP-hard.
They also proposed algorithms with quadratic complexity for computing the lower bound of
variance and for computing its upper bound in some special cases. Further interesting results
were recently published in [2, 3, 7]. In this contribution, we present some theoretical results
concerning the solution of a maximization problem and introduce preliminary algorithms for
solving both problems which use their special structure.

We considern intervals Ii = [ai,bi] and define

K = I1⊗ I2⊗ I2⊗·· ·⊗ In. (1)

We would like to find:

xmin = argmin
x∈K

1
n

F(x), (2)
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xmax= argmax
x∈K

1
n

F(x), (3)

where F(x) =
n

∑
i=1

(xi − x)2 with x =
1
n

n

∑
i=1

xi and the tensor productK of the given intervals

forms the feasible set of optimization problems (2) and (3).
Note that the functionF can be written in the following forms:

F(x) =
n

∑
i=1

(xi −x)2 =
n

∑
i=1

x2
i −

(x1 + · · ·+xn)
2

n
=

n

∑
i=1

x2
i −nx2 =

1
n

(

∑
j<i

(xi −x j)
2

)

Problem (2) possesses a convex objective functionF , thus any local solution is also a global
one. In problem (3), the functionF is concave and the solution has to be a vertex ofK. This
results in a rather different behavior. The analysis of thissecond case is discussed in Section 3.
There are several apparent properties:

• If ∩iIi 6= /0 then there exist either one or infinitely many solutions of(2). All elements of
the solution are the same and belong to∩iIi.

• The solution of (3) lies on the vertex ofK.

• It holds
n

∑
i=1

(xi −x)2 <
n

∑
i=1

(xi −d)2 for any d 6= x.

In this contribution we give some theoretical results of problems (2) and (3), respectively,
and outline the algorithms for seeking the solutions. We will consider the following structure
of those problems:

xmin = argmin
x

F(x), (4)

subject to xi ∈ [ai,bi], i = 1. . .n

xmax= argmax
x

F(x), (5)

subject to xi ∈ [ai,bi], i = 1. . .n

The following quantities are used throughout the paper:

ci =
ai +bi

2
, di = bi −ai > 0, i = 1. . .n,

pa =
a1 + · · ·+an

n
, pb =

b1 + · · ·+bn

n
.

1 The Problem of Minimization

Both problems (4) and (5), respectively, are classical optimization problems with simple bounds
that can be solved by a suitable optimization method, e.g. a variable metric method or trust-
region method, see e.g. [6]. The basic optimization method is an iteration process starting from
an initial pointx(0) and generating a sequence of pointsx(1),x(2), . . . such that

x(k+1) = x(k) +α(k)d(k),
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whered(k) is a direction vector andα(k) > 0 is a step-length. The direction vector is deter-
mined on the basis of valuesx( j), F(x( j)), F ′(x( j)), F ′′(x( j)), 0≤ j ≤ k, and the step-length is
determined on the basis of behavior of the functionF in the neighborhood ofx(k).

Unfortunately, the Hessian matrix ofF is dense which makes difficult to solve problems (4)
and (5), respectively, for largen by standard optimization methods. We will use of a special
structure of the problem and introduce algorithms that takeinto consideration this structure.

The problem of minimization (4) is simple and no significant difficulties arise. We need not
to know anything special about the solution and the following algorithm works well on the test
problems.

Algorithm 1 Solving problem (4).

1. Initiation: Set

pa = øai , pb = øbi, p =
pa + pb

2
, Amax = max{ai}, Bmin = min{bi},

si = 0 ∀i (indicator of the solutionx∗i : 0 - not found, 1 - found).

2. Test on intersection of all intervals: If Amax ≤ Bmin, then the solutionx∗i ∀i is an
arbitrary number in[Amax,Bmin] and F = 0.

3. Until we have not found allx∗i (i.e. ∃i such thatsi = 0):

(a) Iteration process: For i = 1. . .n such thatsi = 0 :
If p∈ [ai,bi], set xi = p; else if p < ai, set xi = ai; else setxi = bi.

(b) Reducing of all intervals: For i = 1. . .n such thatsi = 0 :
If ai < pa ≤ bi, set ai = pa; if bi > pb ≥ ai , set bi = pb.

(c) Test on components of the solution:For i = 1. . .n such thatsi = 0 :
If [ai,bi]∩ [pa, pb] = /0 or ai or bi, set ai = bi = x∗i = xi and si = 1.

4. Computation of new values:Set pold
a = pa, pold

b = pb and updatepa, pb.

5. Test on termination: If max{|pa− pold
a |, |pb− pold

b |} > ε (e.g. = 10−6), updatep and
goto Step 3. Otherwise setx∗i = xi for i such thatsi = 0.

2 The Problem of Maximization

The maximization problem is much harder than the minimization problem, so we will focus on
the theoretical analysis and find useful information concerning the solution. The solutionx∗ to
(5) lies on the vertex ofK, see the second apparent property above or Lemma 1 below. Thus in
the subsequent analysis we assume thatx∗ has componentsx∗i equal to eitherai or bi. First, we
will study what the solution must satisfy.

Lemma 1 The solution x∗ of (5) lies on the vertex of K, i.e. x∗ = (x∗1 . . .x∗n), where x∗i = ai or
x∗i = bi.

Lemma 2 The solution x∗ of (5) has the property that there exists at least one i and at least one
j, i 6= j such that x∗i = ai and x∗j = b j .

The following lemma says that no componentx∗i of the solutionx∗ is equal to the average value
x∗.
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Lemma 3 Let x∈ R
n and x be the average value of componenets x1 . . .xn. Suppose that

there exists an index j such that xj = x. Then if we take a component xj + τ instead of xj for
someτ 6= 0, we obtain a greater function value, i.e. F(x) < F(xτ), where

xτ = (x1 . . .x j−1, x j + τ, x j+1 . . .xn).

The following analysis concerns the differences among function values. The first lemma stands
for the most general case.

Lemma 4 Let x,y be arbitrary points. Denote pxy the average value of all points xi,yi, i =
1. . .n, and define the following sets:

Naa = {i : xi = ai , yi = ai},

Nab = {i : xi = ai , yi = bi},

Nba = {i : xi = bi , yi = ai},

Nbb = {i : xi = bi , yi = bi}.

It is evident that Naa∪Nab∪Nba∪Nbb = {1. . .n}. Then it holds

F(x)−F(y) = 2

[

∑
i∈Nba

di(ci − pxy)− ∑
i∈Nab

di(ci − pxy)

]

Suppose that we have some combination of pointsx1 . . .xn. Now we fix somej and ask if the
function value is greater forx j = a j or x j = b j .

Lemma 5 Let x∈ R
n and take an arbitrary index j. Denote pxi the average value of points

{xi}i 6= j . Then

F({xi}i 6= j ,b j)−F({xi}i 6= j ,a j) = 2
n−1

n
d j(c j − pxi)

The consequence is that:

F({xi}i 6= j ,b j) > F({xi}i 6= j ,a j) ⇔ c j > pxi ,

F({xi}i 6= j ,b j) < F({xi}i 6= j ,a j) ⇔ c j < pxi ,

F({xi}i 6= j ,b j) = F({xi}i 6= j ,a j) ⇔ c j = pxi .

The special case of this lemma is the following result.

Lemma 6 Consider sets{ai},{bi} and let j be an arbitrary index. Then

F({ai}i 6= j ,b j)−F({ai}) = 2d j(c j − pa−
1
2n

d j),

F({bi}i 6= j ,a j)−F({bi}) = 2d j(pb−c j −
1
2n

d j).

Both numbers on the right-hand side are equal if and only if cj = p := pa+pb
2 .

In general, if we compare both numbers on the right-hand side,we will derive relations

F({ai}i 6= j ,b j)−F({ai}) > F({bi}i 6= j ,a j)−F({bi}) ⇔ c j > p,
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F({ai}i 6= j ,b j)−F({ai}) < F({bi}i 6= j ,a j)−F({bi}) ⇔ c j < p,

F({ai}i 6= j ,b j)−F({ai}) = F({bi}i 6= j ,a j)−F({bi}) ⇔ c j = p.

As Lemma 2 says that the solution must contain at least one ai and at least one bj , the conse-
quence is that

a j can be replaced with bj if and only if pa < c j −
1
2nd j ,

b j can be replaced with aj if and only if pb > c j +
1
2nd j .

The following lemma gives the comparison of function valueson each side of the setK.

Lemma 7 It holds

F(a1, . . . ,an) < F(b1, . . . ,bn) ⇔ p < ∑(cidi)
∑di

,

F(a1, . . . ,an) > F(b1, . . . ,bn) ⇔ p > ∑(cidi)
∑di

,

F(a1, . . . ,an) = F(b1, . . . ,bn) ⇔ p = ∑(cidi)
∑di

.

Lemma 8 Let j be an arbitrary index. Then

F({ai}i 6= j ,b j) < F({bi}i 6= j ,a j) ⇔ (c j − p)d j < ∑i 6= j [(ci − p)di ],

F({ai}i 6= j ,b j) > F({bi}i 6= j ,a j) ⇔ (c j − p)d j > ∑i 6= j [(ci − p)di ],

F({ai}i 6= j ,b j) = F({bi}i 6= j ,a j) ⇔ (c j − p)d j = ∑i 6= j [(ci − p)di ].

Another approach to determine Lemma 5 consists in that we fix aset of points{xi}i 6= j and study
the function values on[a j ,b j ]. Denote

x j = a j + τ j(b j −a j) = a j + τ jd j , τ j ∈ [0,1].

Then we have

f (τ j) ≡ F({xi}i 6= j ,x j) = ∑
i 6= j

x2
i +(a j + τ jd j)

2−
1
n

(

∑
i 6= j

xi +a j + τ jd j

)2

f ′(τ j) = 2d j(a j + τ jd j)−
2
n

d j

(

∑
i 6= j

xi +a j + τ jd j

)

f ′(τ j) = 0 ⇔ τ∗j =
pxi −a j

b j −a j

f ′′(τ j) = 2
n−1

n
d2

j ⇒ f (τ∗j ) = min f (τ j)

From here we obtain properties mentioned in Lemma 5, that is

τ∗j < 0.5 ⇔ c j > pxi ⇔ F({xi}i 6= j ,b j) > F({xi}i 6= j ,a j)

τ∗j > 0.5 ⇔ c j < pxi ⇔ F({xi}i 6= j ,b j) < F({xi}i 6= j ,a j)

τ∗j = 0.5 ⇔ c j = pxi ⇔ F({xi}i 6= j ,b j) = F({xi}i 6= j ,a j)
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Remark 1 Function f(τ j) satisfies

f (τ j) =
n−1

n
d2

j τ2
j −2

n−1
n

d j(pxi −a j)τ j + ∑
i 6= j

x2
i +a2

j −
1
n

(

∑
i 6= j

xi +a j

)2

.

From Lemma 2 and Lemma 5 we can immediately determine some components of the solution.
Denote

pa
j = the average value of{ai}i 6= j , j = 1. . .n

pb
j = the average value of{bi}i 6= j , j = 1. . .n

pα = the average value of
{

{ai}i 6=k,bk
}

, wherek is such thatdk = mini{di}.

pβ = the average value of
{

{bi}i 6=k,ak
}

, wherek is such thatdk = mini{di}.

Then it holds

If c j < max{pa
j , pα}, then x∗j = a j .

If c j > min{pb
j , pβ}, then x∗j = b j .

If c j ∈ Pj = [max{pa
j , pα},min{pb

j , pβ}], an iteration process must be performed.

Now we give a preliminary algorithm for solving the maximization problem (5).

Algorithm 2 Solving problem (5).

1. Initiation: Set

pa = øai , pb = øbi , p =
pa + pb

2
, ci =

ai +bi

2
, di =

bi −ai

2n
, d = 2mindi,

si = 0 ∀i (indicator of the solutionx∗i : 0 - not found, 1 - found).

2. For i = 1. . .n such thatsi = 0 :

(a) Test on components of the solution:
If ci > pb−d, then x∗i = ai = bi and si = 1.
If ci < pa +d, then x∗i = bi = ai and si = 1.

(b) Otherwise –Iteration process:
If ci < p, then xi = ai and bi = min{bi , pa}.
If ci > p, then xi = bi and ai = max{ai , pb}.

(c) Otherwise –Possible reduction of intervals:
If ai < pa and pb < bi , then ai = pb or bi = pa.

3. Computation of new values:Set pold = p and updatepa, pb, p,ci,di,d.

4. Test on termination: If |p− pold|> ε (e.g. = 10−6), goto Step 2. Otherwise setx∗i = xi

for i such thatsi = 0.
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Example 1Let n = 3 and

[ai, bi] = [−3, 1], [−9/2, 3], [−1, 1/2]

It holds that
c1 = −1, d1 = 4, pa

1 = −11/4, pb
1 = 7/4

c2 = −3/4, d2 = 15/2, pa
2 = −2, pb

2 = 3/4

c3 = −1/4, d3 = 3/2, pa
3 = −15/4, pb

3 = 2

pα = −7/3, pβ = 1, p = −2/3

We do not have immediately any component of the solution because c j ∈ Pj ∀ j. The solution
satisfies

x∗ = (−3, 3, −1), øx∗i = −1/3, F(x∗) = 6.2

and the point just on the other sides of all interval satisfies

x̃ = (1, −9/2, 1/2), øx̃i = −1, F(x̃) = 6.16

The function values are located close together which makes problems for the algorithm to iden-
tify the right solution.

Example 2 This example shows efficiency of our method and also that using a standard op-
timization method (in this case the line-search approach from the UFO system [5]) the right
solution has not to be obtained. Letn = 40 and [ai, bi ] =

[−47.5, 28.75], [47.25, 91.75], [38.5, 81.5], [−53.5, 45], [−46.5, 93.5],

[−98.25, −40.75], [−34.5, −28], [51, 64], [−88.5, −71.5], [−93.75, −33],

[40.75, 95], [−47, 30.5], [−95.75, −25.25], [−34, −28.25], [−1.25, 34.5],

[16.5, 81.25], [−21.75, 39.75], [30.25, 80.25], [−14.5, −6], [−22.5, 1.25],

[−10, 7.75], [−81.5, −72.25], [−94, −18.75], [−65.5, 22], [−3.25, 83.25],

[−90.25, −77], [−24.75, −1.25], [42.5, 79.75], [−11, −5], [−19.5, 6.75],

[27.75, 57], [49.75, 85.5], [12.75, 90.75], [18.5, 85.5], [−93, −83],

[−95.75, −52], [−66, −61.25], [−77.5, −42.75], [−32.5, −13.5], [−42.25, 20].

In the following table, we present the obtained results withdifferences in bold.

x∗ using Algorithm 2 x∗ using standard optimization method
-47.5, 91.75, 81.5, 45, 93.5, 28.75, 91.75, 81.5, 45, 93.5,

-98.25, -34.5, 64, -88.5, -93.75, -98.25, -34.5, 64, -88.5, -93.75,
95, -47, -95.75, -34, 34.5, 95,30.5, -95.75, -34, 34.5,

81.25, 39.75, 80.25, -14.5, -22.5, 81.25, 39.75, 80.25, -14.5, -22.5,
7.75, -81.5, -94,-65.5, 83.25, 7.75, -81.5, -94,22, 83.25,

-90.25, -24.75, 79.75, -11,-19.5, -90.25, -24.75, 79.75, -11,6.75,
57, 85.5, 90.75, 85.5, -93, 57, 85.5, 90.75, 85.5, -93,

-95.75, -66, -77.5, -32.5,-42.25 -95.75, -66, -77.5, -32.5,20
F = 4911.99902, #iterations= 2 F = 4709.79625, #iterations= 41

Note that we have found the same solution as in [3] in the second iteration while their genetic
algorithm used several hundred iterations.
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Conclusion

In this contribution we have presented some theoretical results and preliminary algorithms for
computing variance of interval data described in the introduction. Although the problem can
be solved using various optimization methods combining direction vectors and the step-length,
developing a special algorithm is advantageous. Concerningthe maximization problem, the
solution satisfies useful properties which allow us to identify directly some components of the
solution. The main task is to properly deal with the case whenc j ∈Pj and develop more robust
algorithm to identify the right solution.
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PROBLÉM VARIABILITY INTERVALOV ÝCH DAT

V přı́sp̌evku se zab́yváme probĺemem variability intervalov́ych dat. Pro dańa intervalov́a data se
jedńa o nalezeńı dolńıch a horńıch meźı intervalu mǒzných hodnot jejich rozptylu. Toto vede na
probĺem minimalizace/maximalizace součtu čtverc̊u rozd́ılu složekn-dimensiońalńıho vektoru
a jejich pr̊uměrńe hodnoty. Jelikǒz je probĺem maximalizace mnohem obtı́žnějš́ı něz probĺem
minimalizace, uvedeme někteŕe teoreticḱe výsledky t́ykaj́ıćı seřěseńı. Taḱe uvedeme p̌redb̌ežné
algoritmy pro nalezeńı řěseńı obou probĺemů, kteŕe vyǔźıvaj́ı jejich specíalńı vlastnosti.

DAS PROBLEM DER VARIABILIT ÄT VON INTERVALLDATEN

In diesem Beitrag befassen wir uns mit dem Problem der Variabilit ät von Intervalldaten. Bei
den vorliegenden Intervalldaten handelt es sich um die Auffindung der Unter- und Obergrenzen
der m̈oglichen Werte ihrer Zerstreuung. Dies führt zum Problem der Minimalisierung/ Maxima-
lisierung der Summe der Quadrate des Unterschieds der Komponenten einesn-dimensionalen
Vektors und deren Durchschnittswert. Da das Problem der Maximalisierung viel schwieriger
ist das Problem der Minimalisierung, führen wir einige theoretische Ergebnisse an, welche mit
der Lösung zu tun haben, ebenso vorläufige Algorithmen zur Findung einer Lösung f̈ur beide
Probleme, welche deren speziellen Eigenschaften nutzen.

PROBLEM ZMIENNOŚCI DANYCH INTERWAŁOWYCH

W artykule przedstawiono problem zmienności danych interwałowych. W przypadku określo-
nych danych interwałowych chodzi o znalezienie dolnych i górnych granic interwału mȯzliwych
wartósci ich rozproszenia. W zwia֒zku z tym pojawia sie֒ problem minimalizacji/maksymalizacji
sumy kwadraŕow różnicy element́ow n-wymiarowego wektora oraz ich przecie֒tnej wartósci.
Problem maksymalizacji jest o wiele trudniejszy w porównaniu z problemem minimalizacji,
dlatego wskazano niektóre teoretyczne wnioski dotycza֒ce rozwi֒azania. Ponadto przedstawiono
wste֒pne algorytmy słu̇za֒ce do znalezienia rozwia֒zania obu probleḿow, które wykorzystuj֒a ich
szczeǵolne cechy.
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Abstract

Systems of so called two-sided(max,min)−linear inequalities with variables on both sides will
be studied. Optimization problems, the objective functionof which is equal to the maximum
of a finite number of continuous functions of one variable areconsidered. The set of feasible
solutions in described by a system of two-sided(max,min)−linear inequalities with variables
on both sides. A finite algorithm for finding the optimal solution of the problem is proposed.

Keywords: Two-sided(max,min)−linear inequalities system; lower and upper bounds; max-
min optimization problems.

Introduction

The algebraic structures in which(max,+) or (max,min) replace addition and multiplication
of the classical linear algebra have been appeared in the literature approximately since the six-
ties of the last century (see e.g. [1], [3], and [8]). In recently published book [2] readers can
find the latest results concerning theory and algorithms for(max,+)−linear systems of equa-
tions. A polynomial method for finding the maximum solution of the (max,min)-linear system
has been proposed in [5]. A finite algorithm for finding the optimal solution of the optimiza-
tion problems under(max,+)−linear constraints has been introduced in [10]. A survey of
some of the recent results concerning the(max,min)-linear systems of equations and inequali-
ties and optimization problems under the constraints described by such systems of equations
and inequalities is presented in [6]. Algorithm for optimization problems under one-sided
(max,min)−linear equality constraints is introduced in [4]. Maximal solutions of two-sided
linear systems in max-min algebra have been given in [7]. A note on application of two-sided
systems of(max,min)−linear equations and inequalities to some fuzzy set problems has been
given in [9].

In this contribution, we will study systems of so called(max,min)−linear (or using an
alternative notation(max,∧)−linear) inequalities with variables on both sides. We consider
optimization problems, the objective function of which is equal to the maximum of a finite
number of continuous and unimodal functions of one variable. The set of feasible solutions is
described by a system of(max,∧)−linear inequalities with variables on both sides. Let us note
that if we have variablesx on the left hand sides and different variablesy on the right hand sides,
the system can be processed like the one-sided system considered e.g. in [6]. Including lower
and upper bounds onx, y is only a technical problem.

We can consider the practical problem, in which transportation means of different size are
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transporting goods from placesi ∈ I to one terminalT. The goods are unloaded inT and the
transportation means (possibly with other goods are uploaded in T) have to return toi. We
assume that the connection betweeni andT is only possible via one of the places (e.g. cities)
j ∈ J the roads betweeni and j are one-way roads, and the capacity of the road betweeni ∈ I
and j ∈ J is equal toai j . We have to join placesj with T by a two-way road with a capacity
x j in both directions. The total capacity of the connection betweeni andT is therefore equal
to maxj∈J(ai j ∧ x j). The transport fromT to i is carried out via other one-way roads between
places j ∈ J and i ∈ I with (in general, different) capacities betweenj and i are equal tobi j .
Since the roads betweenT and j are two-way roads, the total capacity of the connection between
T andi is equal to maxj∈J(bi j ∧x j), for all i ∈ I . We assume that the transportation means can
only pass through some roads with the capacity which is not smaller than the capacity of the
transportation mean and our task is to choose appropriate capacitiesx j , j ∈ J. In order that each
of the transportation means may return toi, we may e.g. require for eachi that the maximal
attainable capacity of connections betweeni andT via j is greater than or equal to maximal
attainable capacity of connections betweenT andi on the way back. In other words, we have
to choosex j , j ∈ J, which satisfy relation (1) below. In what follows, assume that we have the
same variables on the left hand sides and right hand sides of the inequality system.

1 Systems of (max,min)−Linear Inequalities

Let us consider the following system of inequalities:

ai(x) ≥ bi(x), i ∈ I , (1)

whereai(x) = maxj∈J(ai j ∧ x j), bi(x) = maxj∈J(bi j ∧ x j), and ai j , bi j ∈ R, i ∈ I , j ∈ J be
given numbers. LetM≥ denote the set of all solutions of system (1). We will set for any
x,y∈ Rn : x ≤ y ⇔ x j ≤ y j ∀ j ∈ J. Let us setM≥(x,x) = {x ; x ∈ M≥ & x ≤ x ≤ x} for any
finite x≤ x and letxmax denote the maximum element ofM≥(x,x). So thatM≥(x,x)⊂M≥, and
M≥(x,xmax)⊂M≥, also it is clearM≥(x,xmax)⊆M≥(x,x). To proveM≥(x,x)⊆M≥(x,xmax)
there are two cases: the first one, ifx /∈ M≥ , then xmax < x . Therefore∀ x ∈ M≥(x,x) , the
inequality x≤ xmax verified, i.e. x j ≤ xmax

j ∀ j ∈ J and if x∗ ∈ (xmax,x] , (i.e. xmax< x∗ ≤ x,
i.e. xmax

j0
< x∗j0 ≤ x j0 for at least one j0 ∈ J and xmax

j ≤ x∗j ≤ x j for j ∈ J & j 6= j0 )
then x∗ /∈ M≥ , otherwise x∗ is the maximum element ofM≥(x,x) , but this contradicts the
hypothesisxmax is the maximum element ofM≥(x,x). So that for anyx∈ M≥(x,x), we have
x≤ xmax , and x∈ M≥(x,xmax), then M≥(x,x) ⊆ M≥(x,xmax). The second case, ifx∈ M≥ ,
then xmax= x . Then we haveM≥(x,xmax) = M≥(x,x)⊂M≥. In this section we will propose an
algorithm, which find the maximum element of the setM≥(x,x), and calculates the maximum
solution of system (1), take in accountx≤ x≤ x. Note that, since any equation can be replaced
by two inequalities, therefor we can use the next algorithm to find the maximum element of the
setM=(x,x), which is the set of all solutions of a system of equations,(ai(x) = bi(x), i ∈ I).

Algorithm 1

0 Input I , J, x, ai j andbi j for all i ∈ I and j ∈ J.

1 Find I<(x) ≡ {i ∈ I ; ai(x) < bi(x)}.

2 If I<(x) = /0, thenxmax := x, STOP.

3 Find α(x) ≡ mini∈I<(x) ai(x).
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4 Find I<(α(x)) ≡ {i ∈ I<(x) ; ai(x) = α(x)}.

5 FindH<
i (x) ≡

{

j ∈ J ;bi j ∧x j > α(x)
}

, ∀ i ∈ I<(α(x)).

6 SetH<(x) :=
⋃

i∈I<(α(x)) H<
i (x).

7 Setx j := α(x) for all j ∈ H<(x) go to 1 .

We will illustrate the performance of this algorithm by the following small numerical example.

Example 1. : Let J= {1,2,3,4}, I = {1,2,3}, x = (10,10,10,10), and consider system (1) of
inequalities where ai j & bi j ∀ i ∈ I and j∈ J are given by the matrices A and B as follows:

A =





7 5 3 0
4 3 1 2
10 20 10 −1



 , B =





6 13 10 −1
8 0 3 1
1 1 1 −8





By substitution for these values in system (1) and using Algorithm 1:
Iteration 1:

1 I<(x) = {1,2}.

2 I<(x) 6= /0.

3 α(x) = min(7,4) = 4.

4 I<(α(x)) = {2}.

5 H<
2 (x) = {1}.

6 H<(x) = {1}.

7 x1 = 4, x = (4,10,10,10) go to 1 .

Iteration 2:

1 I<(x) = {1}.

2 I<(x) 6= /0.

3 α(x) = 5.

4 I<(α(x)) = {1}.

5 H<
i (x) = {2,3}.

6 H<(x) = {2,3}.

7 x2 = 5,x3 = 5, x = (4,5,5,10) go to 1 .

Iteration 3:

1 I<(x) = /0, then xmax = (4,5,5,10) STOP.
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In the next part of this section we will introduce a method which finds the minimum upper
boundx̃ for solution of system (1) such that ˜x ≥ x. In other words ˜x has the properties ˜x ∈
M≥(x,xmax) and if x ≤ x̃,x 6= x̃, then there existsx∗ ∈ M≥(x,xmax) such thatx∗ 6≤ x̃. It will
be clear that ˜x ∈ M≥(x,xmax) and this element is suitable to find the optimal solution of the
minimization problem as we will see in the next section. In what follows to simplify the notation
we set for anyα,β ∈ R : α ∨β = max(α,β ). Let us set

Ti j = {x j ;x j ≤ xmax
j & ai j ∧x j ≥ bi(x) ∨ x j}, ∀ i ∈ I , j ∈ J.

Note that if i1, i2 are two different indices ofI , j ∈ J, andbi2(x)∨ x j ≤ bi1(x)∨ x j , then
evidentlyTi1 j ⊆Ti2 j . It follows that for any subset ofr indices ofI , there exists such permutation
i1, , . . . , ir of these indices that the inclusionsTi1 j ⊆ Ti2 j ⊆ . . . ⊆ Tir j hold so that

⋂r
h=1Tih j =

Ti1 j . SetsTi j have the following properties:

Ti j 6= /0 ⇔ ai j ≥ bi(x)∨x j ,

Ti j 6= /0 ⇒ Ti j = [bi(x)∨x j , xmax
j ].

Since we assumed thatx ≤ xmax, setM≥(x,xmax) is nonempty. Let us note that for any
x∈ M≥(x,xmax) and anyi ∈ I , the inequalitiesbi(x) ≥ bi(x) & x j ≥ x j ∀ j ∈ J hold and further
there exists for eachi ∈ I an index j(i) ∈ J such thatTi j (i) 6= /0 (otherwise setM≥(x,xmax)
would be empty, because we would haveai j < bi(x)∨ x j ∀ j ∈ J and thereforeai(x) < bi(x)
for any x ∈ Rn and we havex ≤ xmax so thatM≥(x,xmax) 6= /0). Let us note further, that if
ai j ∧ x j < bi(x)∨ x j ∀ j ∈ J, then we haveai(x) < bi(x) and thusx 6∈ M≥(x,xmax). If for some
fixed j ∈ J the inequalitiesai j < bi(x)∨x j hold , thenai j ∧x j < bi(x)∨x j ∀ x j ∈Rso thatTi j = /0
andx j will never be ”active” inai(x) or bi(x) if x∈ M≥ (i.e. it will never determine the values
of ai(x) or bi(x)). We will exclude such variables from our considerations and assume that for
each j ∈ J there exists at least one ”row” indexi ∈ I such thatai j ≥ bi(x)∨ x j . We define sets
Vj , j ∈ J

Vj = {i ∈ I ;ai j ≥ bi(x)∨x j},

and denote maxk∈Vj (bk(x)) = bk( j)(x). A vectorx̃ will be defined as follows:

x̃ j = max
k∈Vj

(bk(x))∨x j = bk( j)(x)∨x j ∀ j ∈ J. (2)

The element ˜x defined by (2) has the following properties:

(1) M≥(x, x̃) 6= /0, & x̃∈ M≥(x, x̃).

(2) ξ ∈ M≥(x, x̃) ⇒ x≤ ξ ≤ x̃.

(3) There may exist elementsη ∈ M≥(x, x̃) such thatη 6= x̃.

If x̃ is the minimum element ofM≥(x,xmax), then it would be ˜x∈ M≥(x,xmax) and for any
x∈ M≥(x,xmax) ⇒ x≥ x̃. Therefore, because of the property (3) ˜x is not the minimum element
of M≥(x,xmax), but we can say that ˜x is the minimum upper bound ofM≥(x,xmax) such that
M≥(x, x̃) 6= /0. Let us chooseτ ≤ xmax, & τ 6= xmax, andx̌∈ M≥(x,τ) ⇒ x̌≤ xmax andai(x̌) ≥
bi(x̌) ∀ i ∈ I andx≤ x̌≤ τ. LetH =

{

xmax(τ) | xmax(τ) is the maximum element o f M≥(x,τ)
}

,
thenx̃ is the minimum element ofH.

Theorem 1. : Let x̃ be defined as in (2). Theñx∈ M≥(x,xmax).
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Proof: Since evidently ˜x ≥ x, we have to prove that onlyai(x̃) ≥ bi(x̃), ∀i ∈ I . Let i ∈ I be
arbitrarily chosen. We have

bi(x̃) = max
j∈J

(bi j ∧ x̃ j) = max
j∈J

(bi j ∧ (max
k∈Vj

(bk(x)∨x j))) = max
j∈J

(bi j ∧ (bk( j)(x)∨x j))

Let us assume that
bi(x̃) = max

j∈J
(bi j ∧ x̃ j) = bi j (i)∧ x̃ j(i).

Since in this casei ∈ Vj(i), we haveai j (i) ≥ x̃ j(i) and we obtainai(x̃) ≥ ai j (i) ∧ x̃ j(i) = x̃ j(i) ≥
bi j (i)∧ x̃ j(i) = bi(x̃). Sincei ∈ I was arbitrarily chosen, the theorem is proved.

Element ˜x defined by (2) shows that the given lower boundx might not be an element of
M≥(x,xmax). Moreover we obtained an explicit dependence of ˜x on the given lower bound
x (compare (2)), which can be used for sensitivity analysis ofthe setM≥(x,x) or for a post
optimal analysis of optimization problems, the set of feasible solutions equal toM≥(x,xmax).
The properties of ˜x enable us to solve some of the optimization problems mentioned above
explicitly.

2 Optimization Problems under Two-Sided (max,min)−Linear Inequalities Constraints

In this section we consider an optimization problem that is acombination of the problems
solved in the above chapters but with a different feasible set. In other words, let us consider for
instance the optimization problem:

f (x) ≡ max
j∈J

f j(x j) −→ min (3)

subject tox∈ M≥(x,xmax), where f j , j ∈ J are increasing functions. Let indicesj(i) ∈ J will

be chosen for eachi ∈ I such that minj∈J f j(x
(i)
j ) = f j(i)(x j(i)), where f j(x

(i)
j ) = minx j∈Ti j f j(x j).

Let x̃ be defined as in (2) and then we have to proceed as follows:

T̃i j =











/0 if ai j < bi(x),

bi(x) if ai j > bi(x),

[x j , x̃] if ai j = bi j .

Set f j(x̃
(i)
j ) = minx j∈T̃i j

f j(x j), (if T̃i j = /0, we set minimum equal to+∞). Let us set

min
j∈J

f j(x̃
(i)
j ) = f j(i)(x̃

(i)
j(i)).

And R̃j = {i ∈ I | j(i) = j}, ∀ j ∈ J, ( it may beR̃j = /0 for somej). Then we have

fk(x
opt
k ) = max

i∈R̃k

fk(x̃
(i)
k ),

if R̃k 6= /0, but whenR̃k = /0, we set

fk(x
opt
k ) = fk(xk).

The proof can be carried out in the same way as in the one sided case in [6]. We mentioned
above that a system of inequalities can be transformed to a system of equations by making use
of slack variables. Let us note that the other way round, systems of equations considered can
be solved alternatively by the methods in this section, if wereplace the equation system by the
system of inequalities of the form
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ai(x) ≥ bi(x), i ∈ I
bi(x) ≥ ai(x), i ∈ I

x j ≥ x j , j ∈ J.

We will describe now the corresponding algorithm explicitly step by step.

Algorithm 2

0 Inputm,n,x,x,A,B, f (x).

1 Findxmax∈ M≥(x,x).

2 If x � xmax, thenM≥(x,x) = /0, STOP.

3 Vj := {i ∈ I ; ai j > bi(x)∨x j} ∀ j ∈ J.

4 x(i)
j := (bi(x)∨x j) ∀i ∈Vj for all j ∈ J such thatVj 6= /0.

5 Setx̃ j := maxi∈Vj (x
(i)
j ) if Vj 6= /0, x̃ j := x j if Vj = /0.

6 Q := {k∈ J ; f (x̃) = fk(x̃k)}, P := { j ∈ J ; x̃ j = x j}.

7 If Q∩P 6= /0, then setxopt := x̃, STOP.

8 Pk := {i ∈ I ; x̃k = x(i)
k } ∀k∈ Q.

9 Vk := Vk \Pk ∀k∈ Q.

10 If
⋃

j∈JVj = I , go to 4 .

11 Setxopt := x̃, STOP.

We will illustrate the performance of this algorithm by the following numerical examples.

Example 2. : Let J= {1,2, . . . ,5}, I = {1,2,3}, x = (10,10,10,10,10), x= (0,3,0,0,1) and
consider system (1) of inequalities where ai j & bi j ∀ i ∈ I and j∈ J are given by the matrices
A and B as follows:

A =





−10 10 15 −9 −8
5 −8 10 20 7
3 4 −18 19 11



 , B =





7 2 −10 −20 6
8 9 −15 −25 5
13 −17 12 10 9





and consider the objective function f(x) = max(x1,x2−3,x3,x4,x5). By substitution for these
values in system (1) and using Algorithm 1 and Algorithm 2:

1 xmax = x = (10,10,10,10,10).

2 x≤ xmax.

3 V1 = {2}, V2 = {1,3},V3 = {1,2},V4 = {2,3},V5 = {2,3}.
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4 x(1)
1 = 2, x(1)

2 = 3, x(1)
3 = 2, x(1)

4 = 2, x(1)
5 = 2, x(2)

1 = 3, x(2)
2 = 3, x(2)

3 = 3,

x(2)
4 = 3, x(2)

5 = 3, x(3)
1 = 1, x(3)

2 = 3, x(3)
3 = 1, x(3)

4 = 1, x(3)
5 = 1.

5 x̃ = (3,3,2,3,3).

6 Q = {1,4,5}, , f (x̃) = 3, P = {2} then Q∩P = /0.

8 P1 = {2}, P2 = {1,2,3},P3 = {1},P4 = {2},P5 = {2}.

9 V1 = /0, V2 = /0,V3 = {2},V4 = {3},V5 = {3}.

10
⋃

j∈JVj = {2,3} 6= I.

11 xopt = x̃, STOP.

Then xopt = (3,3,2,3,3) is the optimal solution of the set M≥(x,x) and
f (xopt) = max(3,0,2,3,3), then the objective function is equal to3.

Example 3. : Let J= {1,2, . . . ,5}, I = {1,2, . . . ,6}, x = (20,20,20,20,20), x = (0,3,0,0,0)
and consider system (1) of inequalities where ai j & bi j ∀ i ∈ I and j ∈ J are given by the
matrices A and B as follows:

A =

















2 2 6 0 13
8 11 10 7 7
4 3 0 13 8
14 3 3 13 2
1 3 13 4 2
12 15 7 3 14

















, B =

















0 10 9 −1 5
3 −3 1 −6 −7
4 −8 2 −14 11
14 −7 7 −3 4
6 −8 12 2 0
0 −11 2 −3 5

















and consider the objective function f(x) = maxj∈J( f j(x j), where fj(x j) = c jx j + d j ,
c = (6,3,7,3,7) and d= (10,0,5,1,7). By substitution for these values in system (1) and
using Algorithm 1 and Algorithm 2:

1 xmax = x = (20,20,20,20,20).

2 x≤ xmax.

3 V1 = {2,3,4,5,6}, V2 = {2,6},V3 = {1,2,4,5,6},V4 = {2,3,4,5,6},V5 = {1,2,3,4,5,6}.

4 find x(i)j .

5 x̃ = (0,3,3,0,3).

6 Q = {5}, f (x̃) = 28, P = {1,2,4} then Q∩P = /0.

10
⋃

j∈JVj = {1,2,3,4,5,6} = I go to 4 .

4 find x(i)j .

5 x̃ = (0,3,3,0,0).
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6 Q = {3}, f (x̃) = 26, P = {1,2,4,5} then Q∩P = /0.

10
⋃

j∈JVj = {1,2,4,5,6} 6= I .

11 xopt = x̃, STOP.

Then xopt = (0,3,3,0,0) is the optimal solution of the set M≥(x,x) and
f (xopt) = max(10,9,26,1,7), then the objective function is equal to26.

Conclusion

We can summarize the properties of the systems of(max,min)-linear inequalities studied in this
paper as follows:
(1) Any system of two-sided(max,min)-linear inequalities is solvable and has a unique maxi-
mum elementxmax(A,B) depending on the matricesA, B with finite elementsai j , bi j (note that
including infinite elements can cause nonsolvability of thesystem).
(2) If we include an additional requirementx≤ x, then the system is also solvable and has the
maximum elementxmax(A, B, x) ≤ xmax(A,B).
(3) The system with a finite lower bound on variables (i.e. with an additional constraintx≥ x)
is solvable if and only ifx≤ xmax(A,B), or in case of the additional upper boundx if and only
if x≤ xmax(A, B, x).

Acknowledgments

This work was supported by The Ministry of Higher Education and Scientific Research of the
Arab Republic of Egypt. The author also offers sincere thanksto Prof. Karel Zimmermann for
his continuing support and eternally great advice.

Literature
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OPTIMALIZA ČNÍ PROBLÉMY PŘI OMEZENÍCH VE TVARU SOUSTAV

DVOUSTRANNÝCH (max,min)−LINEÁRNÍCH NEROVNOST́I

Zkoumaj́ı se soustavy tzv. dvoustranných (max,min)−lineárńıch nerovnostı́ s prom̌enńymi na
obou strańach ťechto nerovnostı́. Zab́yváme se optimalizǎcńımi úlohami, jejicȟz účelov́a funkce
je rovna maximu koněcného pǒctu spojit́ych funkćı jedńe prom̌enńe. Mnǒzina p̌rı́pustńych
řěseńı těchtoúloh je popśana soustavou dvoustranných (max,min)−lineárńıch nerovnostı́. Je
navřzen koněcný algoritmus pro nalezenı́ optimálńıho řěseńı zkoumańeho optimalizǎcńıho pro-
blému.

OPTIMALISIERUNGSPROBLEME BEIBEGRENZUNGEN IN DERFORM VON

ZWEISEITIGEN (max,min)−LINEARER UNGLEICHHEITSSYSTEMEN

Es werden sog. zweiseitige(max,min)−lineare Ungleichheitssysteme mit Variablen auf bei-
den Seiten dieser Ungleichheiten untersucht. Wir befassenuns mit Optimalisierungsaufgaben,
deren Zweckfunktion dem Maximum einer finiten Anzahl kontinuierlicher Funktionen einer
Variablen gleich ist. Die Menge der zulässigen L̈osungen dieser Aufgaben wird durch zweiseit-
ige (max,min)−lineare Ungleichheitssysteme beschrieben. Es wird ein finiter Algorithmus zur
Auffindung einer optimalen L̈osung der untersuchten Optimalisierungsprobleme vorgeschla-
gen.

PROBLEMY OPTYMALIZACJI PRZY OGRANICZENIACH W POSTACI UKŁADÓW

DWUSTRONNYCH(max,min)−LINIOWYCH NIERÓWNOŚCI

Badaniem obj֒eto układy tzw. dwustronnych(max,min)−nierównósci liniowych ze zmien-
nymi po obu stronach tych nierównósci. W artykule przedstawiono zadania optymalizacyjne,
których funkcja celowa jest równa maksymum skónczonej liczby funkcji ci֒agłych jednej zmi-
ennej. Zbíor mȯzliwych rozwia֒zán tych zadán opisano przy pomocy układu dwustronnych
(max,min)−nierównósci liniowych. Zaproponowano ostateczny algorytm służa֒cy do znalezie-
nia optymalnego rozwia֒zania badanego problemu optymalizacji.
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Abstract 

We solve the thermal dimensioning problem of the deep geological spent nuclear fuel 

repository, which means to estimate the maximum temperature in the repository caused by the 

heat generation of the spent fuel. We use a combination of the boundary element method for 

the exterior problem of heat discharge to the infinity and finite element method for a near-

field thermal problem with a boundary condition expressed by the far-field problem solution. 

This combination is implemented within the simulation software ANSYS as the “far-field 

element”. The far-field element solution confirmed to well represent the heat discharge, in 

comparison with the variant of a standard FEM far-field problem solution and conventional 

boundary conditions (constant temperature or zero heat flow). 

Keywords: heat conduction, numerical simulation, far-field element, multiscale, ANSYS  

 

Introduction 

The solved problem comes from analysis of the project of geological disposal of a spent 

nuclear fuel – the spent fuel is put to steel canisters which are placed deep to a stable rock 

massif, further protected by the buffer layer of compacted bentonite [3]. One of the issues is 

heat dissipation of the fuel, not to reach a certain safe maximum temperature for the 

construction, while keeping the repository sufficiently small for economical reasons. For 

numerical simulation, the challenge is in multiscale character of the problem: we need to take 

into account details of canister and buffer shape in scale of tens of centimeters while there are 

several tens or hundreds of such boreholes/canisters and the extent of thermal influence of 

whole repository is in scale of hundreds of meters. 

The methods used in the literature [2,4,6] are e.g. a superposition of solutions of the single 

borehole/canister or multiscale model with line sources instead of real canister geometry, 

either analytically or numerically. But for changing heat power and particular canister 

geometry, the numerical solution is necessary anyway. Except of the analytical solution, all 

approaches require solution of the heat conduction problem in much larger domain than the 

actual volume influenced, to allow defining a realistic but simple boundary condition (e.g. 

undisturbed temperature). For the solution of problems in infinite domain, the boundary 

element method is well suited, as solution of the exterior problem. To include both correct 
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solution of heat conduction to infinity and particular complicated geometry of the canister, 

buffer, and disposal borehole, the methods can be combined together – the finite element 

method for the local problem and the boundary element method for the infinite (exterior) 

problem. Several variants are described in literature as a general concept not limited to the 

particular application [5]. 

The FEM-BEM approach is also implemented in ANSYS commercial multiphysical 

simulation software, in the form of the “far-field element” [1,5], i.e. the standard finite 

element formulation is extended with a special element attached to the boundary of the local 

problem, expressing the interaction of the boundary with “infinity”, equivalent to the real 

solution of the heat conduction in the infinite domain. Thus the problem can be solved in the 

much smaller computational domain and much less degrees of freedom, with all flexibility of 

finite elements on the local scale. In this paper we show how this approach can be efficiently 

used to the particular problem of thermal field of the spent nuclear fuel repository and we 

compare the “far-field element” solution with the solution with conventional boundary 

conditions. 

1. Model description and data  

The structure of the planned repository [3,7] is a set of horizontal access tunnels with a certain 

spacing, with vertical disposal boreholes at the bottom of the tunnels, with a certain spacing. 

There is a cylindrical fuel canister in each borehole, with a layer of bentonite from top, 

bottom and vertical sides. We consider a periodic symmetry for the model formulation – in 

the plan view, the rectangle of half the tunnel spacing and half of the borehole spacing is the 

representative for the whole periodic structure (Fig. 1). In the vertical direction we define the 

domain extent according to needs of the heat influence and choice of a boundary condition. 

The dimensions are specified in Fig. 1b and Tab. 1. 

We apply some simplifications concerning the geometry and materials. The access tunnels are 

filled with “backfill” material in the standard repository concept. The expected material is 

typically a mixture of clay and other rock, so the used thermal properties for bentonite 

(buffer) are not far from the possible values for the real backfill, moreover former tests have 

shown almost no effect of the backfill thermal properties on the buffer temperatures. We 

neglect the heat distribution inside the canister since the thermal dimensioning task is usually 

motivated by the buffer material stability, not by the phenomena inside the canister. The 

canister shell behaves as a perfect heat conductor distributing the heat according to the outer 

buffer material properties and geometry. The homogeneous volume of steel is a good 

approximation for the same behavior of the canister in our model. The real temperatures in the 

canister would be higher due to air gaps between the fuel rods and the steel skeleton/shell, but 

this is not a subject of this study. 

Tab. 1. List of parameters describing model geometry (reference to Fig. 1b) 

Parameter Notations Reference value 

Borehole spacing (between axes) d1 9m 

Tunnel sparing (between axes) d2 25m 

Canister height (outer steel) h1 5.05m 

Borehole height (outer buffer) h2 6.15m 

Canister radius (steel/buffer interface) r1 0.35m 

Borehole radius (buffer/rock interface) r2 0.66m 

Vertical size of the model h3 60m  

Tunnel diameter (circular)  3m 
Source: Own compilation of data from [7,8] 
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Source: Own.  

Fig. 1. (a) plan view of tunnels and boreholes (red) with symmetrical segment (blue),  

(b) dimensions of the problem parts, (c) discretisation mesh of the model with 

distinguished materials (a cut-out detail about 1/5 of the model height). 

 

Tab. 2. Material coefficients of the heat conduction problem, for different components of the 

model (see Fig 1.c). 

Material Density Heat capacity Heat conductivity 

 kg·m
-3

 kJ·kg
-1

·K
-1 

W·m
-1

·K
-1 

Buffer (partly saturated compacted bentonite) 2000 2500 1 

Host rock (granite) 2700 850 2.7 

Canister (steel) 7800 45 460 

Tunel backfill = same as buffer (simplified) 2000 2500 1 
Source: Own compilation of data from [8] 

 

The input data of the model are material coefficients, boundary and initial conditions, and 

prescribed heat power changing in time. The heat conductivity, heat capacity and density are 

listed in Tab 2. The initial condition is the constant temperature 10°C. The heat power is 

calculated from the nuclear decay equations, for this study we got a table form of time/power 

dependence, possible to fit with a sum of three exponential functions [8]. The heat power at 

the beginning is 2137W, which means the power density 1858W/m
3
 of the homogeneous 

volume source mentioned above. 

The boundary conditions on symmetry planes (all vertical) are no heat flow. For the boundary 

on the horizontal planes on top and bottom of the model, we consider the following variants 

(to be compared between each other): 

 The “Far-field element” instead of the strict-sense boundary condition, i.e. solution of 

the unbounded problem. 
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 Constant temperature 10°C (equal to initial): this can possibly overestimate heat 

dissipation and underestimate temperature (keeping the temperature constant in 

presence of heating requires additional cooling of boundary). 

 No heat flow on the bottom and the “far-field element” on the top: at the bottom side, 

the heat flow is underestimated and therefore the temperature is overestimated. 

To resume, we solve the problem of transient 3D linear heat conduction, with either standard 

finite element method with mixed block and tetrahedral elements and linear or bilinear base 

functions, or with combination of the finite element and the boundary element method, where 

the solution of the exterior problem is set as a special element instead of boundary condition 

on particular model side. We use ANSYS v11 academic license for all calculations. 

 

2. Results  

We analyze the results in form of vertical temperature profiles, in order to precisely 

distinguish the behaviour near the boundary, which is the main subject of interest in relation 

to the far-field element demonstration. For the thermal dimensioning of the repository, the 

primary evaluated result is the maximum temperature. Surprisingly, the maximum 

temperature (in both space and time) is not much influenced by the choice of the boundary 

condition or far-field element. The reason can be that the heat power starts to decrease in 

similar time scale as the heat reaches the boundary (only after this time the variant of 

boundary can have effect on the maximum temperature). But the maximum temperature of the 

single profile in particular time after 10 or 20 years is then visibly influenced by the variant of 

the model boundary. 

The profiles changing in time are presented in Fig. 2, for the far-field element variant. The 

quick rise of the temperature in canister and buffer and then the spread of heat towards 

boundaries and slower rise of the canister temperature is visible. The time development is 

similar to all variants of boundary. In Fig. 3 (sooner time) and Fig. 4 (later time) the profiles 

between model variants are compared: in the first case, the profiles are almost the same (the 

effect of the boundary did not yet happen) while in the second case there are differences as 

expected. The steepest decrease of temperature and the smallest canister temperature is for the 

constant temperature boundary (artificial cooling), the slowest decrease and the larger 

temperature is for zero heat flow (all heat kept inside), and the far-field element solution 

(“correct” heat conduction to the infinity) is between – the cooling is given by the infinite 

volume of rock around.  We note that only left part of profile (bottom part of the model) is 

relevant, because the top of the “no heat flow” model also uses the far-field element. Also, the 

slope at the no-flow boundary is not ideally zero, because the model is slightly larger for this 

variant. 

Conclusion 

The solution with the far-field element (FEM-BEM method) representing the heat conduction 

in the infinite domain (without need of its actual discretisation) confirmed to behave as 

expected. In comparison the temperature is between the results of the constant-temperature 

and the no-heat-flow boundary. In contrast to e.g. empirical fitting of the third-type boundary, 

we get the more accurate solution for almost the same computing price. The presented model 

is in many aspects simplified against the needs for realistic prediction of the thermal condition 

in the repository, but this analysis gives good reference for choice of the model geometry and 

boundaries in the further more precise studies. 



 
99 

 
Source: Own  

Fig. 1. Development of vertical axial temperature profiles in time for the model with far-

field element (infinite boundary). 

 
Source: Own  

Fig. 2. Comparison of temperature profiles among the model variants for a sooner time – 

6.22 years (identical for “no heat flow” and “infinite element”). 

 
Source: Own  

Fig. 3. Comparison of temperature profiles among the model variants for later time – 31.7 

years. 
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ŘEŠENÍ ÚLOHY TEPELNÉHO DIMENZOVÁNÍ ÚLOŽIŠTĚ VYHOŘELÉHO JADERNÉHO 

PALIVA POMOCÍ KONEČNÝCH PRVKŮ A HRANIČNÍCH PRVKŮ 

Řešíme úlohu tepelného dimenzování hlubinného geologického ukládání vyhořelého 

jaderného paliva, což spočívá v odhadu maximální teploty v úložišti vlivem tepla 

generovaného uloženým palivem. Používáme kombinaci metody hraničních prvků pro vnější 

úlohu odvodu tepla v nekonečném prostoru a metody konečných prvků (MKP) pro tepelnou 

úlohu v blízkém poli s okrajovou podmínkou vyjádřenou řešením vnější úlohy. Tato 

kombinace je implementována v simulačním softwaru ANSYS jako "far-field element". 

Řešení touto metodou potvrdilo, že dobře reprezentuje odvod tepla, v porovnání s variantami 

modelu se standardní MKP pro úlohu vzdáleného pole nebo s volbou základních typů 

okrajových podmínek (konstantní teplota nebo nulový tepelný tok). 

LÖSUNG DER AUFGABE DER WÄRMEDIMENSIONIERUNG DER LAGESTÄTTE  

FÜR ATOMAREN ABFALL MIT HILFE FINITER ELEMENTE UND GRENZELEMENTE 

Hier wird die Aufgabe der Wärmedimensionierung der Tieflagerstätte von ausgebranntem 

Atombrennstoff gelöst. Dies ist die Schätzung der Maximaltemperatur in der Lagerstätte, die 

durch den auf Grund der Wärme verbrannten Brennstoff verursacht wurde. Wir benutzen eine 

Kombination aus der Methode der Grenzelemente für die äußere Wärmeableitung in einen 

unendlichen Raum (entfernte Felder) und der Methode der finiten Elemente für die Leitung 

der Wärme auf dem nahen Feld mit der Randbedingung, welche durch die Lösung im 

entfernten Feld ausgedrückt wird. Diese Kombination wird in der Simulationssoftware 

ANSYS als „far-field element“ implementiert. Die Lösung unter Verwendung dieses 

Elements bestätigte die Fähigkeit, die Wärme korrekt abzuführen, und das im Vergleich mit 

der Lösung des entfernten Feldes durch finite Elemente und Standardrandbedingungen 

(konstante Temperatur oder kein Wärmefluss). 

 

ROZWIĄZANIE ZADANIA ZAGOSPODAROWANIA ENERGII CIEPLNEJ  

ZE SKŁADOWISKA ODPADÓW JĄDROWYCH PRZY POMOCY ELEMENTÓW 

SKOŃCZONYCH I ELEMENTÓW BRZEGOWYCH 

W artykule przedstawiono rozwiązanie zadania zagospodarowania energii cieplnej 

pochodzącej z głębinowego składowiska wypalonego paliwa jądrowego, opartą na 

oszacowaniu maksymalnej temperatury w składowisku spowodowanej energią cieplną 

generowaną przez wypalone paliwo. Zastosowano połączenie metody elementów brzegowych 

dla zewnętrzego zadania odprowadzenia energii cieplnej w nieskończoną przestrzeń 

(oddalone pole) oraz metody elementów skończonych dla odprowadzenia energii cieplnej na 

pobliskie pole z warunkiem krańcowym wyrażonym rozwiązaniem na oddalonym polu. 

Połączenie to wprowadzono do oprogramowania symulacyjnego ANSYS jako "far-field 

element" (element oddalonego pola). Rozwiązanie z wykorzystaniem tego elementu 

umożliwiło prawidłową prezentację odprowadzenia energii cieplnej, w porównaniu z 

rozwiązaniem w postaci oddalonego pola przy wykorzystaniu elementów brzegowych oraz 

standardowych warunków krańcowych (stała temperatura lub zerowy przepływ energii 

cieplnej). 
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Abstract

In this paper we deal with the development of a numerical method for the solution of the mo-
dified equal width wave (MEW) equation – a very important equation with a cubic nonlinearity
describing a large number of physical phenomena. The crucial idea of introduced approach is
based on the discretization of the MEW equation with the aid of a combination of the discontin-
uous Galerkin (DG) method for the space semi-discretization and the backward Euler method
for the time discretization. The appended numerical experiments investigate the conservative
properties of the MEW equation related to mass, momentum andenergy, and illustrate the po-
tency of this scheme, consequently.

Keywords: Discontinuous Galerkin method; modified equal width wave equation; semi-implicit
scheme; solitary wave.

Introduction

Our aim is to present a sufficiently robust, accurate and efficient numerical method for the
solution of scalar nonlinear partial differential equations. As a model problem, we consider
a modified equal width wave (MEW) equation, describing the various phenomena in physical
disciplines. The MEW equation contains a cubic nonlinearity and exhibits a pulse-like solitary
wave having the same width with both positive and negative amplitudes. Several numerical
methods have been introduced in the literature for the solution of the MEW equation, see [1],
[6], [9] and references cited therein.

In this paper, we proposed a semi-implicit scheme for the numerical solution of the MEW
equation. The discontinuous Galerkin (DG) methods have become a very popular numerical
technique for the solution of nonlinear problems. The DG space semi-discretization uses higher
order piecewise polynomial discontinuous approximation on arbitrary meshes, for a survey, see
[2], [3], [4]. Among several variants of DG methods we preferthe so-called interior penalty
Galerkin (IPG) discretizations. The discretization in thetime coordinate is performed with the
aid of a linearization and the backward Euler method, sidetracking the time step restriction
well-known from the explicit schemes. Consequently, the fully discrete problem is represented
by the system of linear algebraic equations.

The rest of the paper is organized as follows. The problem formulation and its variational re-
formulation are given in Section 1. The discretization including a space semi-discretization and
fully time space discretization is considered in Section 2.Some numerical results are provided
in Section 3.
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1 Problem Formulation

Let Ω = (a,b) ⊂ IR be a bounded open interval, we consider the following MEW equation:

Problem (I): Findu(x, t) : QT = Ω× (0,T) → IR such that, for allT > 0,

(a)
∂u
∂ t

+ εu2∂u
∂x

−µ
∂
∂ t

(

∂ 2u
∂x2

)

= 0 in QT ,

(b) u(a, t) = ua
D(t) andu(b, t) = ub

D(t), t ∈ (0,T) (1)

(c) u(x,0) = u0(x), x∈ Ω,

where positive parametersε andµ represent the amplitude of the wave and long-wavelength,
respectively. The initial boundary value problem (1) is equipped with the initial conditionu0 :
Ω → IR and the Dirichlet boundary conditionsua

D,ub
D : (0,T) → IR prescribed at both endpoints

of the domainΩ.
In order to obtain a variational formulation of (1) we introduce the standard notation for

function spaces. Letk ≥ 0 be an integer andp∈ [1,∞]. We use the well-known Lebesgue and
Sobolev spacesLp(Ω), Hk(Ω), Bochner spacesLp(0,T;X) of functions defined in (0, T) with
values in the Banach spaceX and the spacesCk([0,T];X) of k-times continuously differentiable
mappings of the interval [0, T] with values inX. Further, we denote the inner product inL2(Ω)
by (·, ·), and letH1

0(Ω) = {v∈ H1(Ω) : v(a) = v(b) = 0}.
Now, we are ready to introduce the followingweak formulationof problem (1):

Problem (II) : Find u∈C1(0,T;H1(Ω)) such that, for allt ∈ [0,T],

(a) u−u∗ ∈C1(0,T;H1
0(Ω))

(b)
d
dt

(u(t),v)+ εb(u(t),v)+ µ
d
dt

a(u(t),v) = 0 ∀v∈ H1
0(Ω) (2)

(c) u(0) = u0 in Ω, u0 ∈ L2(Ω),

where symbolu(t) stands for the function onΩ such thatu(t)(x), x∈ Ω and the bilinear form
a(·, ·) and the nonlinear formb(·, ·) are defined as

a(u(t),v) =
∫

Ω

∂u(t)
∂x

v′dx, (diffusion term) (3)

b(u(t),v) =
∫

Ω

∂ f (u(t))
∂x

vdx with f (u) =
1
3

u3 (convection term). (4)

Function f (u) in (4) represents the physical flux.

2 Discretization

Let Th (h > 0) be a family of the partitions of the closureΩ = [a, b] of the domainΩ into N
closed mutually disjoint subintervalsIk = [xk−1,xk] with lengthhk := xk−xk−1 and the symbol
J stands for an index set{1, . . . ,N}. Then we callTh = {Ik, k∈ J } a triangulationwith the
spatial steph := maxk∈J hk and the intervalIk anelement. LetEh = {x0 = a,x1, . . . ,xN−1,xN =

b}. Further, we label byE I
h the set of all inner nodes. Obviously,Eh = E I

h ∪{a, b}.
The DG method can handle different polynomial degrees over elements. Therefore, we

assign a positive integerpk as alocal polynomial degreeto eachIk ∈ Th. Then we set the
vectorp = {pk, Ik ∈ Th}. Over the triangulationTh we define the finite dimensional space of
discontinuous piecewise polynomial functions

Shp ≡ Shp(Ω,Th) = {v;v|Ik ∈ Ppk(Ik) ∀k∈ J }, (5)
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wherePpk(Ik) denotes the space of all polynomials of degree≤ pk on Ik, Ik ∈Th. Consequently,
the approximate solution of the continuous problem (1) is sought in the spaceShp.

For eachx ∈ E I
h there exist two elementsIk, Ik+1 ∈ Th such thatIk ∩ Ik+1 = {x}. Let us

denote
v(x+) = lim

ε→0+
v(x+ ε) and v(x−) = lim

ε→0+
v(x− ε) (6)

thetracesof v at inner points ofΩ. Moreover,

[v(x)] = v(x−)−v(x+), 〈v(x)〉 =
1
2

(

v(x−)+v(x+)
)

, (7)

denote thejumpandmean valueof the functionv at pointsx∈ E I
h , respectively. By convention,

we also extend the definition of the jump and mean value for endpoints of domainΩ, i.e.

[v(x0)] = −v(x+
0 ), 〈v(x0)〉 = v(x+

0 ), [v(xN)] = v(x−N), 〈v(xN)〉 = v(x−N) (8)

In case thatx ∈ Eh are arguments ofv(x−) or v(x+), we usually omit these argumentsx−,x+

and write simplyv− andv+, respectively.

2.1 Space Semi-Discrete DG Scheme

Now, we recall the space semi-discrete DG scheme presented in [8]. The crucial item of the DG
formulation of model problem is the treatment of the convection part. The convection terms are
approximated with the aid of the following numerical fluxH(·, ·) through nodex ∈ Eh in the
positive direction (i.e. outer normal is equal to one):

H
(

u(x−),u(x+)
)

=

{

f (u(x−)) , if A≥ 0

f (u(x+)) , if A < 0
, whereA = f ′

(

u(x−)+u(x+)

2

)

, (9)

which is based on the concept ofupwinding, for more details see [7].
Due to the cubic form of physical fluxf (u) = 1

3u3, the derivativef ′(u) = u2 is nonnegative
everywhere inΩ and the numerical fluxH defined in (9) has simpler form:

H
(

u(x−),u(x+)
)

= f
(

u(x−)
)

, x∈ Eh (10)

The choice ofu(x−),u(x+) for boundary points{a,b} is necessary to specify. Here we use:

u(x−0 ) = u(a−) = ua
D and u(x+

N) = u(b+) = ub
D. (11)

A particular attention should be also paid to the treatment of the diffusion terms, which
include artificially addedstabilizationin order to guarantee the stability of the resulting numer-
ical scheme. Furthermore, in order to replace the inter-element discontinuities, the semi-discrete
scheme is completed withpenaltyvanishing for the continuous solution.

Therefore, we can define thesemi-discrete solution uh of the problem (1).

Problem (III) : Finduh ∈C1(0,T;Shp) such that, for allt ∈ [0,T],

(a)
d
dt

{

(uh(t),vh)+ µaΘ
h (uh(t),vh)+ µJσ

h (uh(t),vh)

}

+ ε bh(uh(t),vh) = 0

∀vh ∈ Shp, (12)

(b) (uh(0),vh) = (u0,vh) ∀vh ∈ Shp
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where

aΘ
h (u(t),v) = ∑

k∈J

∫

Ik

∂u(t)
∂x

·v′dx− ∑
x∈Eh

〈

∂u(t)
∂x

〉

[v]+Θ ∑
x∈E I

h

〈

v′
〉

[u(t)], (13)

+Θv′(x+
0 ) ·

(

ua
D(t)−u(x+

0 , t)
)

+Θv′(x−N) ·
(

u(x−N , t)−ub
D(t)

)

(diffusion form)

bh(u(t),v) = − ∑
k∈J

∫

Ik
f (u(t)) ·v′dx+ ∑

x∈E I
h

f (u−(t)) [v] (14)

− f (ua
D(t)) ·v(x+

0 ) + f (u(x−N , t)) ·v(x−N)
(convection form)

Jσ
h (u(t),v) = ∑

x∈E I
h

σ [u(t)] [v]+σ(x0) ·
(

ua
D(t)−u(x+

0 , t)
)

·v(x+
0 ) (15)

+σ(xN) ·
(

u(x−N , t)−ub
D(t)

)

·v(x−N)

(penalty form)

According to value of the parameterΘ, we speak ofsymmetric(Θ = −1), incomplete
(Θ = 0) ornonsymmetric(Θ = 1) variants of stabilization of the DG method, i.e., we generally
consider three variants of the diffusion formaΘ

h . The penalty parameter functionσ : Eh → IR in
(15) is defined in spirit of [5] as

σ(x) =
CW

d(x)
with d(x) =















h1/p1
2 , x = a,

min
(

hk/p2
k,hk+1/p2

k+1

)

, x∈ E I
h ∧{x} = Ik∩ Ik+1,

hN/pN
2 , x = b,

(16)

whereCW > 0 is a suitable constant depending on the used variant of scheme and on the degree
of polynomial approximation.

In order to simplify the notation we introduce the form

A
Θ,µ

h (u(t),v) := (u(t),v)+ µ aΘ
h (u(t),v)+ µJσ

h (u(t),v), u(t),v∈ Shp, t ∈ (0,T), (17)

which is bilinear due to (13) and (15). Consequently, the equation (12a) can be rewritten as

d
dt

A
Θ,µ

h (uh(t),vh)+ ε bh(uh(t),vh) = 0 ∀vh ∈ Shp,∀ t ∈ [0,T], (18)

The problem (18) represents a system of ordinary differential equations (ODEs) foruh(t) which
has to be discretized in time by a suitable method.

2.2 Fully Time-Space Discrete DG Scheme

There exists a wide range of approaches for the time discretization of ODE systems resulting
from the DG semi-discretization. In practical computations, the simplest time discretization is
via explicit scheme(e.g. Euler forward scheme and Runge-Kutta methods). These schemes
suffer from a strong limitation on the time step due to aCFL-stability condition. However, their
main advantage is easy implementation. On the other hand, inorder to avoid the strong time
step restriction of explicit DG schemes, it is suitable to use animplicit time discretization.

Let 0= t0 < t1 < · · · < tM = T be a partition of the interval[0,T], time stepsτl ≡ tl+1− tl ,
andul

h stands for theapproximate solutionof uh(tl ), tl ∈ [0,T], l = 0, . . . ,M. The fully discrete
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solution of problem (12) via an implicit approach with thebackward Euler methodis defined in
following way.

Problem (IV) : Findul
h ∈ Shp, such that, forl = 1, . . . ,M,

(a)
1
τl

(

A
Θ,µ

h (ul+1
h ,vh)−A

Θ,µ
h (ul

h,vh)
)

+ εbh

(

ul+1
h ,vh

)

= 0 ∀vh ∈ Shp, (19)

(b) u0
h is Shp approximation ofu0.

The main drawback inhibiting from the fully implicit treatment in (19a) is the nonlinearity of
the convection formbh(·, ·) which leads to a nonlinear system of algebraic equations at each
time step the solution of which is rather expensive and more complicated.

Therefore, in our case, the proposedsemi-implicitapproach, sidetracking the time step re-
striction as well as the nonlinearity of the convection formis generally based on a suitable
linearizationof this form. The nonlinearity appearing in the convection form (14) comes from
the physical fluxf (u) the linearization of which is crucial for the later linear treatment of the
form bh(·, ·).

We use a linearization off (u) with the aid of the Taylor expansion as

f (u(t + τ)) =
1
3

u3(t + τ) =
1
3

u3(t)+
∂
∂ t

1
3

u3(t)τ +O(τ2), τ > 0, t ∈ (0,T). (20)

Hence, differentiation and omitting of higher order termsO(τ2) in (20) lead to approximation

f (u(t + τ)) ≈
1
3

u3(t)+u2(t)
∂u(t)

∂ t
τ ≈

1
3

u3(t)+u2(t)(u(t + τ)−u(t)) , (21)

the last approximation in (21) comes from the Taylor expansion ofu, i.e.

u(t + τ) = u(t)+
∂u(t)

∂ t
τ +O(τ2) ≈ u(t)+

∂u(t)
∂ t

τ, τ > 0, t ∈ (0,T). (22)

Finally, from (21) we get

f (u(t + τ)) ≈ u2(t)u(t + τ)−
2
3

u3(t) = u2(t)u(t + τ)−2 f (u(t)), τ > 0, t ∈ (0,T) (23)

and by substitutingul+1
h for u(t + τ) andul

h for u(t) in (23), respectively

f (ul+1
h ) ≈

(

ul
h

)2
ul+1

h −2 f (ul
h), l = 1, . . . ,M. (24)

Next, we can proceed to the linearization of an implicit treatment ofbh as

bh(u
l+1
h ,vh) =− ∑

k∈J

∫

Ik
f (ul+1

h ) ·v′hdx+ ∑
x∈E I

h∪{xN}

f ((ul+1
h )−) [vh]− f (ua

D(tl+1)) ·vh(x
+
0 ) (25)

From (24) and (25) we find that

bh(u
l+1
h ,vh) =

− ∑
k∈J

∫

Ik
(ul

h)
2 ·ul+1

h ·v′hdx+ ∑
x∈E I

h∪{xN}

((ul
h)

−)2 · (ul+1
h )− · [vh]− f (ua

D(tl+1)) ·vh(x
+
0 )

︸ ︷︷ ︸

=:bhL(ul
h,u

l+1
h ,vh)

−2







− ∑
k∈J

∫

Ik
f (ul

h) ·v
′
hdx+ ∑

x∈E I
h∪{xN}

f ((ul
h)

−) [vh]







︸ ︷︷ ︸

=:b∗h(u
l
h,vh)

(26)
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where the formbhL(·, ·, ·) is linear with respect to its second and third components andthe
form b∗h(·, ·) is in fact the original convection form (14) with homogeneous Dirichlet boundary
conditions.

Since linear parts ofbhL are treated implicitly and the nonlinear ones together withthe form
b∗h explicitly, the semi-implict treatment preserves a linearalgebraic problem at each time step.
In this way we arrive at the following semi-implicit method.

Problem (V): Findul
h ∈ Shp, such that, forl = 1, . . . ,M,

(a) A
Θ,µ

h (ul+1
h ,vh)+ τl εbhL

(

ul
h,u

l+1
h ,vh

)

= A
Θ,µ

h (ul
h,vh)+2τl εb∗h

(

ul
h,vh

)

∀vh ∈ Shp,

(b) u0
h is Shp approximation ofu0. (27)

The discrete problem (27) is equivalent to a system of linearalgebraic equations at each time
instanttl ∈ [0,T]. The resulting method has a high order of accuracy with respect to the space
coordinates and the first order of accuracy with respect to time.

3 Numerical Experiments

In this section we present the results obtained from the semi-implicit method (27) proposed for
the numerical solution of the problem (1) for a propagation of a single solitary wave. The MEW
equation has three conservation quantities correspondingto mass, momentum, and energy

IM(u) =
∫

Ω
udx, IMM(u) =

∫

Ω
(u2 + µ(u′)2)dx, IE(u) =

∫

Ω
u4dx, (28)

respectively, and will be monitored to check the conservation properties of the proposed algo-
rithm.

Let us consider the following analytical solution of (1)

u(x, t) = Asech(k(x−x0− pt)) (29)

which represents a single solitary wave of amplitudeA=
√

6p/ε , wherep is the velocity of the
wave andk =

√

1/µ . The boundary and initial conditions are extracted from theexact solution
(29).

In order to compare our semi-implicit approach to the schemes given in [1] and [6] we set the
parameters valuesA= 0.25,x0 = 30.0, ε = 3.0 andµ = 1.0. The run of the algorithm is carried
up to timeT = 20.0 over the problem domain[0,80] with the constant mesh sizeh = 0.1 and
the time stepτ = 0.05. The computations were performed by piecewise cubic approximations
with Θ = 0 (incomplete variant).

Figure 1 captures the development of approximation solutions of single solitary wave from
an initial condition to different time instants. Table 1 records the invariant quantities and com-
pares obtained results with several previous schemes givenin [1] and [6]. We obtained satisfac-
tory results and quite good agreement was already achieved for a piecewise cubic approximation
with reference results from [1].

Conclusion

We dealt with the numerical solution of the MEW equation via semi-implicit scheme based
on the discontinuous Galerkin method and the backward Eulermethod for the space and time
discretization, respectively. A preliminary numerical example produced satisfactory results and
illustrated the potency of the resulting scheme.
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Tab. 1. Computed invariant quantities for single solitary wave
method l time IM(ul

h) IMM(ul
h) IE(ul

h)
present method 0.0 0.785398 0.166666 0.0052083

5.0 0.785398 0.166666 0.0052083
10.0 0.785398 0.166667 0.0052084
15.0 0.785398 0.166668 0.0052084
20.0 0.785398 0.166668 0.0052085

ref. method [6] 20.0 0.785398 0.166474 0.0052083
ref. method [1] 20.0 0.785398 0.166667 0.0052083

Source: Own based on [1] and [6]
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Fig. 1. Development of approximate solutions of single solitary wave
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NUMERICKÉ ŘEŠEŃI MEW ROVNICE PROSŤREDNICTVÍM

SEMI-IMPLICITN ÍHO NUMERICKÉHO SCH́EMATU

V tomto článku se zab́yváme v́yvojem numericḱe metody prǒrěseńı MEW rovnice – velmi
významńe rovnice s kubickou nelinearitou popisujı́ćı rozśahĺe mnǒzstv́ı fyzikálńıch jev̊u. Klı́čo-
vá my̌slenka uvedeńeho p̌rı́stupu je zalǒzena na diskretizaci MEW rovnice pomocı́ kombinace
nespojit́e Galerkinovy metody pro prostorovou semi-diskretizaci a zpětńe Eulerovy metody
pro časovou diskretizaci. Připojeńe numericḱe experimenty zkoumajı́ vlastnosti zachov́ańı pro
MEW rovnici spojeńe s hmotnostı́, hybnost́ı a energíı a ńasledňe tak dokĺadaj́ı potenci tohoto
sch́ematu.

NUMERISCHEL ÖSUNG DERMEW-GLEICHUNG MITTELS EINES

HALBIMPLIZITEN NUMERISCHEN SCHEMAS

In diesem Artikel bescḧaftigen wir uns mit der Entwicklung einer numerischen Methode zur
Lösung einer MEW-Gleichung. Das ist eine sehr bedeutsame Gleichung mit einer kubischen
Nichtlineariẗat, welche eine umfangreiche Menge physikalischer Erscheinungen beschreibt.
Der Schl̈usselgedanke des angeführten Ansatzes gründet sich auf der Diskretisierung einer
MEW-Gleichung mit Hilfe einer Kombination aus der nichtkontinuierlichen Galerkin-Methode
für die r̈aumliche Semi-Diskretisierung und impliziten Euler-Verfahren f̈ur die zeitliche Diskreti-
sierung. Die angeschlossenen numerischen Experimente untersuchen die Eigenschaften der
Erhaltung f̈ur die MEW-Gleichung, die mit der Masse, der Beweglichkeit und der Energie ver-
bunden ist, und belegen so die Potenz dieses Schemas.

NUMERYCZNE ROZWIA֒ZANIE RÓWNANIA MEW ZA POŚREDNICTWEM

SEMI-DYSKRETNEGO SCHEMATU NUMERYCZNEGO

W niniejszym artykule uwag֒e póswie֒cono rozwojowi numerycznej metody do rozwia֒zywania
równania MEW - bardzo wȧznego ŕownania nieliniowego trzeciego rze֒du opisuj֒acego wiele
zjawisk fizykalnych. Kluczowa idea wymienionego podejścia oparta jest na dyskretyzacji rów-
nania MEW przy pomocy poła֒czenia nieci֒agłej metody Galerkina dla przestrzennej semi-dys-
kretyzacji oraz zwrotne metody Eulera dla dyskretyzacji czasowej. Przedstawione ekspery-
menty numeryczne maja֒ na celu zbadanie cech zachowania równania MEW zwi֒azanych z mas֒a,
ruchem i energi֒a. Ponadto przedstawiaja potencjałtakiego schematu.
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Abstract

This paper gives an overview of the main ingredients needed to incorporate reconstruction op-
erators, as known from higher order finite volume (FV) and spectral volume (SV) schemes, into
the discontinuous Galerkin (DG) method. Such an operator constructs higher order approxima-
tions from the lower order DG scheme, increasing the order ofconvergence, while leading to
a more efficient numerical scheme than the corresponding higher order DG scheme itself. We
discuss theoretical, as well as implementational aspects and numerical experiments.

Keywords: Higher order reconstruction; discontinuous Galerkin; finite volumes.

Introduction

During the last decades, the finite volume (FV) method has gained the position of the stan-
dard method used by the engineering community for the discretization of equations governing
conservation laws and convection-dominated problems. This method has many advantages,
however one of its drawbacks is its low order accuracy. The standard approach to overcome
this problem is the introduction of higher order reconstruction operators into the FV scheme.
Although such an approach has not yet been theoretically justified, it gives excellent results in
practice. However, one usually uses at most piecewise quadratic reconstructions, since higher
orders are impractical and cumbersome from the implementational point of view.

A somewhat different approach to higher order schemes is thediscontinuous Galerkin (DG)
method, which combines concepts form the finite element and finite volume methods. Again,
this method has many advantages, but one major drawback. While arbitrary orders of conver-
gence can be achieved, the number of degrees of freedom needed grows very fast.

In the presented paper, we give an overview of a relatively new idea, originating in [2, 5],
to combine the DG method with reconstruction operators to obtain a numerical scheme of very
high orders of accuracy, which, we demonstrate, is computationally more efficient than the DG
scheme itself. We introduce concepts needed to introduce such a scheme, discuss implementa-
tion and numerical results, as well as some theoretical considerations.

1 Problem Formulation and Notation

For simplicity, we shall be concerned with a scalar hyperbolic equation, although the same
arguments basically hold for any time-dependent PDE. We treat a nonlinear nonstationary scalar
hyperbolic equation in a bounded domainΩ ⊂ IRd with a Lipschitz-continuous boundary∂Ω.
We seeku : Ω× [0,T] → IR such that

∂u
∂ t

+div f(u) = 0 in Ω× (0,T) (1)
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along with an appropriate initial and boundary condition. Here f = ( f1, · · · , fd) and fs,s =
1, . . . ,d are Lipschitz continuous fluxes in the directionxs,s= 1, . . . ,d.

Let Th be a partition (triangulation) of the closureΩ into a finite number of closed simplices
K ∈ Th. In general we do not require the standard conforming properties of Th used in the
finite element method (i.e. we admit the so-called hanging nodes). We shall use the following
notation. By∂K we denote the boundary of an elementK ∈ Th and sethK = diam(K), h =
maxK∈Th

hK.
Let K,K′ ∈ Th. We say thatK andK′ areneighbours, if they share a commonfaceΓ ⊂ ∂K.

By Fh we denote the system of all faces of all elementsK ∈ Th. Further, we define the set of
all interior and boundary faces, byF I

h andF B
h , respectively.

For eachΓ ∈Fh we define a unit normal vectornΓ, such that forΓ ∈F B
h the normalnΓ has

the same orientation as the outer normal to∂Ω.
Over a triangulationTh we define thebroken Sobolev spaces

Hk(Ω,Th) = {v; v|K ∈ Hk(K), ∀K ∈ Th}.

For each faceΓ ∈ F I
h there exist two neighboursK(L)

Γ , K(R)
Γ ∈ Th such thatΓ ⊂ K(L)

Γ ∩K(R)
Γ .

We use the convention thatnΓ is the outer normal toK(L)
Γ . For v∈ H1(Ω,Th) andΓ ∈ F I

h we
introduce the following notation:

v|(L)
Γ = trace ofv|

K(L)
Γ

on Γ, v|(R)
Γ = trace ofv|

K(R)
Γ

on Γ, [v]Γ = v|(L)
Γ −v|(R)

Γ .

On boundary edges we definev|(R)
Γ = [v]Γ := v|(L)

Γ .
Let n≥ 0 be an integer. We define the space of discontinuous piecewise polynomial func-

tions
Sn

h = {v; v|K ∈ Pn(K),∀K ∈ Th},

wherePn(K) is the space of all polynomials onK of degree≤ n. Specifically,

• S0
h: is the space of piecewise constant functions as known from the FV method,

• Sn
h, n≥ 0: the DG solution lies in this space of piecewisenth degree polynomials,

• SN
h , N > n: the higher order reconstructed DG solution will lie in thisspace.

2 Discontinuous Galerkin

We multiply (1) by an arbitraryϕn
h ∈ Sn

h, integrate over an elementK ∈ Th and apply Green’s
theorem. By summing over allK ∈ Th and rearranging, we get

d
dt

∫

Ω
u(t)ϕn

h dx+ ∑
Γ∈Fh

∫

Γ
f(u) ·n [ϕn

h]dS− ∑
K∈Th

∫

K
f(u) ·∇ϕn

h dx= 0. (2)

The boundary convective terms will be treated similarly as in the finite volume method, i.e. with
the aid of a numerical fluxH(u,v,n):

∫

Γ
f(u) ·n [ϕn

h]dS≈
∫

Γ
H(u(L),u(R),n)[ϕn

h]dS. (3)

We assume thatH is Lipschitz continuous, consistentandconservative, cf. [3].
Finally, we define theconvective form bh(·, ·) defined forv,ϕ ∈ H1(Ω,Th):

bh(v,ϕ) = ∑
Γ∈Fh

∫

Γ
H(v(L),v(R),n)[ϕ]dS− ∑

K∈Th

∫

K
f(v) ·∇ϕ dx.
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Definition 1 (Standard DG scheme)We seek uh : [0,T] → Sn
h such that

d
dt

(

uh(t),ϕn
h

)

+bh
(

uh(t),ϕn
h

)

= 0, ∀ϕn
h ∈ Sn

h, ∀t ∈ (0,T). (4)

We note that if we taken = 0, i.e. uh : (0,T) → S0
h, then from the definition ofbh, we see that

the DG scheme (4) is equivalent to the standard FV method.

3 Reconstructed Discontinuous Galerkin

Forv∈ L2(Ω), we denote byΠn
hv theL2(Ω)-projection ofv onSn

h:

Πn
hv∈ Sn

h, (Πn
hv−v, ϕn

h) = 0, ∀ϕn
h ∈ Sn

h. (5)

Obviously, ifK ∈ Th, then the function(Πn
hv)|K is theL2(K)-projection ofv|K on Pn(K). The

basis of the method lies in the observation that (2) can be viewed as an equation for the evolution
of Πn

hu(t), whereu is the exact solution of (1). In other words, due to (5),Πn
hu(t) ∈ Sn

h satisfies
the following equation for allϕn

h ∈ Sn
h:

d
dt

∫

Ω
Πn

hu(t)ϕn
h dx+ ∑

Γ∈Fh

∫

Γ
f(u) ·n [ϕn

h]dS− ∑
K∈Th

∫

K
f(u) ·∇ϕn

h dx= 0. (6)

Now, let N > n be an integer. We assume that there exists a piecewise polynomial function
UN

h (t) ∈ SN
h , which is an approximation ofu(t) of orderN+1, i.e.

UN
h (x, t) = u(x, t)+O(hN+1), ∀x∈ Ω, ∀t ∈ [0,T]. (7)

This is possible, ifu is sufficiently regular in space, e.g.u(t) ∈ WN+1,∞(Ω), cf.[1]. Now we
incorporate the approximationUN

h (t) into (6): the exact solutionu satisfies

d
dt

(

Πn
hu(t),ϕn

h

)

+bh
(

UN
h (t),ϕn

h

)

= E(ϕn
h, t), ∀ϕn

h ∈ Sn
h, ∀t ∈ (0,T), (8)

whereE(ϕn
h, t) is an error term defined as

E(ϕn
h, t) = bh

(

UN
h (t),ϕn

h

)

−bh
(

u(t),ϕn
h

)

. (9)

Lemma 1 The following estimate holds for all t∈ [0,T]:

E(ϕn
h, t) = O(hN)‖ϕn

h‖L2(Ω). (10)

Proof: Due to the consistency and Lipschitz continuity ofH, we have onΓ ∈ Fh

f(u) ·n−H(UN,(L)
h ,UN,(R)

h ,n) = H(u,u,n)−H(UN,(L)
h ,UN,(R)

h ,n) = O(hN+1).

Furthermore, due to the Lipschitz-continuity off, we have on elementK ∈ Th

f(u)− f(UN
h ) = O(hN+1).

Estimate (10) follows from these results and the application of the inverseandmultiplicative
trace inequalities, cf. [3]. �

It remains to construct a sufficiently accurate approximationUN
h (t) ∈ SN

h to u(t), such that
(7) is satisfied. This leads to the following problem.
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Definition 2 (Reconstruction problem) Let v: Ω → IR be sufficiently regular. GivenΠn
hv∈Sn

h,
find vN

h ∈ SN
h such that v− vN

h = O(hN+1) in Ω. We define the corresponding reconstruction
operator R: Sn

h → SN
h by RΠn

hv := vN
h .

By settingUN
h (t) := RΠn

hu(t) in (8), we obtain the following equation for theL2(Ω)-pro-
jections of the exact solutionu onto the spaceSn

h:

d
dt

(

Πn
hu(t),ϕn

h

)

+bh
(

RΠn
hu(t),ϕn

h

)

= O(hN)‖ϕn
h‖L2(Ω), ∀ϕn

h ∈ Sn
h. (11)

By neglecting the right-hand side and approximatingun
h(t) ≈ Πn

hu(t), we arrive at the following
definition of thereconstructed discontinuous Galerkin(RDG) scheme.

Definition 3 (Reconstructed DG scheme)We seek unh : [0,T] → Sn
h such that

d
dt

(

un
h(t),ϕ

n
h

)

+bh
(

Run
h(t),ϕ

n
h

)

= 0, ∀ϕn
h ∈ Sn

h, ∀t ∈ (0,T). (12)

There are several points worth mentioning.

• Equation (11) indicates that the RDG scheme is formallyNth order in space.

• The derivation of the RDG scheme follows the methodology of higher order FV and SV
schemes, cf. [7]. The basis of these schemes is an equation for the evolution of averages
of the exact solution on individual elements (i.e. an equation for Π0

hu(t)). Equation (11)
is a direct generalization for the case of higher orderL2(Ω)-projectionsΠn

hu(t), n≥ 0.

• Bothun
h(t) andϕn

h lie in Sn
h. OnlyRun

h(t), lies in the higher dimensional spaceSN
h . Despite

this fact, equation (11) indicates that we may expectu−Run
h = O(hN+1), althoughu−

un
h = O(hn+1).

• Numerical quadrature must be employed to evaluate surface and volume integrals in (12).
Since test functions are inSn

h, as compared toSN
h in the correspondingNth order stan-

dard DG scheme, we may use lower order (i.e. more efficient) quadrature formulae as
compared to the standard DG method.

• In practice, we must also discretize (12) with respect to time. As in the case of higher
order FV methods, we use an explicit time stepping method. The upper limit on stable
time steps, given by a CFL-like condition, is more restrictive with growingN. However,
in the RDG scheme, stability properties are essentially inherited from the lower order
scheme, therefore a larger time step is possible as comparedto the correspondingNth
order standard DG scheme.

3.1 Explicit Time Discretization

For simplicity, we formulate the forward Euler method, which is only the first order accurate,
however in Section 5, higher order Adams-Bashforth methods are used.

Let us construct a partition 0= t0 < t1 < t2 . . . of the time interval[0,T] and define the time
stepτk = tk+1− tk. We use the approximationun,k

h ≈ un
h(tk), whereun,k

h ∈ Sn
h. The forward Euler

scheme is given by:
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Source: Own

Fig. 1. 1) FV stencil for linear reconstruction, 2) FV stencil for quadratic reconstruction, 3)
Control volumes in a spectral volume for linear reconstruction, 4) Analogy to the SV approach
for DG methods - partition of triangle into control volumes,e.g. cubic reconstruction from
linear data

Definition 4 (Explicit RDG scheme) We seek un,k
h ∈ Sn

h, k = 0,1, . . . such that

(

un,k+1
h −un,k

h

τk
,ϕn

h

)

+bh
(

Run,k
h ,ϕn

h

)

= 0, ∀ϕn
h ∈ Sn

h, k = 0,1, . . . , (13)

where un,0
h = uh,0 is an Sn

h approximation of the initial condition u0.

3.2 Construction of the Reconstruction Operator

In analogy to the construction of reconstruction operatorsin higher order FV schemes, we
propose two approaches.

3.2.1 ”Standard” Approach

In the standard approach, a stencil (a group of neighboring elements and the element under
consideration) is used to build anNth degree polynomial approximation tou on the element
under consideration ([4, 6]). In the FV method, the von Neumann neighborhood of an element
is used as a stencil to obtain a piecewise linear reconstruction, cf. Figure 1, 1). However,
for higher order reconstructions, the size of the stencil increases dramatically, cf. Figure 1,
2), causing higher degrees than quadratic to be very time consuming. In the case of the RDG
scheme, we need not increase the stencil size to obtain higher order accuracy, it suffices to take
the von Neumann neighborhood and increase the order of the underlying DG scheme.

In analogy to the FV method, the reconstruction operatorR is constructed on each stencil
independently and satisfies thatRΠn

h is in some sensepolynomial preserving. Specifically, for
each elementK and its corresponding stencilS, we require that for allp∈ PN(S)

(

(

RΠn
h

)∣

∣

Sp
)∣

∣

∣

K
= p

∣

∣

K. (14)

This requirement allows us to study approximation properties ofR using the Bramble–Hilbert
technique as in the standard finite element method, [1]. The disadvantage of this approach is
that for unstructured meshes, the coefficients of the reconstruction operator must be stored for
each individual stencil.
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In the FV method, different conditions onR than (14) are often used, e.g. continuous or
discrete least squares. Special care must be taken in the vicinity of steep gradients and disconti-
nuities, where the Gibbs phenomenon may occur. In this case different strategies are employed,
e.g. limiting, ENO and WENO schemes, TVD etc. The generalization of these concepts to the
RDG method is left for future work.

3.2.2 Spectral Volume Approach

In thespectral volume approach, we start with a partition ofΩ into so-calledspectral volumes
S, for example triangles in 2D. The triangulationTh is formed by subdividing each spectral
volumeS into sub-cellsK, calledcontrol volumes, cf. [7]. In the FV method, the order of
accuracy of the reconstruction determines the number of control volumes to be generated in
each spectral volume. For example, for a linear reconstruction on a triangle, the triangle is
divided into three control volumes, Figure 1, 3). Again, in the RDG scheme, we may use only
the smallest available partition into control volumes, andincrease the accuracy by increasing
the order of the underlying scheme, cf. Figure 1, 4).

The reconstruction operator is constructed on each spectral volume independently such that
it is in some sense polynomial preserving, i.e. for each spectral volumeS, we require that for
all p∈ PN(S)

(

RΠn
h

)∣

∣

Sp = p. (15)

The advantage of this approach is that all spectral volumes are affine equivalent, we con-
struct the reconstruction operatorRonly on one reference spectral volume.

4 Relation between RDG and Standard DG

The only difference between the DG scheme (4) and RDG scheme (12) is the presence of the
reconstruction operatorR in the first variable ofbh(·, ·). While the error analysis of (4) is well
understood (at least for convection-diffusion problems [3]), the analysis of (12) or (13) poses
a new challenge. The problem lies in the fact that we cannot test (12) with ϕn

h := Run,k
h or

something similar, sinceRun,k
h /∈Sn

h. Therefore, we need to establish a relation between (12) and
theNth order DG method, instead of only thenth order DG method.

Definition 5 (Auxiliary problem) We seek̃uN,k
h ∈ SN

h such that

(

ũN,k+1
h − ũN,k

h

τk
,ϕN

h

)

+bh
(

RΠn
hũN,k

h ,ϕN
h

)

= 0, ∀ϕN
h ∈ SN

h , k = 0,1, . . . , (16)

whereũN,0
h is an SN

h approximation of the initial condition u0.

Lemma 2 Let un,0
h = Πn

hũN,0
h . Then un,k

h ∈ Sn
h, the solution of (13) and the solutioñuN,k

h ∈ SN
h of

(16) satisfy
un,k

h = Πn
hũN,k

h , ∀k = 0,1, · · · . (17)

Proof: We prove (17) by induction:
k = 1 : Sinceun,0

h = Πn
hũN,0

h , we have for allϕn
h ∈ Sn

h

(Πn
hũN,1

h ,ϕn
h) = (ũN,1

h ,ϕn
h) = (ũN,0

h ,ϕn
h)− τkbh

(

RΠn
hũN,0

h ,ϕn
h

)

= (un,0
h ,ϕn

h)− τkbh
(

Run,0
h ,ϕn

h

)

= (un,1
h ,ϕn

h),
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hence(Πn
hũN,1

h −un,1
h ,ϕn

h) = 0 for all ϕn
h ∈ Sn

h. ThereforeΠn
hũN,1

h = un,1
h .

k > 1 : Assume (17) holds for somek > 1. Then for allϕn
h ∈ Sn

h

(

Πn
hũN,k+1

h ,ϕn
h

)

=
(

ũN,k+1
h ,ϕn

h

)

=
(

ũN,k
h ,ϕn

h

)

− τkbh
(

RΠn
hũN,k

h ,ϕn
h

)

=
(

un,k
h ,ϕn

h

)

− τkbh
(

Run,k
h ,ϕn

h

)

=
(

un,k+1
h ,ϕn

h

)

,

thereforeΠn
hũN,k+1

h = un,k+1
h . This completes the induction stepk→ k+1. �

As a corollary, error estimates for the auxiliary problem imply error estimates for the RDG
scheme (12). Problem (16) is basically the standardNth order DG scheme with the operator
RΠn

h in the first variable ofbh(·, ·). Therefore, sufficient knowledge of the properties ofRΠn
h

(which is polynomial preserving) and standard DG method error estimates would imply the
estimates for the RDG scheme.

5 Numerical Experiments

We present numerical experiments for the periodic advection of a 1D sine wave on uniform
meshes. We use theP1 RDG scheme withP5 reconstruction and theP2 RDG scheme withP8

reconstruction. The reconstruction operators described in Section 3.2.1 are used. Experimen-
tal orders of accuracyα in various norms on meshes withN elements are given in Tables 1
and 2. Hereeh = u−Run

h at t corresponding to ten periods. The increase in accuracy due to
reconstruction is clearly visible.

Tab. 1. 1D advection of sine wave, P1 RDG scheme with P5 reconstruction
N ||eh||L∞(Ω) α ||eh||L2(Ω) α |eh|H1(Ω,Th)

α
4 5.82E-03 – 3.49E-03 – 3.65E-02 –
8 7.53E-05 6.27 4.43E-05 6,30 1.06E-03 5,11
16 9.07E-07 6.38 5.95E-07 6,22 3.58E-05 4,89
32 1.82E-08 5.64 8.70E-09 6,10 1.16E-06 4,95
64 3.41E-10 5.74 1.33E-10 6,03 3.67E-08 4,98

Source: Own

Tab. 2. 1D advection of sine wave, P2 RDG scheme with P8 reconstruction
N ||eh||L∞(Ω) α ||eh||L2(Ω) α |eh|H1(Ω,Th)

α
4 2.90E-03 – 1.85E-03 – 1.63E-02 –
8 7.75E-06 8.55 3.56E-06 9.02 1.03E-04 7.30
16 2.10E-08 8.53 6.64E-09 9.07 4.34E-07 7.89
32 7.21E-11 8.18 4.02E-11 7.37 1.76E-09 7.94

Source: Own

Conclusion

We have presented a possible generalization of higher orderreconstruction operators as used in
the FV method to the DG method. Two constructions of the reconstruction operatorR are pre-
sented, the first analogous to the standard FV case (already treated in [2]) and the construction
analogous to the SV method. The resulting scheme has many advantages over standard DG, FV
and SV schemes:
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• To increase the order of the scheme, the reconstruction stencil need not be enlarged, we
may simply increase the order of the underlying DG scheme.

• Test functions are from the lower order space, hence more efficient quadratures may be
used than in the corresponding higher order DG scheme.

• Since the RDG scheme is basically a lower order DG scheme with higher order recon-
struction, the CFL condition is less restrictive than for thecorresponding higher order DG
scheme.
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APLIKACE REKONSTRUKČNÍCH OPERÁTORŮ V NESPOJIT́E GALERKINOV Ě

METODĚ

Tento článek p̌redstavuje p̌rehled źakladńıch koncept̊u nutńych k zapojeńı rekonstruǩcńıch
opeŕator̊u, zńamých z metody koněcných objem̊u (FV) a spektŕalńıch objem̊u (SV) vy̌šśıho
řádu, do nespojité Galerkinovy (DG) metody. Takovýto opeŕator konstruuje aproximace vyš̌śıch
řád̊u z DG metody nǐzš́ıho řádu,č́ımž zvy̌sujeřád konvergence, zárověn vede k efektivňejš́ımu
numericḱemu sch́ematu něz p̌rı́slǔsńe DG sch́ema vy̌šśıho řádu samo o sob̌e. Probereme teo-
retické i implementǎcńı aspekty a numericḱe experimenty.

DIE ANWENDUNG VON REKONSTRUKTIONSOPERATOREN IN DER

KONTINUIERLICHEN GALERKIN -METHODE

Dieser Artikel bietet einen̈Uberblicküber die grundlegenden, zu Einbeziehung der Rekonstruk-
tionsoperatoren notwendigen Konzepte, die aus der Methodedes finiten Inhalts (FV) und der
spektralen Inhalte (SV) ḧoherer Ordnung bekannt sind, in die nicht kontinuierliche Galerkin-
Methode (DG). Ein solcher Operator konstruiert eine Annäherung hherer Ordnungen aus der
DG-Methode niederer Ordnung, wodurch er die Ordnung der Konvergenz erḧoht. Gleichzeitig
führt er zu einem effektiveren numerischen Schema als das zugeḧorige DG-Schema ḧoherer
Ordnung selbst. Wir behandeln die theoretischen und implemenẗaren Aspekte und die nu-
merischen Experimente.

ZASTOSOWANIE OPERATOŔOW REKONSTRUKCYJNYCH W NIECIA֒GŁEJ

METODZIE GALERKINA

W niniejszym artykule przedstawiono podstawowe koncepcjeniezb֒edne do wł֒aczenia opera-
torów rekonstrukcyjnych, znanych z metody obje֒tósci skónczonych (FV) oraz obje֒tósci spek-
tralnych (SV) wẏzszego rz֒edu, do nieci֒agłej metody Garlekina (DG). Taki operator konstruuje
aproksymacje wẏzszego rz֒edu z metody DG niższego rz֒edu, co zwi֒eksza poziom konwergencji
i jednoczésnie prowadzi do bardziej efektywnego schematu numerycznego w poŕownaniu ze
schematem DG wẏzszego rz֒edu. Oḿowiono aspekty teoretyczne i implementacyjne oraz ekspe-
rymenty numeryczne.
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Studentsḱa 2, 461 17, Liberec, Czech Republic

*Charles University in Prague
Faculty of Mathematics and Physics

Department of Numerical Mathematics
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Abstract

The subject of the presented paper is a mathematical analysis and numerical solution of the sys-
tem of nonlinear nonstationary reaction-diffusion equations. Firstly, using the invariant region
technique, the proof of both the existence and uniqueness ofthe solution and problem data con-
tinuous dependence is carried out. After time discretization of the problem the Galerkin finite
elements method is applied and a priori error estimates of the method are derived. A suitable
mesh adaptivity is discussed as well. The method is finally implemented and tested on several
examples.

Keywords: Invariant region; reaction; diffusion; finite elements method; adaptivity.

Introduction

Reaction-diffusion equations provide an efficient mathematical model for description of changes
in concentration of one or more substances under an influenceof two basic physical (and chemi-
cal) processes - diffusion and reaction. Using these equations one can also describe several
mechanisms that occure in nature (see [5]). One of them is theevolution of bacteria popula-
tions.

Let us denoteui = ui(x, t), i = 1,2, . . . ,N, concentrations ofN types of bacteria at timet and
placex, then the mathematical model of the evolution of bacteria populations is described by
the system of nonlinear nonstationary reaction-diffusionequations (see [6],[7],[8])

∂ui

∂ t
= Di ∆ui +

(

r i −
N

∑
j=1

ai j u j

)

ui, in QT , i = 1,2, . . . ,N, (1)

whereQT = Ω× (0,T) andDi, r i > 0,ai j ≥ 0 are given constants. For each functionui , i =
1,2, . . . ,N, we also prescribe initial and boundary conditions

ui(x,0) = u0i(x) in Ω, (2)
∂ui

∂n
= gi on ΓN × (0,T), (3)

ui = uDi on ΓD × (0,T), (4)
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whereu0 : Ω → R
N, g: ΓN × (0,T) → R

N anduD : ΓD × (0,T) → R
N are given functions and

ΓN, ΓD are parts of the boundary∂Ω such thatΓN ∪ΓD = ∂Ω andΓN ∩ΓD = /0.

1 Weak Formulation

Let us denoteI = (0,T) and suppose that for eachi = 1,2, . . . ,N, there exist functions̃uDi ∈
L2(I ,H1(Ω))∩ L∞(I ,L2(Ω)) with ũ′Di ∈ L2(I ,H−1(Ω)) such that for almost allt ∈ I holds
ũDi(t)|ΓD = uDi(t) in the sense of traces. Further, letgi ∈ L2(I ,L2(ΓN)) andu0i ∈ L2(Ω) for
eachi = 1,2, . . . ,N and in order to exclude trivial solutions let us also supposethat for each
i = 1,2, . . . ,N, one has‖u0i‖2 ≥ mi > 0.

If we then define V = {v ∈ H1(Ω)| v = 0 on ΓD in the sense of traces}, we call
uuu ∈ L∞(I ,L2(Ω))N ∩ L2(I ,H1(Ω))N the weak solution of the problem (1) provided that for
eachi = 1,2, . . . ,N, holds

• dui
dt ∈ L2(I ,V∗),

• ui(0) = u0i,

• ui(t)− ũDi(t) ∈V for almost allt ∈ I

• and for eachv∈V and almost allt ∈ I holds
(

dui
dt (t),v

)

+Di(∇ui(t),∇v) =
(

(r i −
N
∑
j=1

ai j u j(t))ui(t),v
)

+Di(gi ,v)ΓN .

This formulation can be easily derived using integration and Green’s theorem.

2 Existence and Uniqueness

The existence and uniqueness of the solution of the problem (1) follow from the boundedness of
this solution. The boundedness of the solution of the problem (1) can be proved by construction
of the invariant region(see [4] or [10]).

Definition 1. The invariant region of the problem (1) is every closed setΣ ⊂ R
N with the pro-

perty

uuu0,uuuD ∈ Σ for all t ∈ [0,T], x∈ Ω ⇒ uuu(x, t) ∈ Σ for all t ∈ [0,T], x∈ Ω. (5)

Let us denotefi(zzz) =
(

r i −∑N
j=1ai j zj

)

zi. If one wants to certify thatΣ is the invariant

region of the problem (1), it is sufficient (see [10]) to provethat for eachzzz∈ ∂Σ the vector
fff (zzz) points inside the setΣ. Consideringaii > 0 for eachi = 1,2, . . . ,N, we can defineΣ =
×N

i=1[0,Mi], whereMi > max{‖u0i‖∞, ‖uDi‖∞, r i/aii}. Consequently, for everyzzz∈ ∂Σ there
existsi ∈ {1,2, . . . ,N} such thatzi = 0 orzi = Mi and thus we can denotezzziL ,zzziR ∈ ∂Σ such that
ziL
i = 0 andziR

i = Mi. Finally, it is obvious, that vectorsfff (zzziL), fff (zzziR) points inside the setΣ if
and only if fi(zzziL) > 0 and fi(zzziR) < 0. In the second case one has

fi(zzz
iR) =






r i −

N

∑
j=1
j 6=i

ai j z
iR
j −aii Mi






Mi < −Mi

N

∑
j=1
j 6=i

ai j x
iR
j ≤ 0, (6)

while in the first case holds

fi(zzz
iL) = (r i −

N

∑
j=1
j 6=i

ai j z
iL
j −aii .0) ·0 = 0. (7)
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Thus the vectorfff (zzziL) is tangent to∂Σ and does not points inside the setΣ. Nevertheless, this
drawback can be removed by showing that the problem (1) isf-stable.

Definition 2. We call the problem (1) f-stable, if there exists a sequence of functions{ fff m}
∞
k=1

such that‖ fff − fff m‖C 1(Σ)N
m→∞
−→ 0 implies‖uuu−uuum‖C (I ,L2(Ω))N

m→∞
−→ 0, where uuu is the solution of

the problem (1) with the function fff on the right-hand side and uuum is the solution of the problem
(1) with the function fff m on the right-hand side.

Remark 1. The f -stability of the problem (1) can be shown using the sequence fff m satisfying

fm,i(zzz) = fi(zzz)+ ‖u0i‖2−zi
m .

Theorem 1. (Existence, uniqueness and data continuous dependence) Let the functions uuu0, ũuuD

and ggg satisfy assumptions from the previous section. If the problem (1) is f-stable, then there
exists a unique solution uuu of the problem (1) and positive constants Bi = Bi(T), i = 1,2,3,
independent from uuu, such that :

sup
t∈[0,T]

‖uuu(t)‖2
2 ≤ B1 K (uuu0, ũuuD,ggg), (8)

T
∫

0

‖∇uuu(t)‖2
2dt ≤ B2 K (uuu0, ũuuD,ggg), (9)

T
∫

0

‖(uuu)′(t)‖2
−1,2dt ≤ B3 K (uuu0, ũuuD,ggg), (10)

where

K (uuu0, ũuuD,ggg) = ‖uuu0‖
2
2 + sup

t∈[0,T]

‖ũuuD(t)‖2
2 +

T
∫

0

‖ũuu′D(t)‖2
−1,2 +‖ũuuD(t)‖2

1,2 +‖ggg(t)‖2
2,ΓN

dt. (11)

Proof. Sketch of the proof: Sinceuuu is bounded,fff (uuu) is Lipschitz-continuous and the existence
and uniqueness come from the Banach fix-point theorem and Gronwall’s lemma respectively.
Estimates (8)-(10) can be derived from the weak formulationusing Young’s inequality.

Previous theorem also implies that for sufficiently smooth data (K (uuu0, ũuuD,ggg) < ∞), the
solution of the problem (1) belongs toC ((0,T),L2(Ω)).

3 Numerical Solution

Let us choosep∈ N, denoteτ = T/p and define a partition of the interval[0,T]: tk = kτ, for
k = 0,1, . . . , p. Further, let us denoteuk

i (x) = ui(x, tk), gk
i (x) = gi(x, tk) anduk

Di(x) = uDi(x, tk),
for i = 1,2, . . . ,N andk = 1,2, . . . , p. We also supposeu0

i (x) = u0,i(x) for i = 1,2, . . . ,N and

approximate the time derivative using the backward difference, i.e. u′i(x, tk+1) ≈
uk+1

i (x)−uk
i (x)

τ
for k = 0,1, . . . , p−1.

Then the time-discretization (see [9]) of the problem (1) reads: For eachk = 0,1, . . . , p−1
find a functionuuuk+1 : Ω → R

N such that for eachi = 1,2, . . . ,N, holds

uk+1
i −uk

i

τ
= Di ∆uk+1

i +

(

r i −
N

∑
j=1

ai j u
k
j

)

uk+1
i in Ω, (12)

∂uk+1
i

∂n
(x) = gk+1

i (x) = gi(x, tk+1) on ΓN, (13)

uk+1
i (x) = uk+1

Di (x) = uDi(x, tk+1) on ΓD, (14)
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where we used linearizationuk
ju

k+1
i ≈ uk+1

j uk+1
i . Consequently, the corresponding weak for-

mulation of the problem (12)-(14) reads: For eachk = 0,1, . . . , p−1 andi = 1,2, . . . ,N, find
uk+1

i ∈ H1(Ω) such that

• uk+1
i − ũk+1

Di ∈V

• and for allv∈V holds
( 1

τ − r i
)

(uk+1
i ,v)+Di(∇uk+1

i ,∇v)+
N
∑
j=1

ai j (uk
ju

k+1
i ,v) = 1

τ (uk
i ,v)+Di(g

k+1
i ,v)ΓN .

3.1 Finite Elements Method

Let us define the triangulationTh of the domainΩ consisting of a finite number of triangular
elementsKi and satisfyingKi ∩K j ∈ { /0, a common vertex, edge or face} for eachK j ,Ki ∈ Th

(see [1]). Further, let us define a finite-dimensional spaceXh = {vh ∈C(Ω)| vh|K ∈ P1(K) ∀K ∈
Th} ⊂ H1(Ω) and define alsoVh = Xh∩V.

If we denote{ϕm
h }

Nh
m=1 the basis of the spaceVh anduk

hDi ∈ Xh theXh-interpolation ofũk
Di ,

we can define the solution of (12)-(14) obtained by the finite elements method asuk
hi = uk

hDi +

∑Nh
m=1ck

i,mϕm
h , whereck

i,m ∈ R, i = 1,2, . . . ,N. The functionuk
hi then satisfies

• uk+1
hi −uk+1

hDi ∈Vh

• and for alls= 1,2, . . . ,Nh holds
Nh

∑
m=1

bk
i,smck+1

i,m = f k
i,s, where

bk
i,sm =

(

1
τ
− r i

)

(ϕm,ϕs)+Di(∇ϕm,∇ϕs)+
N

∑
j=1

ai j (u
k
jϕm,ϕs) and (15)

f k
i,s =

1
τ
(uk

hi,ϕs) + Di(g
k+1
i ,ϕs)ΓN −

−

(

1
τ
− r i

)

(uk+1
hDi ,ϕs) − Di(∇uk+1

hDi ,∇ϕs) −
N

∑
j=1

ai j (u
k
h ju

k+1
hDi ,ϕs). (16)

Thus one can compute a vectorck+1
i = (ck+1

i,s )Nh
s=1 by solving the system of linear equations

B
k
i ck+1

i = f k
i with a matrixB

k
i = (bk

i,sm)Nh
s,m=1 and a right-hand sidef k

i = ( f k
i,s)

Nh
s=1.

3.2 Mesh Adaptivity

When using some advanced techniques (e.g. [2]) for mesh-adaptation, we have to combine the
properties of allN functions and thus it is necessary to construct one functionthat is a ”com-
bination” of them. This function should change its value rapidly wherever any ofN functions
changes its value rapidly. One can construct such a functionfor instance in a following way: At
each nodePj of the triangulationTh let us order all valuesuk

hi(Pj), i = 1,2, . . . ,N, in such a way
thatuk

him
(Pj) ≥ uk

him+1
(Pj) for m= 1,2, . . . ,N−1. Then the value of the compound functionψk

h
atPj is defined by

ψk
h(Pj) =

N

∑
m=1

(−1)m+1uk
him(Pj). (17)

However, one has to also choose a suitable projection between a new and the old mesh. This
projection can reduce an order of convergence or even resultin a nonconsistency of the method.
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4 Error Analysis

While solving partial differential equations numerically,one has to estimate the error of applied
numerical method. The required estimates are provided by the following theorem (see [3]).

Theorem 2. Letτ ∈
(

0, 1
ρ+‖A‖∞M

)

, whereρ = maxi r i, M = maxi Mi and‖A‖∞ = maxi ∑N
j=1ai j .

Further, let ui,u′i ∈ L∞(0,T,Hs+1(Ω)), u′′i ∈ L∞(0,T,L2(Ω)) and gi ∈ L∞(0,T,Hs+1(ΓN)) for
each i= 1,2, . . . ,N, and any s≥ 0. Then there exist constants CL,CH > 0 independent fromτ,h
andβ = maxi Di, such that

‖eeeh‖
2
S ,∞ = max

0≤k≤p
‖eeek

h‖
2
S = max

0≤k≤p
0≤i≤N

‖ek
hi‖

2
2 ≤ CL

(

τ2 +βh2s+h2(s+1) +β 2h2(s+1)
)

,

|eeeh|
2
S ,2 = max

0≤i≤N

(

τDi

p

∑
k=0

|ek
hi|

2
1

)

≤ CH

(

τ2 +βh2s+h2(s+1) +β 2h2(s+1)
)

.

The Theorem rests upon division of the error into two parts. The estimate of the discretiza-
tion error comes from the approximative properties of the finite element spaces. The error of
the numerical method is estimated using Young’s inequalityand boundedness ofuuuh and time
derivatives ofuuu.

5 Numerical Results

5.1 Example 1 - Neumann Boundary Conditions

In Ω = [0,1]2 we solve a problem (12)-(14) withN = 3, ΓD = /0 and coefficientsDi = 10−4 and
r i = 1, for i = 1,2 a 3. In additiona11 = a22 = a33 = 1, a12 = a23 = a31 = 2 anda21 = a13 =
a32 = 7. Initial conditions are chosen in such a way thatu0i = χMi , for i = 1,2,3, where

M1 = {(x,y) ∈ Ω| (x−0.23)2 +(y−0.2)2 ≤ (1/4)2}, (18)

M2 = {(x,y) ∈ Ω| (x−0.67)2 +(y−0.75)2 ≤ (1/5)2}, (19)

M3 = {(x,y) ∈ Ω| (x−0.75)2 +(y−0.5)2 ≤ (3/10)2}. (20)

The invariant region of this problem is a block[0,M1]× [0,M2]× [0,M3], whereMi =
max{‖u0i‖∞,1}= 1 for i = 1,2,3. Further, we chooseT = 100 withp= 200 and thusτk = 0.5.
Neumann boundary conditions are homogeneous, i.e.gk

i = 0, for i = 1,2,3 andk = 0,1, . . . , p.
The interpolation of the initial condition and a solution computed atT = 100 are depicted on
Figures 1 and 2.

5.2 Example 2 - Dirichlet Boundary Conditions

In Ω = [0,1]2 we solve a problem (12)-(14) withN = 3, ΓN = /0 and coefficientsDi = 10−4 and
r i = 1, for i = 1,2,3. In additiona11 = a22 = a33 = 1, a12 = a23 = a31 = 2 anda21 = a13 =
a32 = 7. Initial conditions are chosen in such a way thatu0i = χMi , for i = 1,2,3, where

M1 = {(x,y) ∈ Ω| 9(x−0.4)2 +25(y−0.65)2 ≤ 1}, (21)

M2 = {(x,y) ∈ Ω| (x−0.67)2 +(y−0.65)2 ≤ (1/5)2}, (22)

M3 = {(x,y) ∈ Ω| (x−0.6)2 +(y−0.4)2 ≤ (3/10)2}. (23)

We chooseT = 50 with p = 100 and thusτk = 0.5. Dirichlet boundary conditions are
uk

Di(x,y) = y, for all i = 1,2,3 andk = 0,1, . . . , p.
Since‖uk

Di‖∞ = 1, the invariant region of this problem is the same as the previous one. The
interpolation of the initial condition and a solution computed atT = 50 are depicted on Figures
3 and 4.
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Fig. 1. The interpolation of the initial condition of Example 1 on anisotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 2724 elements, 1301 nodes)
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Fig. 2. The solution of Example 1 computed at T= 100on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 3694 elements, 1899 nodes)
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Fig. 3. The interpolation of the initial condition of Example 2 on anisotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 1760 elements, 3501 nodes)
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Fig. 4. The solution of Example 2 computed at T= 50 on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 5021 elements, 9830 nodes)

Conclusion

We have successfully derived and tested a numerical method for solving reaction-diffusion
equations. We have also proven that for sufficiently smooth and suitable data the solution of the
equations is continuous and belongs to the spaceC ((0,T),L2(Ω)). For numerical solution we
have used the Galerkin finite elements method and derived a priori error estimates on isotropic
meshes. We have used adaptively refined meshes as well, however, the error estimates are no
longer valid on them. In order to obtain error estimates on adapted meshes a better projection
should be used.
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Praha, 1986.
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NUMERICKÉ ŘEŠEŃI REAKČNĚ-DIFUZNÍCH ROVNIC

Obsahem p̌redlǒzeńe pŕace je matematicḱa anaĺyza a numericḱe řěseńı soustavy nelinéarńıch
nestaciońarńıch difuzňe-reaǩcńıch rovnic. Nejprve je s vyǔzitı́m invariantńıho regionu prove-
den d̊ukaz existence a jednoznačnosti řěseńı a spojit́e źavislosti na datech́ulohy. Počasov́e
diskretizaci probĺemu je aplikov́ana Galerkinova metoda konečných prvk̊u a odvozeny apriornı́
odhady chyby numericḱe metody. Rovňež je diskutov́ana vhodńa adaptace použitých triangu-
laćı. Na źavěr je ceĺa metoda implementována a otestov́ana na r̊uzńych p̌rı́kladech.

NUMERISCHEL ÖSUNG REAKTIONSDIFFUSERGLEICHUNGEN

Der Inhalt der vorgelegten Arbeit besteht in der mathematischen Analyse und der numerischen
Lösung des Systems nichtlinearer nicht stationärer reaktionsdiffuser Gleichungen. Zunächst
wird unter Verwendung einer invarianten Region der Beweis derExistenz und der Eindeutigkeit
der Lösung und der kontinuierlichen Abhängigkeit von den Daten der Aufgabe erbracht. Nach
einer zeitlichen Diskretisierung des Problems wird die Galerkin-Methode der finiten Elemente
angewandt und es werden A-priori-Schätzungen des Fehlers der numerischen Methode abgelei-
tet. Ebenfalls wird eine geeignete Adaption der gebrauchten Triangulationen diskutiert. Zum
Abschluss wird die gesamte Methode implementiert und an verschiedenen Beispielen getestet.

NUMERYCZNE ROZWIA֒ZYWANIE R ẂNAŃ REAKCYJNO-DYFUZYJNYCH

Przedmiotem niniejszego opracowania jest analiza matematyczna oraz numeryczne rozwia֒zanie
układu nieliniowych ŕownán niestacjonarnych dyfuzyjno-reakcyjnych. W pierwszej kolejnósci
przy wykorzystaniu niezmiennego regionu przeprowadzono dowód na istnienie i jednoznaczność
rozwia֒zania oraz ci֒agła֒ zalėznósć od danych zadania. Po czasowej dyskretyzacji problemu zas-
tosowano metod֒e Galerkina elementów skónczonych oraz oszacowano a priori bła֒d metody nu-
merycznej. Oḿowiono tak̇ze odpowiedni֒a adaptacje֒ zastosowanych triangulacji. W zakończe-
niu przedstawiono zastosowanie całej metody i sprawdzono ja֒ na ŕożnych przykładach.
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Abstract

A viscoelastic simply supported rotationally symmetric body, fixed on a base, is considered.
The body is loaded by a flat plunger, which moves in the direction of thez axis by a constant
velocity v. In this work the reaction force is computed. This allows us to compare numerical
results with data from rheological experiment (see [6], [7]). The variational formulation of
the problem is derived and transformed to cylindrical coordinates. Some results of numerical
calculations are presented.

Keywords: Viscoelasticity; axisymmetric hyperbolic problems; dimensional reduction.

Introduction

Mathematical modeling of technological processes has beenalready regarded as a powerful tool
for an optimization of technological processes also in glass industry. The fundamental issue of
virtual modelling of silica glass forming is an accuracy of numerical outputs. Critical factor
is not only definition of boundary conditions, mainly thermal ones, but also specification of
material properties. Number of methods for an identification of rheological properties exists
[1]. The disadvantage of the most of published models is independent description of the both
stages - the stage with the dominant influence of an elastic component of deformation and
that one with a dominant viscous flow [8]. One of the most effective methods is isothermal
compression method which is based on the evaluation of the force response on compression
loading of cylindrical samples [4], [6], [7].

The advantage of this method is its relatively simplicity and possibility to evaluate both
elastic and viscous properties of glass melt simultaneously during one experiment. However
the critical issue of this method is an accuracy of evaluation of experimental outputs. Several
methods were suggested.

In this contribution we introduce the variational formulation of the rheological experiment
model, which includes viscoelastic deformations. This problem will be used as a state problem
in formulations of various identification problems for various model parameters, that are planed
as next step of our research. Nevertheless recent numericalresults are roughly in conformity
with results of experiments (see [6]).
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1 Formulation of the Problem

Forming of glass is quite complicated process which contains both elastic and plastic responses
to strain from stress. This is the main reason of using a viscoelastic model to describe relation-
ship between stress and strain.

y

z

x

P2

h

P3

P1

Ω

Source: Own

Fig. 1. Scheme of glass sample

We consider a viscoelastic isotropic homogeneous cylindrical bodyΩ symmetrical accord-
ing toz axis with bases formed by two parallel circles with radiiR, and altitudeh. We consider
the body which is fixed on both bases and which is free on its surrounding surface. We denote
P1 upper, resp.P3 bottom, base andP2 surrounding surface of the body. The body is deformed
by flat plunger moving by a constant velocityv in the direction of thezaxis placed on the upper
base. To represent changes of the shape of the body we define a deformation tensor by the
formula

εi j (xxx, t) =
1
2

(

∂ui(xxx, t)
∂x j

+
∂u j(xxx, t)

∂xi

)

. (1)

The stress is represented by symmetrical stress tensorσ . We consider stress strain relation given
by viscoelastic generalized Hook’s law in the form

σi j (xxx, t) = δi j

∫ t

−∞
λ (t − τ)

∂εkk(xxx,τ)

∂τ
dτ +2

∫ t

−∞
µ(t − τ)

∂εi j (xxx,τ)

∂τ
dτ , (2)

whereλ (t) andµ(t) denote relaxation functions describing glass properties in pressing, resp.
in shear andδi j is the Kroneker symbol.
The balance of a linear momentum for the dynamic problem has the form

∂σi j (xxx, t)

∂x j
+Fi(xxx, t) = ρ

∂ 2ui(xxx, t)
∂ t2 i = 1, 2, 3 , (3)

whereFFF (xxx, t) represents the body forces andρ the density of glass.
We use the time discretization method:
Let the time interval[0,T] be divided into the subintervals[tk−1, tk], for k = 1,2, . . . , p, then (3)
has at each time level the form

∂σk
i j (xxx)

∂x j
+Fk

i (xxx) = ρ
zk
i (xxx)−2zk−1

i (xxx)+zk−2
i (xxx)

h2 i = 1, 2, 3, k = 2, . . . , p, (4)

wherezk
i (xxx) = u(xxx, tk), σk

i j (xxx) = σi j (xxx, tk), Fk
i (xxx) = Fi(xxx, tk) andh = T

p .
According to the fact that the body, support and load have rotational symmetry we transform
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the problem to cylindrical coordinates and apply dimensional reduction of an angle to get two-
dimensional problem.
We are going to solve the problem in the regionDk(α) dependent on time the leveltk bounded
by the axisr (part Γ3), the axisz (part Γ4), the straight linez = h− tv (part Γ1) and the free
boundary described by the functionα(z) of variablez (partΓ2).

r

z

Γ2

Γ3

Γ1

Γ4 Dk(α)

Source: Own

Fig. 2. Domain after the dimensional reduction

According to the fact that the problem has rotational symmetry we assume that a displace-

ment vector component in the directionϑ is zero(zk
ϑ (xxx) = 0), similarly ∂zk

r
∂ϑ = 0, and∂zk

z
∂ϑ = 0.

We denote the physical components of the displacement vector by two functions, e.g.
zk
r (xxx) = uk ,

zk
z(xxx) = wk ,

(zk
ϑ (xxx) = 0) .

The relationship between the displacement vector and the strain tensor is in the form

εk
rr =

∂uk

∂ r
, (5)

εk
zz=

∂wk

∂z
, (6)

εk
ϑϑ =

uk

r
, (7)

εk
rz =

1
2
(
∂uk

∂z
+

∂wk

∂ r
) , (8)

(εk
rϑ = 0, εk

zϑ = 0) . (9)

The components of the stress tensorσσσ have the form

σk
rr =

1
h

∫ t

−∞
λ (t − τ)(ek(xxx)−ek−1(xxx))+2µ(t − τ)(εk

rr (xxx)− εk−1
rr (xxx))dτ , (10)

σk
zz=

1
h

∫ t

−∞
λ (t − τ)(ek(xxx)−ek−1(xxx))+2µ(t − τ)(εk

zz(xxx)− εk−1
zz (xxx))dτ , (11)

σk
ϑϑ =

1
h

∫ t

−∞
λ (t − τ)(ek(xxx)−ek−1(xxx))+2µ(t − τ)(εk

ϑϑ (xxx)− εk−1
ϑϑ (xxx))dτ , (12)
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σk
rz =

2
h

∫ t

−∞
µ(t − τ)(εk

rz(xxx)− εk−1
rz (xxx))dτ , (13)

(σk
rϑ = 0, σk

zϑ = 0) , (14)

where
e= εrr + εzz+ εϑϑ . (15)

The bilinear form representing mechanical work of inner forces has the form

A(uuu,ϕϕϕ) = −
1
h

∫

Dk(α)

∫ t

−∞

(

(λ (t − τ)+2µ(t − τ))

[

∂uk(xxx)
∂ r

∂ϕ1(xxx)
∂ r

r +

+
∂wk(xxx)

∂z
∂ϕ2(xxx)

∂z
r + uk(xxx)ϕ1(xxx)

1
r

]

+

+ µ(t − τ)

[

∂wk(xxx)
∂ r

∂ϕ2(xxx)
∂ r

r +
∂wk(xxx)

∂ r
∂ϕ1(xxx)

∂z
r +

+
∂uk(xxx)

∂z
∂ϕ2(xxx)

∂ r
r +

∂uk(xxx)
∂z

∂ϕ1(xxx)
∂z

r

])

dτ dxxx +

+
ρ
h2

∫

Dk(α)

(

uk(xxx)ϕ1(xxx)r +wk(xxx)ϕ2(xxx)r
)

dxxx . (16)

Linear functional representing mechanical work of outwardforces has the form

〈FFF(t),ϕϕϕ〉 =
∫

Dk(α)

(

[ Fk
1 (xxx)ϕ1(xxx)r + Fk

2 (xxx)ϕ2(xxx)r ]−

−
1
h

∫ t

−∞

(

(λ (t − τ)+2µ(t − τ))

[

∂uk−1(xxx)
∂ r

∂ϕ1(xxx)
∂ r

r +

+
∂wk−1(xxx)

∂z
∂ϕ2(xxx)

∂z
r + uk−1(xxx)ϕ1(xxx)

1
r

]

+

+ µ(t − τ)

[

∂wk−1(xxx)
∂ r

∂ϕ2(xxx)
∂ r

r +
∂wk−1(xxx)

∂ r
∂ϕ1(xxx)

∂z
r +

+
∂uk−1(xxx)

∂z
∂ϕ2(xxx)

∂ r
r +

∂uk−1(xxx)
∂z

∂ϕ1(xxx)
∂z

r

])

dτ −

−
ρ
h2

[(

uk−2(xxx)ϕ1(xxx)r +wk−2(xxx)ϕ2(xxx)r
)

−

−2
(

uk−1(xxx)ϕ1(xxx)r +wk−1(xxx)ϕ2(xxx)r
)])

dxxx . (17)

Boundary conditions:
The flat plunger moves in the direction of thez axis by the constant velocityv acting on part of
boundaryΓ1, i.e.

u = 0
w = v(t − tk)

}

on Γ1 . (18)

The part of boundaryΓ2 represents the so called free boundary which is deformed by the influ-
ence of the inner forces and is not able to catch any force (tangent or normal)

σrr = 0
σzz= 0

}

on Γ2 . (19)
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The part of boundaryΓ3 is fixed, i.e.

u = 0
w = 0

}

on Γ3 . (20)

The part of boundaryΓ4 is formed by the axis of symmetry and has properties of contact with
solid support (without friction), i.e.

u = 0
∂w
∂ r = 0

}

on Γ4 . (21)

We define the spaceW1,2,r(Dk(α)) with the norm

‖u‖1,2,r =

(

∫

Dk(α)

[

(

∂u
∂ r

)2

+

(

∂u
∂z

)2

+u2

]

r dxxx

)
1
2

. (22)

We define the space of functions with the finite energy as the weighted Sobolev spaceH (Dk(α))

H (Dk(α)) = {ûuu≡ (u, w) ∈W1,2,r(Dk(α))×W1,2,r(Dk(α))} . (23)

We denote
V1 = {u∈C∞(Dk(α)) | suppu∩Γ4 = /0, u = 0 on Γ1∪Γ3} . (24)

Let V1 be the closure of the setV1 in the spaceW1,2,r(Dk(α)).
Further we denote

V2 = {u∈C∞(Dk(α)) | u = 0 on Γ1∪Γ3} . (25)

Let V2 be the closure of the setV2 in the spaceW1,2,r(Dk(α)).
We denote by

HHH = {ûuu≡ (u, w) ∈V1×V2} (26)

the space of test functions (i.e. such functions with finite energy which satisfy stable boundary
conditions).
We use the principle of virtual displacement to get a variational formulation of the problem:
Let û0 ∈ H (Dk(α)) be given, which specifies the displacement on the boundaryΓ1 by its
traces. We are looking for ˆu∈ H (Dk(α)) such that

ûuu − ûuu0 ∈ HHH , (27)

A(ûuu, ϕ̂ϕϕ) = 〈FFF(t), ϕ̂ϕϕ〉 ∀ϕ̂ϕϕ ∈ HHH, k = 2,3, . . . , p . (28)

Theorem. The problem (27) - (28) has the unique solution.

Proof: The proof based on the Lax-Milgram theorem is too long and technical to be published.

2 Numerical Experiment

The numerical model, describing the course of experimentalmeasurements of rheological prop-
erties of melt glass, was created.

The principle of experiment is based on the evaluation of theforce (viscoelastic) response
of isothermal cylindrical molten glass sample, which is compressed at a constant velocity. Nu-
merical simulation was realized in the commercial FEM (Finite Elements Method) code MSC
MARC.
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The initial sample sizes were 20,3 mm (diameter) - 18,45 mm (height), the velocities of
compression were taken from the range 0,5 - 40 mm/s. The Maxwell model was used for
description of material behavior of FLOAT melted glass.
Viscosity of the shaped glass was defined according to the experiment, i.e.η = 107,52 [Pa.s].
The modulus of elasticity was selected from the rangeE1 = 2,5.108 2,5.109 [Pa], molten glass
was assumed to be incompressible substance, i.e. The Poisson constantν = 0,5.

Sticking conditions were presumed between glass and metal punch contact surfaces.

Source: Own

Fig. 3. Distribution of the stress fields in the form of equivalent Cauchy stress for compression
2, 6 and 10 mm

The course of distribution of the stress fields in the form of the equivalent Cauchy stress
for 3 different stages (compression 2, 6 and 10 mm) are presented in Fig. 3 (for velocityv = 4
[mm/s]).

The courses of the force response for different elastic moduli are shown in Fig. 4. From the
figure it results that the elastic modulus influences only thefirst stage of the experiment, second
one is only controlled by viscous flow.

Conclusion

In the contribution the model for evaluation of descriptionof viscoelastic force response to
compression loading was suggested. Integration of the viscoelastic model of the Maxwell type
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Source: Own

Fig. 4. Course of computed load forces

to the mathematical model allowed fair description of the force response according to character
of the realized experiments [6]. The shape course of deformed glass sample in the experiment
was visibly similar to the computed one. Development of the measured load force showed the
similar tendency but values became more different from the computed ones during the experi-
ment.
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NUMERICKÉ HODNOCEŃI REOLOGICKÉHO EXPERIMENTU

Uvažujeme viskoelasticḱe, prosťe podep̌reńe, rotǎcně symetricḱe ťeleso pevňe spojeńe s podkla-
dem. Ťeleso je zaťežováno plochou lisovaćı čelist́ı, kteŕa se pohybuje ve sm̌eru osyzkonstantńı
rychlost́ı v. V předlǒzeńem p̌rı́sp̌evku je pǒćıtána silov́a odezva. To ńam umǒzńı porovńavat nu-
mericḱe výsledky s réalnými daty z reologicḱych experiment̊u. Je odvozena variačńı formulace
úlohy a transformov́ana do v́alcov́ych soǔradnic. D́ale jsou prezentov́any numericḱe výsledky.

NUMERISCHEBEWERTUNG EINES RHEOLOGISCHENEXPERIMENTS

Wir betrachten einen viskoelastischen, einfach unterstützten, drehsymmetrischen Körper, der
fest mit dem Untergrund verbunden ist. Der Körper wird mit der Fl̈ache eines Presskiefers
beschwert, die sich in Richtung der Achse aus der konstanten Geschwindigkeit v bewegt.
Im vorliegenden Beitrag wird das Kraftecho berechnet. Dies ermöglicht uns einen Vergleich
der numerischen Ergebnisse mit den realen Daten aus den rheologischen Experimenten. Da-
raus wird eine Variantenformulierung der Aufgabe abgeleitet und in Walzenkoordinaten trans-
formiert. Weiter werden numerische Ergebnisse präsentiert.

NUMERYCZNA OCENA EKSPERYMENTU REOLOGICZNEGO

W artykule rozwȧzane jest wiskoelastyczne, prosto podparty, rotacyjnie symetryczne ciało
na stałe poł֒aczony z podłȯzem. Na ciało oddziałuje powierzchnia szcze֒k prasuj֒acych, kt́ora
porusza si֒e w kierunku osiz stała֒ pre֒dkóscia֒ v. W opracowaniu obliczana jest reakcja siłowa.
Umożliwia to poŕownanie wyniḱow numerycznych z realnymi danymi z eksperymentów reo-
logicznych. Okréslona jest zmienna formuła zadania, która jest transformowana do współrze֒d-
nych cylindrycznych. Naste֒pnie zaprezentowano wyniki numeryczne.
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MULTIPLICATION BY WAVELET MATRIX – EFFICIENT IMPLEMENTATION
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Abstract

Stiffness matrix of the Dirichlet problem −(au′)′ = f with a homogeneous boundary value
condition in a spline wavelet basis has O(n logn) non-zero elements [4]. We show that for
a constant function a it is just O(n) and moreover we show that it can be stored in O(1) elements.
This leads to a linear-time algorithm for multiplication by the wavelet matrix.

Keywords: Dirichlet problem; efficient implementation; Galerkin method; spline wavelets.

Introduction

Our aim is to solve the Dirichlet boundary value problem

−∆u = f on Ω = (0,1)d

u = 0 on ∂Ω

in the higher dimension d by the Galerkin method in a wavelet basis which is a tensor product
of wavelet bases in one dimension. The Galerkin method leads to a system of linear algebraic
equations with a matrix constructed from matrices (di j), (gi j), where

di j =
∫ 1

0
ϕ
′
i (x)ϕ

′
j(x)dx, (1)

gi j =
∫ 1

0
ϕi(x)ϕ j(x)dx

and ϕi are basis functions. We need an efficient storage of matrices (di j), (gi j) and as we solve
the system by an iterative method, we also need an efficient implementation of multiplication
of matrices by a vector.

In this paper we describe what a wavelet basis is, its construction and then we show that the
stiffness matrix (di j) for the one-dimensional Poisson equation has O(n) non-zero elements, and
moreover it can be stored in O(1) space. In the last section we show a numerical experiment on
one-dimensional Poisson equation.

1 Spline Wavelet Basis

In this section we first describe the spaces Vn of scaling functions based on quadratic splines.
Then we deal with the wavelet basis of Vn. First we formulate desired properties for wavelets
and explain their consequences, then we show some constructions of wavelet bases.
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1.1 Scaling Functions

Spline wavelet basis consists of scaling and wavelet functions. We use two following functions
to construct them:

ϕbd(x) =


2x− 3

2x2 for x ∈ [0,1]
1
2 − x+ 1

2x2 for x ∈ [1,2]
0 otherwise

ϕin(x) =


1
2x2 for x ∈ [0,1]
1
2 + x− x2 for x ∈ [1,2]
1
2 − x+ 1

2x2 for x ∈ [2,3]
0 otherwise

2x−
3

2
x

2 1

2
− (x− 1) + 1

2
(x− 1)2

Source: Own

Fig. 1. Boundary scaling function

1

2
x
2 1

2
+ (x− 1) − (x− 1)2 1

2
− (x− 2) + 1

2
(x− 2)2

Source: Own

Fig. 2. Inner scaling function

Both are C 1 piecewise quadratic functions.

Definition 1 Let ` ∈ N. We call functions

ϕ`,0(x) = ϕbd(2`x) (2)

ϕ`,i(x) = ϕin(2`x− i+1) for i = 1, . . . ,(2`−2) (3)

ϕ`,2`−1(x) = ϕbd(2`(1− x)) (4)

scaling functions at the level `.
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Note that from (3) it follows that the values of integrals

d`,i, j =
∫ 1

0 ϕ ′
`,iϕ

′
`, j dx

g`,i, j =
∫ 1

0 ϕ`,iϕ`, j dx

}
for i, j = 1, . . . ,(2`−2) (5)

depend just on the difference (i− j) and the value `. Furthermore, for two different levels `1, `2
it holds

d`1,i, j = 2`1−`2d`2,i, j (6)

g`1,i, j = 2`2−`1g`2,i, j

Similarly from (2), (4) it follows that∫ 1
0 ϕ ′

`1,0ϕ ′
`1,i dx = 2`1−`2

∫ 1
0 ϕ ′

`2,0ϕ ′
`2,i dx∫ 1

0 ϕ ′
`1,2`−1ϕ ′

`1,i dx = 2`1−`2
∫ 1

0 ϕ ′
`2,2`−1ϕ ′

`2,i dx∫ 1
0 ϕ`1,0ϕ`1,i dx = 2`2−`1

∫ 1
0 ϕ`2,0ϕ`2,i dx∫ 1

0 ϕ`1,2`−1ϕ`1,i dx = 2`2−`1
∫ 1

0 ϕ`2,2`−1ϕ`2,i dx

 for i = 1, . . . ,(2`−2) (7)

1.2 Wavelets

Let us denote
S` = {ϕ`,i : i = 0 . . .2`−1}

and
V` = spanS` for ` ∈ N.

It holds that
V` ⊂V`+1 for ` ∈ N.

In the next section we describe some constructions of sets W` ⊂V`+1 which consist of functions
ψ`,0, . . .ψ`,2`−1. We require the following properties:

1. The set S`∪W` forms a basis of V`+1.

2. Functions ψ ∈W` have vanishing moments of order 0, 1 and 2. It means that∫
supp(ψ)

xm
ψ(x)dx = 0 for m = 0,1,2.

We use property 1 iteratively to construct the basis of V`

Sl0 ∪
l⋃

i=l0

Wi (8)

for an appropriate `0.
The property of vanishing moments has two very important consequences. The first one is

more sparse approximation of the solution. The second one concerns matrices (1) – they are less
sparse in the basis (8) than in the basis S`, but vanishing moments imply a lot of zero entries
of matrices (1) even if supports of functions in the base overlap – more precisely∫

[0,1]
ψiψ j =

∫
[0,1]

ψ
′
i ψ

′
j = 0
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whenever ψi is a quadratic function on the support of ψ j. In the general case we can write ψ j
as a sum

ψ j(x) = ax2 +bx+ c+∑
k

dk(max{(x− xk),0})2.

We can then express integrals as sums∫
[0,1]

ψiψ j = ∑
k

dk

∫ 1

xk

ψi(x)(x− xk)2 dx, (9)

∫
[0,1]

ψ
′
i ψ

′
j = ∑

k
2dk

∫ 1

xk

ψ
′
i (x)(x− xk)dx.

We use these formulas in cases when levels `i, ` j of functions ψi, ψ j respectively differ by at
least two – then the sum consists of at most two terms.

1.3 Construction of Wavelets

We need wavelets satisfying properties from the previous section. Several such constructions
are known: inner bi-orthogonal wavelets [3], boundary bi-orthogonal wavelets [1] and three
types of short wavelets [2].

We show construction of one type of short wavelets:

ψ`,0 = −5
2ϕ`+1,0 + 47

12ϕ`+1,1− 13
4 ϕ`+1,2 +ϕ`+1,3, (10)

ψ`,i = −1
4ϕ`+1,2i−1 + 3

4ϕ`+1,2i− 3
4ϕ`+1,2i+1 + 1

4ϕ`+1,2i+2 for i = 1, . . . ,2`−2, (11)

ψ`,2`−1 = −ϕ`+1,2`+1−4 + 13
4 ϕ`+1,2`+1−3− 47

12ϕ`+1,2`+1−2 + 5
2ϕ`+1,2`+1−1. (12)

In general case wavelets of the `-th level are linear combinations of scaling functions of the
(`+1)-th level. There are a few boundary wavelets on both edges – as in (10), (12). We denote
their number at each edge by nbw.

Left-edge boundary wavelets are

ψ`,i =
n1

∑
j=0

ai, jϕ`+1, j, i = 0, . . . ,(nbw−1). (13)

The upper bound n1 in the sum corresponds to the support of boundary wavelets

suppψ`,i = [0,(n1 +2)2−`−1] for i < nbw.

We will measure the support in the units of 2−`−1 and denote lbw = n1 +2.
Right-edge boundary wavelets are

ψ`,2`−1−i =
n1

∑
j=0

ai, jϕ`+1,2`+1−1− j, i = 0, . . . ,(nbw−1)

with the same coefficients ai j and the same upper bound lbw of the length.
Inner wavelets ψ`,i for

i = nbw, . . . ,2`−nbw−1

are constructed by

ψ`,i =
n2

∑
j=0

a jϕ`+1,2(i−nbw)+1+ j. (14)
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It holds
suppψ`,i = [2(i−nbw)2−`−1,(2(i−nbw)+n2 +2)2−`−1]. (15)

We denote liw = n2 +2 the length of the support of inner wavelets in the unit 2−`−1.
All constructions are such that the support of the last inner wavelet contains the point x = 1.

From here it follows
(2(2`−2nbw−1)+n2 +2)2−`−1 = 1

and as liw = n2 +2 it follows that

(2(2`−2nbw−1)+ liw)2−`−1 = 1

which gives by a straightforward calculation

liw = 2(2nbw +1). (16)

Another straightforward calcualation gives that the center of the support of ψ`,i is at the point

x =
(
i+ 1

2

)
2−`. (17)

In the next section we will use the value lw = max{lbw, liw} and the maximal number of
discontinuities nd which bases function can have. As two different discontinuities are distant at
least 2−`−1 it holds nd ≤ lw−1.

Due to the construction of wavelets similar property to (5), (6), (7) it holds:∫ 1

0
ϕ
′
`1,iϕ

′
`1, j dx = 2`1−`2

∫ 1

0
ϕ
′
`2,iϕ

′
`2, j dx (18)∫ 1

0
ϕ`1,iϕ`1, j dx = 2`2−`1

∫ 1

0
ϕ`2,iϕ`2, j dx

and also ∫ 1

0
ϕ
′
`,iϕ

′
`, j dx =

∫ 1

0
ϕ
′
`,i+kϕ

′
`, j+k dx (19)∫ 1

0
ϕ`,iϕ`, j dx =

∫ 1

0
ϕ`,i+kϕ`, j+k dx

whenever all involved wavelets are inner ones.

2 Wavelet Matrix

In this section, we first show that matrices (1) in a wavelet basis can be stored in a constant
space. Next we show in the Theorem that they have at most linear non-zero elements with
respect to the order N of the matrices.

2.1 Storage of Matrices

We store matrices (1) in blocks as in Figure 3. Let us denote B(`) the block corresponding to
scaling functions and to wavelets at the `-th level. Blocks B(4) and B(5) as well as the top-
left block corresponding to scaling functions are stored as a whole. Elements of blocks B(`),
` = 6, . . . are computed by the formulas (9). We store in an array both the discontinuities of
scaling functions and integrals∫

xk

ψ(x)(x− xk)m dx m =
{

1 for the matrix g
2 for the matrix d
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ϕ3,i

ψ4,k

ψ5,j

Source: Own

Fig. 3. Structure of a wavelet matrix

Now we describe how to pair discontinuities and integrals for inner wavelets (rows corre-
sponding to boundary wavelets are zero due to choice of `0 in (8) – it is chosen in such a way
that the support of the left-edge boundary wavelet does not overlap the support of the right-edge
boundary wavelet). We assign the central point of its support (17)

x =
(
i+ 1

2

)
2−`

to the wavelet ψ`,i and from it we measure points xk of discontinuities of scaling functions.
They are positioned at

1 ·2−3,2 ·2−3, . . . ,6 ·2−3,7 ·2−3, (20)

so they can be inside the support of ψ`,i at the points

. . . ,(i−1)2−`, i2−`,(i+1)2−`,(i+2)2−`, . . . (21)

Inner wavelets are lw2−`−1 long, so we have n := lw/2−1 = 2nnb points (16)

(i−n+1)2−`, . . . i2−` (22)

on the left of x and n points
(i+1)2−`, . . .(i+n)2−` (23)

on the right of x. In total we have 2n = lw − 1 points and we will index them by an index
j = 0, . . . , lw−2. Given discontinuity at k2−3 we have an equation

(i−n+1+ j)2−` = k2−3,

and so
i = k2`−3 +n−1− j.

As the value of the integral depends just on j and ` and the dependence on ` is given by (9),
we have 8 scaling functions × 7 discontinuities × (lw−2) integrals and the cycle of the length
56(lw−2) to construct any block B(6),. . . .

Let us denote by B(`1, `2) blocks of wavelet functions of the levels `1 and `2. In case that
`1 and `2 differ by at least two we use similar idea as described above for the blocks of scaling
functions. Other blocks are stored in a compressed way, separately boundary wavelets and inner
wavelets and to reconstruct the whole block we use (18), (19).
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2.2 Number of Non-Zero Elements

Matrices (1) in a wavelet basis have a block structure. The first block in a row and in a column
corresponds to scaling functions of the third level, the second one to wavelets of the third level,
then the other levels follow (Figure 3).

In the following theorem, we show that matrices (1) in a wavelet basis have at most linear
number of non-zero elements with respect to the order N of the matrices.

Theorem. Let n ∈ N, n ≥ 3,

Bn = {ϕ3,i : i = 0, . . . ,7}∪
n⋃

`=4

{ψ`,i : i = 0, . . . ,< 2`−1−1},

let N be |Bn| = 2n, lw be the maximum of length of basis functions in 2−` units, nd be a
maximal number of discontinuities of basis functions. Then the matrices (1) have at most
(2ndlw−2nd +2lw−1)N non-zero elements.

PROOF.

• Square diagonal blocks: the integral is zero for basis functions with disjoint supports.
Supports of neighbour functions are shifted by 2−l+1 – see (15) – so every function meets
in its support at most (lw−1) functions and every row will contain at most (lw−1) non-
zero elements. In total the N rows in diagonal blocks contain at most (lw−1)N non-zero
elements.

• Blocks above the diagonal: every basis function has at most nd points of discontinuity and
every discontinuity is met by at most (lw/2−1) wavelets of a given finer level. So every
row in every block contains at most nd(lw/2− 1) non-zero elements. We will calculate
them by blocks in the same column from right to left and get at most nd(lw/2−1)(N/2+
N/4+N/8+ · · ·+8) < nd(lw/2−1)N non-zero elements.

• In blocks under diagonal there is the same amount of non-zero elements as over diagonal
as matrices are symmetric.

We get
(lw−1)N +2nd(lw/2−1)N = (ndlw−2nd + lw−1)N

in total. �

3 Numerical Experiment

We tested our implementation on a one-dimensional Poisson equation on the interval [0,1] with
the solution

u(x) = (1− x)(1− e−50x). (24)
The columns of the table contain:

• Level of wavelet basis L.
• Matrix order N.
• Number of iterations (we use conjugate gradient method) #CG.
• Total time of conjugate gradient method in seconds.
• Time per cycle in seconds.
• L2 norm of error of a solution.

We run it on a processor with 2.4 GHz frequency.
Note that the very slowly increasing number of iterations shows that wavelet basis is well-

conditioned.
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Tab. 1. Results of numerical experiment
L N #CG time of CG(s) time per cycle L2 norm

12 32 768 47 0.46 0.0098 2.1×10−12

13 65 536 47 0.92 0.020 2.6×10−13

14 131 072 49 1.9 0.040 3.3×10−14

15 262 144 49 4.0 0.082 4.1×10−15

16 524 288 50 8.3 0.17 5.2×10−16

17 1 048 576 51 17 0.34 6.5×10−17

18 2 097 152 51 35 0.69 8.1×10−18

Source: Own

Conclusion

We presented an efficient implementation of multiplication by a wavelet matrix. Our next aim
is to use it to solve a multi-dimensional Poisson equation on hypercube with a basis which is a
tensor product of presented basis.
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NÁSOBENÍ WAVELETOVOU MATICÍ – EFEKTIVNÍ IMPLEMENTACE

Matice tuhosti Dirichletovy okrajové úlohy −(au′)′ = f v bázi splajnových waveletů má dle
K. Urbana O(n logn) nenulových prvků. Ukážeme, že pro konstantnı́ funkci a jich je ve
skutečnosti O(n) a popı́šeme algoritmus, který počı́tá násobenı́ vektoru touto maticı́ v O(n)
operacı́ch. V implementaci použı́váme wavelety na bázi kvadratických splajnů.

DIE MULTIPLIKATION DER WAVELET-MATRIX – EINE EFFEKTIVE

IMPLEMENTIERUNG

Die Zähigkeitsmatrix der Dirichlet-Randaufgabe −(au′)′ = f auf der Basis der Spline-Wavelets
hat nach K. Urban O(n logn) Nicht-Null-Elemente. Wir zeigen, dass es für die konstante Funk-
tion a in Wirklichkeit O(n) gibt, und wir beschreiben einen Algorithmus, der die Multiplikation
des Vektors durch diese Matrix in O(n)-Operationen berechnet. In der Implementierung be-
nutzen wir Wavelets auf der Basis quadratischer Splines.

MNOŻENIE MACIERZ ↪A FALKOW ↪A – EFEKTYWNE WDRAŻANIE

Macierz sztywności Dirichleta krańcowego zadania −(au′)′ = f w bazie falek splajnowych
ma wg K. Urbana O(n logn) elementów niezerowych. Pokazano, że dla funkcji stałej a jest
ich w rzeczywistości O(n) oraz opisano algorytm, który oblicza mnożenie wektora poprzez t ↪e
macierz w O(n) operacjach. Wdrażane s ↪a falki na bazie splajnów drugiego stopnia.

146



OPTIMAL ERROR ESTIMATES FOR NONSTATIONARY SINGULARLY
PERTURBED PROBLEMS FOR L OW DISCRETIZATION ORDERS

Miloslav Vlasák
*Hans–Göerg Roos
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Abstract

We consider an unsteady 1D singularly perturbed convection–diffusion problem. We discretize
such a problem by the linear finite element method (FEM) on a Shishkin mesh and by a discon-
tinuous Galerkin method in time. We present optimal a priorierror estimates for low order time
discretizations.

Keywords: Convection–diffusion; Shishkin mesh; time discontinuous Galerkin method.

Introduction

We focus ourselves on the analysis of the solution of an unsteady linear singularly perturbed
convection–diffusion equation. This type of equation can be considered as a simplified model
problem to many important problems, especially to Navier–Stokes equations, which describe
compressible flow.

We discretize our equation in space by the simple conforminglinear finite element method
on a Shishkin mesh and then we discretize the resulting system of ordinary differential equations
by the discontinuous Galerkin method.

The space discretization of such a problem is a difficult taskand it stimulated development
of many stabilization methods (e.g. a streamline upwind Petrov–Galerkin (SUPG) method,
local projection stabilizations) and layer–adapting techniques (e.g. Shishkin meshes, Bakhvalov
meshes). For the complete overview see [6].

Considering the space discretization on Shishkin meshes, wewill follow the theory for
stationary singularly perturbed problems based on the solution decomposition, which enables
us to derive a priori error estimates independent of the diffusion parameter even with respect
to the norms (seminorms) of the exact solution, which can be also highly dependent on the
diffusion parameter. For the details see [6].

The discontinuous Galerkin (DG) method is a very popular approach for solving ordinary
differential equations arising from the space discretization of parabolic problems, which is
based on the piecewise polynomial approximation in time. Among important advantages we
should mention unconditional stability for arbitrary order, which allows us to solve stiff prob-
lems efficiently, and good smoothing property, which enables us to work with inexact or rough
data. We should also mention that the DG method is suitable for changes in our computational
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domain and in computational spaces, which allows us to exploit adaptivity during the computa-
tional process. For introduction to the DG time discretization see e.g. [8].

In [1] and [4] the authors study the DG method in time and the local projection stabilization
respectively the DG method in space on standard meshes for singularly perturbed problems.
The error estimates in these papers contain norms of the exact solutions which go to infinity if
the diffusion parameter goes to 0.

There are only few papers dealing with finite elements in space on the special meshes com-
bined with any discretization in time. We should mention [3]and [5], where the backward
difference formula (BDF) time discretizations and theθ–scheme are used and a priori error
estimates are derived. In [5] the authors also study the DG time discretization and derive sub-
optimal error estimates.

In contrast to the results in [5], we present a sketch of the proof of optimal error estimates
for the DG time discretization for lower convergence ordersin L∞(L2) norm.

The main difficulty in proving optimal error estimates for the DG time discretization com-
bined with a space discretization on a Shishkin mesh is the fact that we cannot employ a standard
technique of the proof, which is based on the construction ofa suitable projection, which en-
ables us to eliminate a discrete time derivative in the errorequation, see e.g. [7]. This technique
enforces us to do the upper bound of the projection error contained in stationary terms, which
depends on a higher time derivative of the exact solution inH1 seminorm, which depends on
the diffusion parameter.

1 Continuous Problem

Let us consider the 1D parabolic singularly perturbed problem

∂u
∂ t

(x, t)− ε
∂ 2u
∂x2 (x, t)+b

∂u
∂x

(x, t)+cu(x, t) = f (x), ∀x∈ (0,1), t ∈ (0,T), (1)

u(0, t) = u(1, t) = 0, ∀t ∈ (0,T),

u(x,0) = u0(x), ∀x∈ (0,1),

where functionsf ∈ L2(0,1), u0 ∈ L2(0,1), 0 < ε << 1 and functionsb andc are sufficiently
smooth withb(x) > β > 0. By substitution in time variable we can achieve

c−
1
2

∂b
∂x

(x) ≥ c0 > 0. (2)

Let us define the bilinear form

a(u,v) =
∫ 1

0
ε

∂u
∂x

∂v
∂x

+

(

b
∂u
∂x

+cu

)

vdx. (3)

To simplify the text we will use the following notation.(., .) and‖.‖ areL2(0,1) scalar product
and norm,|.|1 and‖.‖1 areH1(0,1) seminorm and norm.

It is possible to show that the solution has in general the boundary layer atx = 1. When
we assume sufficiently compatible data, we can avoid the existence of interior layers, which
enables us to concentrate on the boundary layer only, see [6]. Moreover, it is possible to prove

∣

∣

∣

∣

∂ k+ ju(x, t)
∂ kx∂ jt

∣

∣

∣

∣

≤C

(

1+
1

εkeβ (1−x)/ε

)

, ∀k, j ≥ 0. (4)

This result shows dependence of space derivatives onε, which complicates deriving of standard
a priori error estimates.
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1.1 Discretization

We want to discretize the problem (1) by the standard finite element method on Shishkin meshes
in space. This technique allows us to derive a priori error estimates that are independent ofε.
We define the parameter

σ =
5
2

ε
β

log(N), (5)

whereN is the number of mesh points. We assume our mesh points are equidistantly distributed
in intervals[0,1−σ ] and[1−σ ,1], with the same number of mesh points in both intervals. Let
us define the conforming linear finite element spaceVN on our mesh.

To discretize the problem (1) in time we assume the time partition 0= t0 < t1 < .. . < tr = T
with time intervalsIm = (tm−1, tm), time stepsτm = |Im|= tm− tm−1 andτ = maxm=1,...,r τm. We
denote the function values at the nodes asvm = v(tm). To be able to use the Galerkin type of
discretization we denote the space of piecewise polynomialfunctions

Vτ
N = {v∈ L2(0,T,VN) : v|Im =

q

∑
j=0

v j,mt j , v j,m ∈VN}. (6)

For the functions from such a space we need to define the valuesat the nodes of time partition

vm
± = v(tm±) = lim

t→tm±
v(t) (7)

and the jumps

{v}m = vm
+−vm

−. (8)

Definition 1 We say that the function U∈Vτ
N is the approximate solution to the problem (1) if

∫

Im
(U ′,v)+a(U,v)dt+({U}m−1,v

m−1
+ ) =

∫

Im
( f ,v)dt, (9)

∀v∈Vτ
N, ∀m= 1, . . . , r

(U0
−,v) = (u0,v) ∀v∈VN.

2 Error Analysis

We define the weighted norm

‖v‖2
ε = ε|v|21 +‖v‖2, ∀v∈ H1(0,1). (10)

It is possible to show that

a(v,v) ≥ min(c0,1)‖v‖2
ε ≥ 0. (11)

2.1 Stationary Problem

In this part we want to go through some well known results for the singularly perturbed prob-
lems (for the details see [6]). Let us assume a related stationary problem

a(u,v) = ( f ∗,v), ∀v∈ H1
0(0,1), (12)
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with some f ∗ : L2(0,1), and the corresponding discrete finite element problem on the layer–
adapted mesh. Let us define the Ritz projectionR : H1

0(0,1) →VN satisfying

a(u−Ru,v) = 0, ∀v∈VN. (13)

It is possible to prove following estimates:

‖u−Ru‖ε ≤ CN−1 log(N), (14)

‖u−Ru‖ ≤ C(N−1 log(N))2, (15)

with C independent ofε. For the proof see e.g. [6].

2.2 Radau Quadrature

Let us define the Radau quadrature on each intervalIm

Q[ f ] =
q

∑
i=0

wi f (tm,i), (16)

wheretm,i are Radau quadrature nodes inIm with tm,0 = tm. Such a quadrature has the algebraic
order 2q and the coefficients of the quadrature satisfy 0≤ wi ≤ τm.

It is possible to express our method (9) by

Q[(U ′,v)]+Q[a(U,v)]+({U}m−1,v
m−1
+ ) = Q[( f ,v)], ∀v∈Vτ

N. (17)

Since the equation for the continuous solution (1) is definedat every pointt ∈ Im, we can see
that

Q[(u′,v)]+Q[a(u,v)]+({u}m−1,v
m−1
+ ) = Q[( f ,v)], ∀v∈Vτ

N. (18)

2.3 Projections

We define the space

Vτ = {v∈ L2(0,T,H1
0(0,1)) : v|Im =

q

∑
j=0

v j,mt j , v j,m ∈ H1
0(0,1)}. (19)

We define the time projectionP : C([0,T],H1
0(0,1)) →Vτ , such that

Pu(t) =
q

∑
i=0

ℓi(t)u(tm,i), (20)

whereℓi is a Lagrange interpolation basis function for the quadrature nodetm,i. Since

RPu(t) = R
q

∑
i=0

ℓi(t)u(tm,i) =
q

∑
i=0

ℓi(t)Ru(tm,i) = PRu(t), (21)

we can see that projectionsP andR commute. We define the space–time projectionπ = PR:
C(0,T,H1

0(0,1)) →Vτ
N.

Now, we present some basic approximation properties of our projectionsP andπ.

150



Lemma 1 Let u be the exact solution of (1). Then

sup
Im

‖Pu−u‖ ≤ Cτq+1, (22)

where the constant C does not depend onτ.

The proof can be made by standard arguments. It is an analogy to e.g. [2, Theorem 3.1.5] in
Bochner spaces.

Lemma 2 Let u be the exact solution of (1). Then

sup
Im

‖πu−u‖ ≤ C(τq+1 +(N−1 log(N))2), (23)

where the constant C does not depend onτ or N.

The proof of the lemma follows directly from estimates of theprojectionP andR and from the
triangle inequality.

2.4 Main Result

We are ready to present the main result.

Theorem 1 Let u be an exact solution of (1) and U∈Vτ
N be its discrete approximation given by

(9) with q= 0,1. Then

max
m=1,...,r

sup
Im

‖U −u‖ ≤C
(

(N−1 log(N))2 + τq+1) . (24)

To prove the theorem we divide the errorU −u into projection partη = πu−u andξ =
U −πu∈ Vτ

N. Then we subtract the equation for the exact solution (18) from the equation for
the discrete solution (17) and we obtain

∫

Im
(ξ ′,v)+a(ξ ,v)dt+({ξ}m−1,v

m−1
+ ) (25)

= −Q[(η ′,v)]− ({η}m−1,v
m−1
+ )−Q[a(η ,v)].

SincePu(tm,i) = u(tm,i), we get

Q[a(η ,v)] =
q

∑
i=0

wia(Ru(tm,i)−u(tm,i),v) = 0 (26)

we need to estimate the rest of the right–hand side only.

Lemma 3 Let u be an exact solution of (1). Then

Q[(η ′,v)]+({η}m−1,v
m−1
+ ) ≤ τmC

(

τq+1 +(N−1 log(N))2)sup
Im

‖v‖, (27)

∀v∈Vτ
N.
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The proof of the lemma is rather long and technical and will bepublished in detail in forthcom-
ing paper.

We can estimate the right–hand side of (25) by Lemma 3. Then weobtain by settingv= 2ξ

‖ξ m
−‖

2−‖ξ m−1
− ‖2 +‖{ξ}m−1‖

2 +2min(c0,1)
∫

Im
‖ξ‖2

εdt (28)

≤ τmC
(

τq+1 +(N−1 log(N))2) sup
Im

‖ξ‖.

We need to deal with the term at the right–hand side. For the case q = 0 we know that
‖ξ‖ is constant with respect to time and we can exchange the last expression by the term
τmC(τq+1 + (N−1 log(N))2)‖ξ m

−‖. Then it is sufficient to employ Young’s inequality and the
discrete Gronwall lemma to finish the proof of the theorem. The caseq= 1 is still quite simple.
Forq = 1 the term‖ξ‖ is linear with respect to time and so we can find its supremum atone of
the end points of the intervalIm. If the supremum occurs at the pointtm, we can follow the same
idea as in the caseq = 0. If the supremum occurs at the pointtm−1, we can divide our term

‖ξ m−1
+ ‖ = ‖ξ m−1

+ −ξ m−1
− +ξ m−1

− ‖ ≤ ‖{ξ}m−1‖+‖ξ m−1
− ‖. (29)

Then we need again to employ carefully Young’s inequality and the discrete Gronwall lemma
to finish the proof of the theorem.

Conclusion

For simplicity, we assume the main result withq = 0,1 only. Nevertheless, the result holds
true even for arbitraryq≥ 0. Then the proof of the theorem will be more complicated and we
will not consider such cases. The result holds also true for consistent stabilization methods and
general layer–adapted meshes with a slightly different term describing convergence behavior
with respect to space. It is also not important to restrict ourselves to 1D. We can simply extend
the results from [3] discussing multidimensional case. Thefully general result with complete
detailed proofs will be publishes in forthcoming paper.
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OPTIMÁLN Í ODHADY CHYB NESTACIONÁRNÍCH SINGULÁRNĚ

PERTURBOVANÝCH PROBLÉMŮ PRO DISKRETIZACE ŃIZK ÉHO ŘÁDU

Uvažujeme nestaciońarńı jednodimenziońalńı singúalrně perturbovańy probĺem. Diskretizu-
jeme tento probĺem v prostoru pomocı́ metody koněcných prvk̊u na Shishkinov́ych śıtı́ch a včase
pomoćı nespojit́e Galerkinovy metody. Uḱažeme optiḿalńı apriorńı odhady chyb prǒcasov́e
diskretizace ńızkéhořádu.

OPTIMALE SCHÄTZUNGEN NICHTSTATIONÄRER SINGULÄR GESTÖRTES

PROBLEME FÜR DIE DISKRETIERUNG NIEDERERORDNUNG

Wir betrachten ein nichtstationäres eindimensionales singulär gesẗortes Problem. Wir diskretie-
ren dieses Problem im Raum mit Hilfe der Methode der finiten Elemente auf den Shishkin’schen
Netzen und in der Zeit mit Hilfe der nichtkontinuierlichen Galerkin-Methode. Wir zeigen die
optiamlen A-priori-Scḧatzungen von Fehlern für die zeitliche Diskretierung niederer Ordnung.

OPTYMALNE SZACOWANIE BŁE֒DÓW NIESTACJONARNYCH OSOBLIWIE

ZABURZONYCH PROBLEMÓW DLA DYSKRETYZACJI NISKIEGO RZE֒DU

W artykule opisano niestacjonarny jednowymiarowy osobliwie zaburzony problem. Problem
ten jest dyskretyzowany w przestrzeni przy pomocy metody element́ow skónczonych na sieci-
ach Shishkina oraz w czasie przy pomocy niecia֒głej metody Galerkina. Pokazano optymalne
a priori szacunki bł֒edu dla czasowej dyskretyzacji niskiego rze֒du.
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Abstract

The paper deals with the problem of non-parametric statistical modeling of 2-dimensional sur-
faces from observed data, i.e. the regression analysis. In general, the model is constructed
from a set of basal functions, as are the splines, gaussians and others. However, such model-
ing means to estimate a large set of parameters (locations offunctional units and parameters
of their combination). We shall present two approaches allowing reduction of the number of
needed parameters. Namely, a well known method of projection pursuit, and the less known
method of Gordon surface. Further, we shall analyze possible serious consequences of sparse
data to precision of model and uncertainty of prediction. Methods will be illustrated in artificial
examples.

Keywords: Statistics; regression analysis; splines; projection pursuit; Gordon surface; predic-
tion error.

Introduction

Though the main concern of the paper is two-dimensional regression analysis, we shall start,
in Part 1, with a 1-dimensional case. We think that it is the best way how to show the way
of modeling curves from functional units and the problems connected with such an approach.
The use of localized units (as B-splines or gaussians) is convenient when we wish to describe
a non-regularly varying function (a signal, for instance).However, as we shall see, the use of
combination of localized units requires also sufficiently ’localized’ (i.e. dense) measurements,
to avoid unexpected non-precision of model performance.

This problem will be illustrated first in the case of a 1-dimensional curve, variance of pre-
diction will be computed, and its relationship with measurement design shown. Then, in Part 2,
we shall devote to the 2-dimensional regression models. We shall recall some approaches how
the number of involved parameters can be reduced. Then, after brief overview of the projection
pursuit method, we concentrate, in Part 3, to the model construction via so called Gordon sur-
face. Even here, we shall analyze the relation between data design and model (and prediction)
uncertainty.

In Part 1 we shall employ also the MCMC (Markov chain Monte Carlo) procedures in the
framework of the Bayes statistical inference. The reason is that MCMC generates a represen-
tation of posterior distribution of estimated model. With its aid it is possible to visualize the
variability of estimates. Simultaneously, estimated distribution of predicted values is obtained.
More details on the MCMC methods can be found elsewhere, for instance in [5] and also in [8].
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1 Nonparametric Regression

Let us consider first a pair of one-dimensional random variables X (input variable, predictor)
andY (output variable, response) and a general response model defined by a densityf (y; r(x)) of
conditional probability ofY for givenX = x, wherer(x) is a smooth non-parametrized response
function. This definition involves, as a special case, the standard regression modelY = r(X)+ε,
whereε is a random Gauss noise with zero mean and an unknown varianceσ2.

There are essentially two different ways how to estimate unknown functionr. The first
consists in the local (e.g. kernel) smoothing. The other approach, studied here, employs the
approximation ofr(x) by a combination of functions from some functional basis. For instance
radial basis functions (gaussians), polynomial splines, goniometric functions or wavelets are
popular choices. Hence, the model of response function has the form

rM(x) = ααα ′BBB(x;βββ ) =
M

∑
j=1

α jB j(x;βββ ), (1)

where ααα = (α1, . . . ,αM)′ is a vector of linear parameters,B j are basis functions andβββ =
(β1, . . . ,βM)′ is a vector of parameters of the basis functions (e. g. knots of splines, centers
and scales of radial functions). While the estimates ofααα can be obtained directly from linear
regression context, estimation ofβββ is a difficult optimization problem. As a solution to the
nonlinear problem for coefficientsβββ as well as to optimal choice ofM, it is possible to use the
Bayes methodology in combination with the Markov chain MonteCarlo (MCMC) algorithms.
In this framework, the parameterβββ is considered to be a multi-dimensional random vector, with
a prior distribution satisfying certain constraint. Simultaneously,M is also regarded as a random
variable, with some prior on{0,1,2, . . . ,Mmax}.

1.1 Modeling via B–splines

Polynomial splines are constructed from piece-wise polynomials which are joined together in
the ’knots’. At these points, continuity conditions are fulfilled. We mostly deal with the cubic
splines which have continuous two first derivatives. There are several variants of functional
bases creating the spline, we prefer the B–splines as they arelocalized. Let us consider an
interval[a,b] and a set ofM different inner knots,β0 = a < β1 < ... βM < βM+1 = b, let us add
six other ’dummy’ knotsβ− j = a− j(β1−a), βM+1+ j = b+ j(b−βm), j = 1,2,3. One way
how to define the B–spline function, following for instance [9], employs divided differences:

B j(x,βββ ) =
j+2

∑
k= j−2

{

(x−βk)
3
+/

j+2

∏
s= j−2,s6=k

(βk−βs)

}

,

for j = −1,0,1, ... M,M + 1,M + 2. Here, function(u)+ meansu · 1[u > 0]. Thus,M inner
knots defineM +4 basal cubic units. Each unitB j is zero outside the interval(β j−2,β j+2). The
interference of two neighboring units depends on position of the knots, a change of one knot
has effect on several nearest units only (e. g. in the case of cubic B–splines, five units have to
be updated when one knot is changed). It means that in model (1) a change of oneβk results in
updating of only fiveα j , j = k−2,k−1,k,k+1,k+2. This leads to the reduction of necessary
computations.

1.2 Optimal Number of Units

It is expected that the model with more units decreases residual variance (or increases the like-
lihood). Therefore we should examine whether the addition of one unit from corresponding
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functional basis improves the fit of the model ’sufficiently’. In a non–Bayes setting, this is often
measured by a penalty criterion, e.g. Akaike’s AIC, Schwarz’s BIC, GCV (see also Friedman
[4]). Similar is the criterionσ̂2

Mexp( M
Nγ ), whereγ is a number from(0.5,1), σ̂2

M is the estimate
of residual varianceσ2, M denotes the number of used units,N is the extent of data sample.

Equivalently, we can obtain the penalty as a part of the acceptance probability in the MCMC
algorithm. Let us assume that the prior for variableM is specified in such a way that the pro-
portionQ0(M∗)/Q0(M) < 1 if M∗ > M. For instance, if prior is proportional to exp(−M/Nγ).
Such a choice decreases the chance to accept a model with higher number of units, if the gain
of that model (measured by likelihood ratio) is low. The addition of new units can be comple-
mentary controlled by a rule guaranteeing a reasonable minimal distance between them and by
prescribing maximal number of units.
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Fig. 1. Left: Data, estimated regression curve (central) and±2σ̂ bands. Right: Variability of
MCMC generated posterior representation r(m)(x)

Example 1. 160 uniformly distributed pointsxi were sampled in (0,4)∪ (6,10), and output
valuesyi = r(xi)+ εi were then generated, where

r(x) = xsin

(

( x
0.25

)2
)

and εi were independent identically distributed Gauss random variables with mean zero and
varianceσ2 = 4. For estimation of functionr(x), the cubic B-splines were used. As regards the
prior for their knots, we used uniform distribution on the set {0 < β1 < β2 < .. . < βM < 10}.
100 loops of the Markov chain generation were performed. Oneloop updated sequentially
all components ofβββ , with possible change ofM. It means that it contains between 20 – 50
iterations of model, depending on actual numberM.

Only the final result after each loop was registered as a new member of the chain,r(m). The
chain obtained in such a manner has a rather low autocorrelation. The average of this sequence
of functions, after skipping firsts= 20 of them,

r̂(x) =
1

S−s

S

∑
m=s+1

r(m)(x), (2)
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serves then as the final estimate ofr(x), empirical variance or the quantiles of the set{r(m)(x), m=
s+ 1, ...,S} yield information about the uncertainty of the estimate at given x. In the case of
Gauss random noise, unknown parameterσ is estimated from the averaged squares of residuals
of the preceding iteration. The procedure started from 7 initial units defined by 3 inner knots
located equidistantly inside (0,10). It converged to final 13 units, with final estimatêσ2 = 4.18.
Figure 1, left plot, shows the points{xi ,yi}, the estimate ˆr(x) and ˆr(x)±2σ̂ intervals connected
to two bands. However, the right plot shows the variability of last 80 members of chainr(m)(x).
It can be taken as a representation of posterior distribution of r(x), quite sufficient for illustra-
tion of certain important features. Namely, it is seen how the variability of estimate increases in
the region with sparse data. It also means that there increases uncertainty of prediction of true
values ofr(x) (compare also discussion in [2], Ch. 10). A vertical cut at a givenx represents
Bayes prediction distribution of correspondingr(x).
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Fig. 2. Evaluation of function V(x), in the case without data in (4,6) (left), with one measure-
ment added to x= 5 (center), from data distributed uniformly through whole (0,10) (right)

1.3 Variance of Prediction

In the present part we shall recall some well known results quantifying the variance of prediction
in linear regression model, see for instance [1], and adapt them to our case. For simplicity, let
us assume that the functional units, i. e. their number and inner parameters, are fixed. Hence,
we solve the linear regression case

yi = BBBT(xi) ·ααα + εi, i = 1, . . . ,n,

whereεi are the i.i.d. normal random variablesN (0,σ2), BBB(xi) = (B1(xi), . . . ,BM(xi))
T are

functional units (e. g.B-splines) evaluated at data-pointsxxx = (x1, . . . ,xn)
T . DenoteBBB then×M

matrix with rowsBBBT(xi), AAA = (BBBT ·BBB)−1, yyy = (y1, . . . ,yn)
T . Then the least squares method

yields the estimate
α̂αα = AAA·BBBT ·yyy, α̂αα −ααα ∼ N (OOO,σ2 ·AAA),

whereOOO is the null vector. Further, at a selected pointz the prediction ofy(z) is ŷ(z) = BBBT(z) · α̂αα.
Its expectation isr(z), while its variance equals

var
(

ŷ(z)
)

= BBBT(z) ·AAA·BBB(z) ·σ2.

We see that it depends both on data(AAA = AAA(xxx)) from which the model was estimated, and on
position of prediction pointz.
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On this basis we can study interaction of data design and prediction error, particularly the
influence of additional measurements to model precision. For illustration, let us return to Exam-
ple 1. Let the model be constructed fromB-splines defined by 7 inner knots placed equidistantly
inside(0,10), so that the model containsM = 11 B-spline functions. Figure 2 shows function
V(z) = BBBT(z)AAABBB(z) in 3 cases. The left plot corresponds to data shown in Figure 1, i. e. without
measurements in interval(4,6). The central plot corresponds to the situation when one mea-
surement was added tox = 5. Finally, the right-hand plot shows functionV(z) computed from
data distributed uniformly over whole interval(0,10), without any gap.

2 Multi-Dimensional Case

Now we assume that the input variableXXX = (X1, . . . ,Xp) is ap-component vector. In general, the
multivariate regression modeling has to deal with functions of interactions of several predictors.
Such a function is as a rule modeled by a tensor product of one-dimensional units. The problem
with multivariate units is not only that their number grows (exponentially) with dimension, but
that there also grows a number of units (and parameters) which are influenced by updating of
one component of ‘inner’ parameter (e. g. of one knot). For instance, a functionr(xxx) in R2 can
be modeled as

r(xxx) = α00+
M1

∑
j=1

α j0B j(x1,βββ )+
M2

∑
k=1

α0kCk(x2,γγγ)+∑∑α jk B j(x1,βββ )Ck(x2,γγγ). (3)

Such a function containsM1 + M2 inner parametersβ j , γk, but 1+ M1 + M2 + M1M2 ‘linear’
parametersα jk. The high number of parameters leads naturally to the high time needed for
(iterative, as a rule) computations. That is why there are attempts to reduce the dimensionality
of ‘decision space’ of the model construction. Especially the methods based on the idea of
decision tree are successful. The most known one is the CART (Classification and Regression
Tree), giving a histogram-like result, and its modificationgiving a continuous function, the
MARS (Multi-dimensional Adaptive Regression Splines) [4].

In the simplest scenario the multi-dimensional model has anadditive form. The response
functionr(xxx) is then a sum ofp functions of one variable. In our context

r(xxx) =
p

∑
k=1

Mk

∑
j=1

α jkB jk(xk,βββ k) =
p

∑
k=1

ααα ′
kBBBk(xk,βββ k),

vectorsβββ k and valuesMk, k = 1, . . . , p, are optimized iteratively. Most of algorithms innovate
sequentially one component after another. Naturally, flexibility of such a model is rather limited.

2.1 Projection Pursuit

This is one of the approaches how to model the multi-dimensional interactions of input variables
[7]. The PP estimator has the following form

r∗(xxx) =
K

∑
j=1

sj(βββ ′
jxxx),

i.e. it is the sum of 1-d functions of linear combinations (rotations) of covariates. Now, the ob-
jective is to find an optimalK and optimalp-dimensional vectorsβββ j . The problem of estimation
of non-parametrized functionssj is then solved in the framework of additive model. The space
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of βββ ’s is limited to such that|βββ j |= 1. Notice also that the rotation inRp is fully described by an
angle havingp−1 components, each with values in[0,π]. So that the dimension of nonlinear
parameter is actuallyp−1. For instance, inR2 the angles of rotations can be ordered to a se-
quence 0≤ γ1 < γ2 < ... < γK < π, so that the process of solution is quite similar to that dealing
with optimal location of knots inR1. Thus, the problem of construction of 2-dimensional model
is changed to two nested 1-dimensional problems.

On the other hand, it is well known that the projection pursuit is highly sensitive, that the de-
pendence onβββ ’s is rather non-smooth. The method is implemented to several popular statistical
software packets (S-plus, R).

2.2 Variance of Prediction in PP

We shall study now the error or prediction in a similar manneras in part 2.4. Again, let us
assume that the angles of rotationsγk, k = 1, . . . ,K, are selected, and that also functional units
B jk(z) are already fixed,j = 1,2, . . . ,Mk for k-th projection. Thus, we shall deal with the model

y(xxx) =
K

∑
k=1

Mk

∑
j=1

α jk B jk(zk),

where we denotedzk = γk ⋆ xxx = cosγk · x1 + sinγk · x2 the projection of pointxxx = (x1,x2) to
directionγk. Thus, we again deal with the linear regression scheme

yi = BBBT(xxxi) ·ααα + εi,

whereBBB(xxxi) =
{

B jk(zki), j = 1, . . . ,Mk, k = 1, . . . ,K
}

, zki = γk ⋆xxxi, ααα = {α jk}, its dimension is
M = ∑K

k=1Mk, and(yi,xxxi), i = 1, . . . ,n, are measurements. Formally the case is the same as the
case discussed in 2.3. A numerical illustration is a part of Example 2 in the next section.

3 A Model of Gordon Surface

The Gordon surface [6] is one of constructions of smooth surfaces used mostly in engineering
applications, some others from this set are for instance Extrusion Surface, Ruled Surface or
Coons Patch. We shall adapt it here to the needs of 2-dimensional statistical regression analysis.

Let us consider a surfaceSgiven by a smooth functiony(xxx), xxx∈ X ⊂ R2. We assume that
S is given in a form of the Gordon surface, namely: Consider a setof K linesLk (k = 1, . . . ,K)
crossing the domainX. Cuts of surfaceS above linesLk are smooth functionsyk(z), z∈ Lk.
For each pointxxx∈ X, let xxx(k) be its projection toLk. Further, letRk(xxx) be a weight of pointxxx
w.r. to line Lk. We assume thatRℓ(xxx) = 1 if xxx ∈ Lℓ and for points lying between linesLk the
weight is given by a convenient (sufficiently smooth) kernelfunction, e. g. by a Gauss kernel,
with property∑K

k=1Rk(xxx) = 1. Then let us define

r(xxx) =
K

∑
k=1

Rk(xxx) · rk (xxx(k)) (4)

as a surface value atxxx. Regarding the functionsrk(z), it is assumed that they are linear combi-
nations of 1-dimensional functional units (e. g.B-splines or radial-basic functions)ϕkm(z)

rk(z) =
Mk

∑
m=1

wkmϕkm(z) = www′
k ·ϕϕϕk(z).
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Hence, each such function containsMk unknown parameterswkm and localized unitsϕkm(z).
The units, as well as blending (mixing) weightsRk(xxx), should be selected by an analyst. It is
seen that the model has a similar feature as the projection pursuit, instead of beams given by
rotations the core is given by a net of lines, and the projection of data points is weighted. The
simplest choice of linesLk are equidistant vertical (or horizontal) lines crossingX.

3.1 Statistical Model and Estimation

Let us now imagine a set of measurements(yi,xxxi), i = 1, . . . ,n of the surfaceSat pointsxxxi with
errorsεi (i. e. a regression model)

yi = r(xxxi)+ εi ,

εi are centered independent Gauss variables with varεi = σ2. The objective of statistical anal-
ysis is to estimate unknown parameterswkm, compute the variance of estimates and also of
predictionr(xxx) at a pointxxx, based on these estimates. We shall use the following approach:
First, functionsrk will be estimated. Then̂rk(z) will be propagated to wholeX by blending
given in expression (4).

Again, denote byxxxi(k) projections of pointsxxxi to lines Lk. Let Pki be again the weight
of xxxi w.r. to line Lk. Further, denoteyyy = (y1, . . . ,yn)

′, for eachk denoteΦk a matrixn×Mk

with elementsϕmk(xxxi(k)), Pk the diag{Pki} matrix n× n andGk diag
{

(Pki)
−1/2

}

matrix. Let
us eventually omit indicesi such thatPki = 0. A natural estimator of parameterswwwk is then the
result of weighted least squares method,

ŵwwk =
(

Φ′
k Pk Φk

)−1Φ′
k Pk yyy,

corresponding to a regression modelyyy = Φk wwwk + Gk εεε, εεε = (ε1, . . . ,εn)
′. It follows thatŵwwk =

wwwk +AAAk ·Φ′
k Pk Gk εεε, with AAAk =

(

Φ′
k Pk Φk

)−1
, therefore Êwwwk = wwwk and

var(ŵwwk) = AAAk ·σ2.

In general, we can consider one set of weights,Rk(xxx), for blending functionsyk, and a different
set,Pk(xxx), as weights used in the estimation procedure. Naturally, itis possible to setPk(xxx) ≡
Rk(xxx). As regards the large sample (asymptotic) behavior of the procedure, it is natural to adopt
the approach common in statistical smoothing methods. Namely, as n increases, the width
of kernels is controlled by a decreasing window-width, while simultaneously the number of
lines,K, should increase, both with a proper rate. In such a way, the consistency of estimation
procedure can be guaranteed.

3.2 Prediction

Now, letxxx be an arbitrary point fromX, different from allxxxi . Predicted value suggested by (4),
where parameterswwwk are substituted by their estimates, is given as

r̂(xxx) =
K

∑
k=1

Rk(xxx) · ŵww
′
k ϕϕϕk(xxx(k)),

while its ’true’ value (which we do not know) would bey(xxx) = r(xxx)+ εx, wherer(xxx) is given
by (4),εx is the same random variable like allεi, independent on them. We are interested in the
difference

r̂(xxx)− r(xxx) =
K

∑
k=1

Rk(xxx)(ŵwwk−xxxk)
′ ϕϕϕk(xxx(k)).
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Let us denote bywww = (www′
1,www

′
2, . . . ,www

′
K)′ the vector of lengthM ×1, whereM = ∑K

k=1Mk con-
taining all parameters, similarly for̂www. Further,

bbb(xxx) =
(

R1(xxx)ϕϕϕ1(xxx)
′, R2(xxx)ϕϕϕ2(xxx)

′, . . . ,RK(xxx)ϕϕϕK(xxx)′
)′

is alsoM×1 vector, depending onxxx. Then, we obtain that

r̂(xxx)− r(xxx) = bbb′(xxx)(ŵww−www).

Its expectation is zero, while its variance equals

var(r̂(xxx)− r(xxx)) = bbb′(xxx) ·V ·bbb(xxx),

whereV is the M ×M covariance matrix cov(ŵww−www). It is, naturally, symmetric, positive
definite almost surely, and composed from blocksVkℓ, k, ℓ = 1, . . . ,K, of dimensionMk×Mk:

Vkℓ = E
{

(ŵwwk−wwwk) · (ŵwwℓ−wwwℓ)
′
}

=

= E
{

AAAk Φ′
k Pk Gk εεε εεε ′Gℓ Pℓ Φℓ AAAℓ

}

= AAAk Φ′
k Pk Gk Gℓ Pℓ Φℓ AAAℓ ·σ2.

“Diagonal” blocks are thenVkk = AAAk ·σ2. Finally, the differencêr(xxx)−y(xxx) has the expectation
zero, too, and variancebbb′(xxx)V bbb(xxx)+σ2.

As the matrixV depends on the design of observed pointsxxxi, the variability of prediction
at a pointxxx depends on information in its neighborhood. We thus, in the following example,
see the same phenomenon as in Example 1, i.e. a growing uncertainty of model in sparse data
regions.

The model considered here containsM = ∑K
k=1Mk parameters. In a standard regression

setting the number of observations should ben > M to guarantee a reliable estimation. Notice
that in the Gordon surface modeln > maxk Mk suffices.

3.3 Analysis of Prediction Variance

As the direct computation of variance of prediction is here rather complicated (also due the
presence of weighting functions) we shall prefer “empirical” illustration utilizing the following
example.

Example 2. The data of sizen= 200 were generated from the functionr(xxx) = x1 ·sin(x1/3)+
sin(x2/2+1) and additional standard Gauss random noise. For estimation, we fixed all ’nonlin-
ear’ components of the Gordon surface, namely: Number of lines,K, was fixed to 7, they were
located horizontally, equidistantly in(0,10). To fit 1-dimensional curves along these lines, the
cubic B-splines were used. For them, 5 equidistant knots wereplaced along each line. The
same Gauss kernels were used both for weighting and blending.

In order to evaluate variability of estimates, the analysiswas repeatedN = 200 times. Fig-
ure 3 shows the mean and variance from 200 surfaces, estimated from full data covering the
whole region(0,10)× (0,10). Then, Figure 4 displays the mean and variance of 200 surfaces
estimated from data with missing values in(4,6)× (4,6) square. There is no significant differ-
ences between the means, they correspond, more-less, to the’true’ surfacer(xxx). However, the
large variance in Figure 4 is the warning that one cannot relyjust on estimated trend, that the
inference has to be accompanied by the analysis of variance (and confidence, concerning the
parameters). Notice also that the peak of variance has the vertical direction (inX ×Y plane),
i. e. orthogonal to linesLk. It is caused by mixing of curves constructed along the lines, this
mixing propagates the peak in thex direction.
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Fig. 3. The mean (left) and variance (right) estimated from the datacovering uniformly the
whole region(0,10)× (0,10)
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Fig. 4. The mean (left) and variance (right) estimated from the datawith missing values in
region(4,6)× (4,6)

3.4 Comparison with Projection Pursuit

The same data as in Example 2 were repeatedly (withN = 200 repetitions) analyzed with the
projection pursuit method. Again, the structure of model was fixed, we selected just four angles
equidistantly inside(0,π), each projection was fitted by B-splines with 5 inner knots located
equidistantly between minimum and maximum value of projected xxx-s. Such a selection was
quite satisfactory, resulting surface fitted well (not worse than the Gordon surface shown on
preceding figures). Figure 5 shows estimated variance of results (i.e. from 200 repetitions), left
plot corresponds to full data, the right plot again to data with a gap in the region(4,6)× (4,6).
The variance in the second case is still significant, howevermuch lower compared to results of
Gordon model application. It is probably caused by the structure of core lines (parallel lines in
Gordon construction, a rosette in projection pursuit).

Conclusion

The objective of the paper was to examine several ways how to construct statistical model
of 2-dimensional surfaces and to study advantages and problems of presented methods, from
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Fig. 5. Estimated variance of projection pursuit regression, fromfull data (left), from the data
with missing values in region(4,6)× (4,6) (right)

the point of their accuracy, flexibility, and also computational effort. The main attention was
focused on the method of Gordon surface construction, and tothe study of relationship between
the design of data (input variables), selected set of localized functional units, and resulting
variance of model estimate and prediction.
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O DVOU FLEXIBILN ÍCH METODÁCH PRO DVOUROZMĚRNOU REGRESŃI

ANAL ÝZU

Pŕace je v̌enov́ana neparametrickému statisticḱemu modelov́ańı dvourozm̌erńych ploch na źa-
kladě pozorovańych dat, tj. dvourozm̌erńe regresńı anaĺyze. Model je konstruov́an jako kom-
binace jednoduch́ych b́azov́ych funkćı, jako jsou spliny, gaussiány apod. Nev́yhodou takov́eho
přı́stupu je poťreba odhadnout velké mnǒzstv́ı parametr̊u. Budou uḱaźany dva p̌rı́stupy, kteŕe
počet poťrebńych parametr̊u redukuj́ı. A to metoda zvańa projection pursuit, která je statis-
tikům dob̌re zńamá, a pak ḿeňe zńamá metoda konstrukce tzv. Gordonovy plochy. Zárověn
také uḱažeme, jak nep̌rı́tomnost dat v uřcité oblasti zvy̌suje variabilitu modelu a tedy i neurčitost
predikce. Metody budou předvedeny na um̌elých p̌rı́kladech.

ÜBER ZWEI FLEXIBLE METHODEN FÜR EINE ZWEIDIMENSIONALE

REGRESSANALYSE

Diese Arbeit befasst sich mit einer nichtparametrischen statistischen Modellierung zweidimen-
sionaler Fl̈achen auf Grundlage beobachteter Daten, d. h. mit der zweidimensionalen Regress-
analyse. Das Modell ist konstruiert als Kombination einfacher Basenfunktionen wie z. B. Spli-
nes, Gaussian’sche Funktionen u.ä. Als Nachteil eines solchen Ansatzes erweist sicht die
Notwendigkeit, eine große Menge Parameter zu schätzen. Es werden zwei Ansätze gezeigt,
welche die Anzahl der erforderlichen Parameter reduziert,und zwar projection pursuit, welche
den Statistikern wohl bekannt ist, und dann die weniger bekannte Konstruktionsmethode der
Gordon-Fl̈achen. Gleichzeitig zeigen wir, wie die Abwesenheit von Daten auf einem bes-
timmten Gebiet die Variabiliẗat des Modells und damit auch die Unbestimmtheit der Prädiktion
erḧoht. Die Methoden werden an künstlichen Beispielen vorgeführt.

O DWU ELASTYCZNYCH METODACH DO DWUWYMIAROWEJ ANALIZY

REGRESJI

Artykuł poświe֒cony jest nieparametrycznemu statystycznemu modelowaniu powierzchni dwu-
wymiarowych na podstawie obserwowanych danych, tj. dwuwymiarowej analizie regresji.
Model skonstruowano jako poła֒czenie prostych funkcji bazowych, takich jak splajny, gaussiany
itp. Wada֒ takiego podejścia jest koniecznósć oszacowania du̇zej liczby parametŕow. Pokazano
dwa podej́scia ograniczaj֒ace liczb֒e niezb֒ednych parametrów. To metoda nazywana projec-
tion pursuit, kt́ora jest dobrze znana statystykom oraz mniej znana metoda konstrukcji tzw.
powierzchni Gordona. Jednocześnie pokazano, jak brak danych w pewnym obszarze zwie֒ksza
zmiennósć modelu, czyli tak̇ze niepewnósć prognozowania. Metody zaprezentowano na sztucz-
nych przykładach.
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