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Abstract

In this contribution we will deal with the problem of variability of interval data. The issue
is to find lower and upper bounds for the interval of possible values for the variance of given
interval data. This leads to the problem of minimizing/maximizing the sum of squares of the
distance between the components of then−dimensional vector and their average value. As the
maximization is more difficult than the minimization, we present here some theoretical results
concerning the solution. Furthermore, we introduce preliminary algorithms for solving both
problems which take into consideration their special structure.
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Introduction

In some cases, we have only intervals[ai,bi] of possible values ofxi instead of the actual value
xi. For example, measured values usually include some measurement error with known upper
bounds. Then, the actual value ofxi is unknown and we only know that its value is located
within the interval determined by the upper bound of the measurement error. Therefore, we
should work rather with these intervals than with these single values. Consequently, possible
values of their average and their variance are also intervals. For more details on interval data
see in [1]. While the computation of lower and upper bounds forthe average of interval data is
straightforward, the computation of lower and upper boundsfor their variance is significantly
complicated. In [4], it was proved that computing the variance for interval data is NP-hard.
They also proposed algorithms with quadratic complexity for computing the lower bound of
variance and for computing its upper bound in some special cases. Further interesting results
were recently published in [2, 3, 7]. In this contribution, we present some theoretical results
concerning the solution of a maximization problem and introduce preliminary algorithms for
solving both problems which use their special structure.

We considern intervals Ii = [ai,bi] and define

K = I1⊗ I2⊗ I2⊗·· ·⊗ In. (1)

We would like to find:

xmin = argmin
x∈K

1
n

F(x), (2)
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xmax= argmax
x∈K

1
n

F(x), (3)

where F(x) =
n

∑
i=1

(xi − x)2 with x =
1
n

n

∑
i=1

xi and the tensor productK of the given intervals

forms the feasible set of optimization problems (2) and (3).
Note that the functionF can be written in the following forms:

F(x) =
n

∑
i=1

(xi −x)2 =
n

∑
i=1

x2
i −

(x1 + · · ·+xn)
2

n
=

n

∑
i=1

x2
i −nx2 =

1
n

(

∑
j<i

(xi −x j)
2

)

Problem (2) possesses a convex objective functionF , thus any local solution is also a global
one. In problem (3), the functionF is concave and the solution has to be a vertex ofK. This
results in a rather different behavior. The analysis of thissecond case is discussed in Section 3.
There are several apparent properties:

• If ∩iIi 6= /0 then there exist either one or infinitely many solutions of(2). All elements of
the solution are the same and belong to∩iIi.

• The solution of (3) lies on the vertex ofK.

• It holds
n

∑
i=1

(xi −x)2 <
n

∑
i=1

(xi −d)2 for any d 6= x.

In this contribution we give some theoretical results of problems (2) and (3), respectively,
and outline the algorithms for seeking the solutions. We will consider the following structure
of those problems:

xmin = argmin
x

F(x), (4)

subject to xi ∈ [ai,bi], i = 1. . .n

xmax= argmax
x

F(x), (5)

subject to xi ∈ [ai,bi], i = 1. . .n

The following quantities are used throughout the paper:

ci =
ai +bi

2
, di = bi −ai > 0, i = 1. . .n,

pa =
a1 + · · ·+an

n
, pb =

b1 + · · ·+bn

n
.

1 The Problem of Minimization

Both problems (4) and (5), respectively, are classical optimization problems with simple bounds
that can be solved by a suitable optimization method, e.g. a variable metric method or trust-
region method, see e.g. [6]. The basic optimization method is an iteration process starting from
an initial pointx(0) and generating a sequence of pointsx(1),x(2), . . . such that

x(k+1) = x(k) +α(k)d(k),
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whered(k) is a direction vector andα(k) > 0 is a step-length. The direction vector is deter-
mined on the basis of valuesx( j), F(x( j)), F ′(x( j)), F ′′(x( j)), 0≤ j ≤ k, and the step-length is
determined on the basis of behavior of the functionF in the neighborhood ofx(k).

Unfortunately, the Hessian matrix ofF is dense which makes difficult to solve problems (4)
and (5), respectively, for largen by standard optimization methods. We will use of a special
structure of the problem and introduce algorithms that takeinto consideration this structure.

The problem of minimization (4) is simple and no significant difficulties arise. We need not
to know anything special about the solution and the following algorithm works well on the test
problems.

Algorithm 1 Solving problem (4).

1. Initiation: Set

pa = øai , pb = øbi, p =
pa + pb

2
, Amax = max{ai}, Bmin = min{bi},

si = 0 ∀i (indicator of the solutionx∗i : 0 - not found, 1 - found).

2. Test on intersection of all intervals: If Amax ≤ Bmin, then the solutionx∗i ∀i is an
arbitrary number in[Amax,Bmin] and F = 0.

3. Until we have not found allx∗i (i.e. ∃i such thatsi = 0):

(a) Iteration process: For i = 1. . .n such thatsi = 0 :
If p∈ [ai,bi], set xi = p; else if p < ai, set xi = ai; else setxi = bi.

(b) Reducing of all intervals: For i = 1. . .n such thatsi = 0 :
If ai < pa ≤ bi, set ai = pa; if bi > pb ≥ ai , set bi = pb.

(c) Test on components of the solution:For i = 1. . .n such thatsi = 0 :
If [ai,bi]∩ [pa, pb] = /0 or ai or bi, set ai = bi = x∗i = xi and si = 1.

4. Computation of new values:Set pold
a = pa, pold

b = pb and updatepa, pb.

5. Test on termination: If max{|pa− pold
a |, |pb− pold

b |} > ε (e.g. = 10−6), updatep and
goto Step 3. Otherwise setx∗i = xi for i such thatsi = 0.

2 The Problem of Maximization

The maximization problem is much harder than the minimization problem, so we will focus on
the theoretical analysis and find useful information concerning the solution. The solutionx∗ to
(5) lies on the vertex ofK, see the second apparent property above or Lemma 1 below. Thus in
the subsequent analysis we assume thatx∗ has componentsx∗i equal to eitherai or bi. First, we
will study what the solution must satisfy.

Lemma 1 The solution x∗ of (5) lies on the vertex of K, i.e. x∗ = (x∗1 . . .x∗n), where x∗i = ai or
x∗i = bi.

Lemma 2 The solution x∗ of (5) has the property that there exists at least one i and at least one
j, i 6= j such that x∗i = ai and x∗j = b j .

The following lemma says that no componentx∗i of the solutionx∗ is equal to the average value
x∗.
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Lemma 3 Let x∈ R
n and x be the average value of componenets x1 . . .xn. Suppose that

there exists an index j such that xj = x. Then if we take a component xj + τ instead of xj for
someτ 6= 0, we obtain a greater function value, i.e. F(x) < F(xτ), where

xτ = (x1 . . .x j−1, x j + τ, x j+1 . . .xn).

The following analysis concerns the differences among function values. The first lemma stands
for the most general case.

Lemma 4 Let x,y be arbitrary points. Denote pxy the average value of all points xi,yi, i =
1. . .n, and define the following sets:

Naa = {i : xi = ai , yi = ai},

Nab = {i : xi = ai , yi = bi},

Nba = {i : xi = bi , yi = ai},

Nbb = {i : xi = bi , yi = bi}.

It is evident that Naa∪Nab∪Nba∪Nbb = {1. . .n}. Then it holds

F(x)−F(y) = 2

[

∑
i∈Nba

di(ci − pxy)− ∑
i∈Nab

di(ci − pxy)

]

Suppose that we have some combination of pointsx1 . . .xn. Now we fix somej and ask if the
function value is greater forx j = a j or x j = b j .

Lemma 5 Let x∈ R
n and take an arbitrary index j. Denote pxi the average value of points

{xi}i 6= j . Then

F({xi}i 6= j ,b j)−F({xi}i 6= j ,a j) = 2
n−1

n
d j(c j − pxi)

The consequence is that:

F({xi}i 6= j ,b j) > F({xi}i 6= j ,a j) ⇔ c j > pxi ,

F({xi}i 6= j ,b j) < F({xi}i 6= j ,a j) ⇔ c j < pxi ,

F({xi}i 6= j ,b j) = F({xi}i 6= j ,a j) ⇔ c j = pxi .

The special case of this lemma is the following result.

Lemma 6 Consider sets{ai},{bi} and let j be an arbitrary index. Then

F({ai}i 6= j ,b j)−F({ai}) = 2d j(c j − pa−
1
2n

d j),

F({bi}i 6= j ,a j)−F({bi}) = 2d j(pb−c j −
1
2n

d j).

Both numbers on the right-hand side are equal if and only if cj = p := pa+pb
2 .

In general, if we compare both numbers on the right-hand side,we will derive relations

F({ai}i 6= j ,b j)−F({ai}) > F({bi}i 6= j ,a j)−F({bi}) ⇔ c j > p,
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F({ai}i 6= j ,b j)−F({ai}) < F({bi}i 6= j ,a j)−F({bi}) ⇔ c j < p,

F({ai}i 6= j ,b j)−F({ai}) = F({bi}i 6= j ,a j)−F({bi}) ⇔ c j = p.

As Lemma 2 says that the solution must contain at least one ai and at least one bj , the conse-
quence is that

a j can be replaced with bj if and only if pa < c j −
1
2nd j ,

b j can be replaced with aj if and only if pb > c j +
1
2nd j .

The following lemma gives the comparison of function valueson each side of the setK.

Lemma 7 It holds

F(a1, . . . ,an) < F(b1, . . . ,bn) ⇔ p < ∑(cidi)
∑di

,

F(a1, . . . ,an) > F(b1, . . . ,bn) ⇔ p > ∑(cidi)
∑di

,

F(a1, . . . ,an) = F(b1, . . . ,bn) ⇔ p = ∑(cidi)
∑di

.

Lemma 8 Let j be an arbitrary index. Then

F({ai}i 6= j ,b j) < F({bi}i 6= j ,a j) ⇔ (c j − p)d j < ∑i 6= j [(ci − p)di ],

F({ai}i 6= j ,b j) > F({bi}i 6= j ,a j) ⇔ (c j − p)d j > ∑i 6= j [(ci − p)di ],

F({ai}i 6= j ,b j) = F({bi}i 6= j ,a j) ⇔ (c j − p)d j = ∑i 6= j [(ci − p)di ].

Another approach to determine Lemma 5 consists in that we fix aset of points{xi}i 6= j and study
the function values on[a j ,b j ]. Denote

x j = a j + τ j(b j −a j) = a j + τ jd j , τ j ∈ [0,1].

Then we have

f (τ j) ≡ F({xi}i 6= j ,x j) = ∑
i 6= j

x2
i +(a j + τ jd j)

2−
1
n

(

∑
i 6= j

xi +a j + τ jd j

)2

f ′(τ j) = 2d j(a j + τ jd j)−
2
n

d j

(

∑
i 6= j

xi +a j + τ jd j

)

f ′(τ j) = 0 ⇔ τ∗j =
pxi −a j

b j −a j

f ′′(τ j) = 2
n−1

n
d2

j ⇒ f (τ∗j ) = min f (τ j)

From here we obtain properties mentioned in Lemma 5, that is

τ∗j < 0.5 ⇔ c j > pxi ⇔ F({xi}i 6= j ,b j) > F({xi}i 6= j ,a j)

τ∗j > 0.5 ⇔ c j < pxi ⇔ F({xi}i 6= j ,b j) < F({xi}i 6= j ,a j)

τ∗j = 0.5 ⇔ c j = pxi ⇔ F({xi}i 6= j ,b j) = F({xi}i 6= j ,a j)
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Remark 1 Function f(τ j) satisfies

f (τ j) =
n−1

n
d2

j τ2
j −2

n−1
n

d j(pxi −a j)τ j + ∑
i 6= j

x2
i +a2

j −
1
n

(

∑
i 6= j

xi +a j

)2

.

From Lemma 2 and Lemma 5 we can immediately determine some components of the solution.
Denote

pa
j = the average value of{ai}i 6= j , j = 1. . .n

pb
j = the average value of{bi}i 6= j , j = 1. . .n

pα = the average value of
{

{ai}i 6=k,bk
}

, wherek is such thatdk = mini{di}.

pβ = the average value of
{

{bi}i 6=k,ak
}

, wherek is such thatdk = mini{di}.

Then it holds

If c j < max{pa
j , pα}, then x∗j = a j .

If c j > min{pb
j , pβ}, then x∗j = b j .

If c j ∈ Pj = [max{pa
j , pα},min{pb

j , pβ}], an iteration process must be performed.

Now we give a preliminary algorithm for solving the maximization problem (5).

Algorithm 2 Solving problem (5).

1. Initiation: Set

pa = øai , pb = øbi , p =
pa + pb

2
, ci =

ai +bi

2
, di =

bi −ai

2n
, d = 2mindi,

si = 0 ∀i (indicator of the solutionx∗i : 0 - not found, 1 - found).

2. For i = 1. . .n such thatsi = 0 :

(a) Test on components of the solution:
If ci > pb−d, then x∗i = ai = bi and si = 1.
If ci < pa +d, then x∗i = bi = ai and si = 1.

(b) Otherwise –Iteration process:
If ci < p, then xi = ai and bi = min{bi , pa}.
If ci > p, then xi = bi and ai = max{ai , pb}.

(c) Otherwise –Possible reduction of intervals:
If ai < pa and pb < bi , then ai = pb or bi = pa.

3. Computation of new values:Set pold = p and updatepa, pb, p,ci,di,d.

4. Test on termination: If |p− pold|> ε (e.g. = 10−6), goto Step 2. Otherwise setx∗i = xi

for i such thatsi = 0.
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Example 1Let n = 3 and

[ai, bi] = [−3, 1], [−9/2, 3], [−1, 1/2]

It holds that
c1 = −1, d1 = 4, pa

1 = −11/4, pb
1 = 7/4

c2 = −3/4, d2 = 15/2, pa
2 = −2, pb

2 = 3/4

c3 = −1/4, d3 = 3/2, pa
3 = −15/4, pb

3 = 2

pα = −7/3, pβ = 1, p = −2/3

We do not have immediately any component of the solution because c j ∈ Pj ∀ j. The solution
satisfies

x∗ = (−3, 3, −1), øx∗i = −1/3, F(x∗) = 6.2

and the point just on the other sides of all interval satisfies

x̃ = (1, −9/2, 1/2), øx̃i = −1, F(x̃) = 6.16

The function values are located close together which makes problems for the algorithm to iden-
tify the right solution.

Example 2 This example shows efficiency of our method and also that using a standard op-
timization method (in this case the line-search approach from the UFO system [5]) the right
solution has not to be obtained. Letn = 40 and [ai, bi ] =

[−47.5, 28.75], [47.25, 91.75], [38.5, 81.5], [−53.5, 45], [−46.5, 93.5],

[−98.25, −40.75], [−34.5, −28], [51, 64], [−88.5, −71.5], [−93.75, −33],

[40.75, 95], [−47, 30.5], [−95.75, −25.25], [−34, −28.25], [−1.25, 34.5],

[16.5, 81.25], [−21.75, 39.75], [30.25, 80.25], [−14.5, −6], [−22.5, 1.25],

[−10, 7.75], [−81.5, −72.25], [−94, −18.75], [−65.5, 22], [−3.25, 83.25],

[−90.25, −77], [−24.75, −1.25], [42.5, 79.75], [−11, −5], [−19.5, 6.75],

[27.75, 57], [49.75, 85.5], [12.75, 90.75], [18.5, 85.5], [−93, −83],

[−95.75, −52], [−66, −61.25], [−77.5, −42.75], [−32.5, −13.5], [−42.25, 20].

In the following table, we present the obtained results withdifferences in bold.

x∗ using Algorithm 2 x∗ using standard optimization method
-47.5, 91.75, 81.5, 45, 93.5, 28.75, 91.75, 81.5, 45, 93.5,

-98.25, -34.5, 64, -88.5, -93.75, -98.25, -34.5, 64, -88.5, -93.75,
95, -47, -95.75, -34, 34.5, 95,30.5, -95.75, -34, 34.5,

81.25, 39.75, 80.25, -14.5, -22.5, 81.25, 39.75, 80.25, -14.5, -22.5,
7.75, -81.5, -94,-65.5, 83.25, 7.75, -81.5, -94,22, 83.25,

-90.25, -24.75, 79.75, -11,-19.5, -90.25, -24.75, 79.75, -11,6.75,
57, 85.5, 90.75, 85.5, -93, 57, 85.5, 90.75, 85.5, -93,

-95.75, -66, -77.5, -32.5,-42.25 -95.75, -66, -77.5, -32.5,20
F = 4911.99902, #iterations= 2 F = 4709.79625, #iterations= 41

Note that we have found the same solution as in [3] in the second iteration while their genetic
algorithm used several hundred iterations.
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Conclusion

In this contribution we have presented some theoretical results and preliminary algorithms for
computing variance of interval data described in the introduction. Although the problem can
be solved using various optimization methods combining direction vectors and the step-length,
developing a special algorithm is advantageous. Concerningthe maximization problem, the
solution satisfies useful properties which allow us to identify directly some components of the
solution. The main task is to properly deal with the case whenc j ∈Pj and develop more robust
algorithm to identify the right solution.
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PROBLÉM VARIABILITY INTERVALOV ÝCH DAT

V přı́sp̌evku se zab́yváme probĺemem variability intervalov́ych dat. Pro dańa intervalov́a data se
jedńa o nalezeńı dolńıch a horńıch meźı intervalu mǒzných hodnot jejich rozptylu. Toto vede na
probĺem minimalizace/maximalizace součtu čtverc̊u rozd́ılu složekn-dimensiońalńıho vektoru
a jejich pr̊uměrńe hodnoty. Jelikǒz je probĺem maximalizace mnohem obtı́žnějš́ı něz probĺem
minimalizace, uvedeme někteŕe teoreticḱe výsledky t́ykaj́ıćı seřěseńı. Taḱe uvedeme p̌redb̌ežné
algoritmy pro nalezeńı řěseńı obou probĺemů, kteŕe vyǔźıvaj́ı jejich specíalńı vlastnosti.

DAS PROBLEM DER VARIABILIT ÄT VON INTERVALLDATEN

In diesem Beitrag befassen wir uns mit dem Problem der Variabilit ät von Intervalldaten. Bei
den vorliegenden Intervalldaten handelt es sich um die Auffindung der Unter- und Obergrenzen
der m̈oglichen Werte ihrer Zerstreuung. Dies führt zum Problem der Minimalisierung/ Maxima-
lisierung der Summe der Quadrate des Unterschieds der Komponenten einesn-dimensionalen
Vektors und deren Durchschnittswert. Da das Problem der Maximalisierung viel schwieriger
ist das Problem der Minimalisierung, führen wir einige theoretische Ergebnisse an, welche mit
der Lösung zu tun haben, ebenso vorläufige Algorithmen zur Findung einer Lösung f̈ur beide
Probleme, welche deren speziellen Eigenschaften nutzen.

PROBLEM ZMIENNOŚCI DANYCH INTERWAŁOWYCH

W artykule przedstawiono problem zmienności danych interwałowych. W przypadku określo-
nych danych interwałowych chodzi o znalezienie dolnych i górnych granic interwału mȯzliwych
wartósci ich rozproszenia. W zwia֒zku z tym pojawia sie֒ problem minimalizacji/maksymalizacji
sumy kwadraŕow różnicy element́ow n-wymiarowego wektora oraz ich przecie֒tnej wartósci.
Problem maksymalizacji jest o wiele trudniejszy w porównaniu z problemem minimalizacji,
dlatego wskazano niektóre teoretyczne wnioski dotycza֒ce rozwi֒azania. Ponadto przedstawiono
wste֒pne algorytmy słu̇za֒ce do znalezienia rozwia֒zania obu probleḿow, które wykorzystuj֒a ich
szczeǵolne cechy.
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