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Abstract

In this contribution we will deal with the problem of varidiby of interval data. The issue

is to find lower and upper bounds for the interval of possildkies for the variance of given
interval data. This leads to the problem of minimizing/mmaizing the sum of squares of the
distance between the components ofthalimensional vector and their average value. As the
maximization is more difficult than the minimization, we peat here some theoretical results
concerning the solution. Furthermore, we introduce prielary algorithms for solving both
problems which take into consideration their special stme
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Introduction

In some cases, we have only intervisb;] of possible values of; instead of the actual value
X;. For example, measured values usually include some measotemor with known upper
bounds. Then, the actual value xfis unknown and we only know that its value is located
within the interval determined by the upper bound of the messent error. Therefore, we
should work rather with these intervals than with theselsinglues. Consequently, possible
values of their average and their variance are also intenf&r more details on interval data
see in [1]. While the computation of lower and upper boundsHeraverage of interval data is
straightforward, the computation of lower and upper boudsheir variance is significantly
complicated. In [4], it was proved that computing the vaceror interval data is NP-hard.
They also proposed algorithms with quadratic complexitydomputing the lower bound of
variance and for computing its upper bound in some specsdsaFurther interesting results
were recently published in [2, 3, 7]. In this contributione wresent some theoretical results
concerning the solution of a maximization problem and iedie preliminary algorithms for
solving both problems which use their special structure.
We considenintervals |; = [a,b;] and define

K=Ih®hb®lh®: -l (1)
We would like to find:

: 1
min __ i
XM = arg)@knnF(x), (2)



1
max __
Xt = arg)r(gﬁlxn F(x), 3)

n
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where F(x) = Z(XI —X)? with X = Zx. and the tensor produét of the given intervals
forms the feasible set of optimization problems (2) and (3).
Note that the functiofr can be written in the following forms:

n n (X1+ +Xn
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Problem (2) possesses a convex objective fundiipthus any local solution is also a global
one. In problem (3), the functioR is concave and the solution has to be a verteK ofThis
results in a rather different behavior. The analysis of $eisond case is discussed in Section 3.

There are several apparent properties:

S I

e If Njlj # 0 then there exist either one or infinitely many solution§)f All elements of
the solution are the same and belongib.

e The solution of (3) lies on the vertex &.

oltholdszl i —X) <Zl 2 forany d #X.

In this contribution we give some theoretical results ofppeons (2) and (3), respectively,
and outline the algorithms for seeking the solutions. We eahsider the following structure

of those problems:

XM — arg minF (), (4)
subjectto X € [a,b], i=1...n

X" arg rr)1(a>F (), (5)
subjectto X € [a,b], i=1...n

The following quantities are used throughout the paper:

C = a 2 I7
a+--+an _bit-+bn
— 0 Pp = -

d=b—a>0 1=1...n,

Pa =

1 The Problem of Minimization

Both problems (4) and (5), respectively, are classical apaition problems with simple bounds
that can be solved by a suitable optimization method, e.gariablie metric method or trust-
region method, see e.g. [6]. The basic optimization meth@uhiiteration process starting from
an initial pointx(¥) and generating a sequence of poixits, x@. ... such that

kD) x(  g(g)



whered® is a direction vector and' ¥ > 0 is a step-length. The direction vector is deter-
mined on the basis of valueg!), F (x))), F/(x()), F”(x()), 0 < j <k, and the step-length is
determined on the basis of behavior of the funcfioim the neighborhood of*).

Unfortunately, the Hessian matrix Bfis dense which makes difficult to solve problems (4)
and (5), respectively, for large by standard optimization methods. We will use of a special
structure of the problem and introduce algorithms that tateeconsideration this structure.

The problem of minimization (4) is simple and no significaificulties arise. We need not
to know anything special about the solution and the follapafgorithm works well on the test
problems.

Algorithm 1 Solving problem (4).

1. Initiation: Set

_ Pat+Pp
==

s =0Vi (indicator of the solutiorx": O - not found, 1 - found).

Pa=@a, Pp=2b, p A" =max{aj}, Bmin=min{bi},

2. Test on intersection of all intervals: If A™ < By, then the solution' Vi is an
arbitrary number ifA™® Bp,in] and F = 0.

3. Until we have not found akt’ (i.e. Ji such thats = 0):
(a) Iteration process: For i =1...n such thats =0:
If pela,bi], setx = p; elseif p<a, setx = a; else setx; = by.

(b) Reducing of all intervals: For i =1...n such thats =0:
If & < pa<hi, seta =pgy; if by > pp>a, setbh = pp.

(c) Test on components of the solutionFor i = 1...n such thats =0:
If [a&,bi]N[pa,pp) =0 or & or bj, setay=bj=x"=x ands =1

4. Computation of new values:Set p3 = p,, pdld = p, and updatea, po.

5. Test on termination: If max{|pa— p39|,|pp— p'Y|} > € (e.g. = 107°), updatep and
goto Step 3. Otherwise sef’ = x; for i such thats = 0.

2 The Problem of Maximization

The maximization problem is much harder than the minimaraproblem, so we will focus on
the theoretical analysis and find useful information conicgy the solution. The solutiox’ to
(5) lies on the vertex oK, see the second apparent property above or Lemma 1 below.iifhu
the subsequent analysis we assumexhats componentg” equal to eitheg; or b;. First, we
will study what the solution must satisfy.

Lemma 1 The solution X of (5) lies on the vertex of K, i.e)»= (x]...X;), where X =& or
Xi* = bi.

Lemma 2 The solution X of (5) has the property that there exists at least one i andastione
J, i # jsuchthat x =g and x]-*:bj.

The following lemma says that no componghbf the solutionx* is equal to the average value
X*,



Lemma 3 Let xe R" and X be the average value of componenets. . xx,. Suppose that
there exists an index j such thag % X. Then if we take a componen{ x 1 instead of x for
some T # 0, we obtain a greater function value, i.e.(§ < F(X;), where

Xr = (X1...Xj—1, Xj + T, Xj+1..-Xn)-

The following analysis concerns the differences amongtfanwalues. The first lemma stands
for the most general case.

Lemma 4 Let xy be arbitrary points. Denote,p the average value of all points;,y;, | =
1...n, and define the following sets:

Naa={i: X =a, i = a},
Nap={i: x =&, yi = bi},
Noa={i: xi =bi, yi =ai},
Npp={i: xi =hi, yi =bi}.
It is evident that NaUNapUNpaUNpp = {1...n}. Then it holds

F(x)—F(y)=2 di(Ci—pxy) — > di(ci—pyy)
Suppose that we have some combination of poits . x,. Now we fix somej and ask if the

function value is greater fox; = a; or xj = bj.

Lemma5 Let xe R" and take an arbitrary index j. Denote,pthe average value of points
{Xitizj- Then

F({Xi}izj:0j) —F({Xi}izj,8)) = 2%1 dj(cj —px)
The consequence is that:
F({x}izj,b) > F({x}izj,8) < ¢ >px,
F({x}izj, b)) <F({x}irj8) < ¢ <px;
F({xi}izj0j) = F({X}izj,8) < ¢j=px.
The special case of this lemma is the following result.

Lemma 6 Consider setga; },{bi} and let j be an arbitrary index. Then

F({aitizj,bj) —F({ai}) = 2dj(cj — pa—z—lndj),

F({bi}izj,a)) —F({bi}) = 2dj(pp—c; _2_1n

Both numbers on the right-hand side are equal if and only;if=q := P25
In general, if we compare both numbers on the right-hand sigewill derive relations

F({a}izj, b)) —F({a}) > F({bi}ixj,a)) —F({bi}) < c¢cj>p,

dj).



F({aitizj. b)) —F({ai}) <F({bi}lixj.a)) —F({bi}) < cj<np,
F({aitizj. b)) —F({ai}) = F({bi}lizj.a)) —F({bi}) < cj=p.

As Lemma 2 says that the solution must contain at least paedaat least one jj the conse-
quence is that

a;j can be replaced withbif and only if @ < ¢ — 2dj,
bj can be replaced withjaif and only if g, > c¢j + 2d;.
The following lemma gives the comparison of function valoasach side of the s&t

Lemma 7 It holds

F(as,...,a) <F(by,....bn) & p< 25

F(a,...,a) >F(by,....bn) & p>25

F(ag,...,an) =F(by,...,by) < p:Z%_

Lemma 8 Let j be an arbitrary index. Then
F({aitizj b)) <F({bi}izj,a) < (¢j—p)dj < Jigjlla—p)di,
F({aitizj bj) > F({bi}izja) < (¢j—p)dj > Yigjlc—p)di,
F({aitizj 0j) = F({bi}izjaj)) < (¢j—p)dj = Yigjl(c — p)di].

Another approach to determine Lemma 5 consists in that wesiét af points{x }i; and study
the function values ofa;, bj]. Denote

Xj =aj+Tj(bj —aj) =a;+15d;, T1;€[0,1].

Then we have

2
f(1j) = F({xi}i;éj,xj) = ;x,-er(aj +Tjdj)2—]ﬁ- <.;Xi + 4 +Tjdj>
1#£) 17

2
f'(1)) = 2dj(aj + 1;d;j) — ﬁdj <.;Xi +Q; —i—Tjdj)
J

* pXi _aJ
f/ i) = = —
(1j)=0 < T, b, —a

n—-1 “ :
f/(1j) = 2de2 = f(1}) =minf(T))
From here we obtain properties mentioned in Lemma 5, that is
rik<0.5 & Ci>py & F({Xlizj, b)) > F({X}izj,q)

T7>05 « c<py < F({Xlig,b) <F({x}izg),a)
1[=05 & cj=py < F({X}igbj)=F{X}izja)



Remark 1 Function f(t) satisfies

2
n—-1 n—-1 1
f(1;) = dezrjz—Zde(pxi —a;)T] +_;X,-2+aj2— - (;xi +aj> :
1) i)

From Lemma 2 and Lemma 5 we can immediately determine sompauents of the solution.
Denote

p{ = the average value ofa }i,j, j=1...n

p® = the average value ofbi }i4j, j=1...n

pa = the average value of {a;}i.«, bk}, wherekis such thatd, = min{d;}.

pp = the average value of {bi}; ., a}, wherekis such thatd, = min;{d;}.
Then it holds

If cj <max{p%,pa}, thenxj =a;.

If ¢j > min{p?,pg}, then xi = b;.

If cj € P = [max{pf, pa },min{ p'J@’, pg}], aniteration process must be performed.

Now we give a preliminary algorithm for solving the maximizma problem (5).

Algorithm 2 Solving problem (5).

1. Initiation: Set

_ PatPp . a+b | bi—a
B 2 27 - 2n

pa:@aia pb:ﬂbiv p d:2mindi,

s =0Vi (indicator of the solutiox": 0 - not found, 1 - found).
2. Fori=1...n suchthats =0:

(a) Test on components of the solution:
If ¢ >pp—d, thenx'=a =b; and s =1.
If ¢ci <pa+d, thenx'=bj=g ands =1.

(b) Otherwise -Hteration process:
If ¢ <p, thenx; =g and bj = min{b;, pa}.
If ¢ > p, thenx; =b; and a = max{a;, pp}-
(c) Otherwise -Possible reduction of intervals:
If a < pa and pp < b, then a = py or by = pa.

3. Computation of new values:Set p®d = p and updatea, py, p, G, d;, d.

4. Teston termination: If |p—p%9| > ¢ (e.g. = 10°9), goto Step 2. Otherwise st = x;
for i such thats = 0.



Example 1Let n=3 and
[aiv bl] = [_37 l]a [_9/2a 3]7 [_17 1/2]
It holds that
c=-1 di=4 pi=-11/4 pi=7/4
C2=-3/4, dp=15/2, pi=-2, p3=3/4
ca=-1/4, d3=3/2, pj=-15/4, p3=2
Pa=-7/3, pp=1 p=-2/3

We do not have immediately any component of the solutionsea; € P; Vj. The solution

satisfies
X'=(-3,3 -1, ox=-1/3, F(x')=62

and the point just on the other sides of all interval satisfies
%$=(1, -9/2,1/2), @%=-1, F(X)=6.16
The function values are located close together which matasegms for the algorithm to iden-

tify the right solution.

Example 2 This example shows efficiency of our method and also thatgugistandard op-
timization method (in this case the line-search approasi fthe UFO system [5]) the right
solution has not to be obtained. Lat=40 and [a;, bj] =

[~475, 28.75], [47.25, 91.75), [385, 815, [-535, 45, [~46.5, 935,

[~98.25 —40.75], [-34.5, —28§], [51, 64], [-885, —715], [-93.75, —33,
[40.75, 95, 47, 30.5], [~95.75, —25.25], [-34, —28.25], [~1.25, 34.5],
(165, 81.25], [-21.75, 39.75), [30.25, 80.25], [~14.5, —6], [-22.5, 1.25],
[—10, 7.75], [-815, —72.25], [-94, —18.75], [-655, 22, [—3.25, 83.25),
[~90.25, —77], [-24.75, —1.25), [425, 79.75), [-11, —5|, [-19.5, 6.75),
[27.75, 57], [49.75, 85.5], [12.75, 90.75], [18.5, 85.5), [-93, —83,
[~95.75, —52], [~66, —61.25|, [-77.5, —42.75], [-325, —13.5), [~42.25, 20].

In the following table, we present the obtained results wifferences in bold.

X" using Algorithm 2 X* using standard optimization method
-47.5 91.75, 81.5, 45, 93.5, 28.7591.75, 81.5, 45, 93.5,
-98.25, -34.5, 64, -88.5, -93.75,  -98.25, -34.5, 64, -88.5, -93.75,
95,-47,-95.75, -34, 34.5, 95,30.5 -95.75, -34, 34.5,
81.25, 39.75, 80.25, -14.5, -22.5, 81.25, 39.75, 80.25, -14.5, -22.5,
7.75, -81.5, -9465.5 83.25, 7.75, -81.5, -9422, 83.25,
-90.25, -24.75, 79.75, -11]19.5 -90.25, -24.75, 79.75, -18,75
57, 85.5, 90.75, 85.5, -93, 57, 85.5, 90.75, 85.5, -93,
-95.75, -66, -77.5, -32.542.25 -95.75, -66, -77.5, -32.20
F =491199902 #iterations= 2 F =470979625 #iterations= 41

Note that we have found the same solution as in [3] in the sti@eration while their genetic
algorithm used several hundred iterations.



Conclusion

In this contribution we have presented some theoreticaltseand preliminary algorithms for

computing variance of interval data described in the iniotidn. Although the problem can

be solved using various optimization methods combiningatfion vectors and the step-length,
developing a special algorithm is advantageous. Concelthiagnaximization problem, the

solution satisfies useful properties which allow us to idgmtirectly some components of the
solution. The main task is to properly deal with the case wbgea P; and develop more robust

algorithm to identify the right solution.
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PROBLEM VARIABILITY INTERVALOV YCH DAT

V prispévku se zafivame probdmem variability intervalogch dat. Pro daaintervalova data se
jedna o nalezeindolnich a horiich mez intervalu ma@nych hodnot jejich rozptylu. Toto vede na
probem minimalizace/maximalizace sttu ¢tverdl rozdlu slozek n-dimensio@lniho vektoru

a jejich ptimérné hodnoty. Jelikb je probEm maximalizace mnohem ébnejsi nez probem
minimalizace, uvedemeskteg teoreticle wsledky Ykajici sefeSen. Take uvedemeiedbEzne
algoritmy pro nalezeifeSeri obou probéml, ktele vyuzivaiji jejich specalni viastnosti.

DAS PROBLEM DER VARIABILIT AT VON INTERVALLDATEN

In diesem Beitrag befassen wir uns mit dem Problem der Vditiabvon Intervalldaten. Bei
den vorliegenden Intervalldaten handelt es sich um die Adifing der Unter- und Obergrenzen
der mbglichen Werte ihrer Zerstreuung. Diegft zum Problem der Minimalisierung/ Maxima-
lisierung der Summe der Quadrate des Unterschieds der Koenpen eines-dimensionalen
Vektors und deren Durchschnittswert. Da das Problem derimvtgisierung viel schwieriger

ist das Problem der Minimalisierungjtiren wir einige theoretische Ergebnisse an, welche mit
der Losung zu tun haben, ebenso awfige Algorithmen zur Findung eineidkung tir beide
Probleme, welche deren speziellen Eigenschaften nutzen.

PROBLEM ZMIENNOSCI DANYCH INTERWALOWYCH

W artykule przedstawiono problem zmiersoodanych interwatowych. W przypadku okle-
nych danych interwatowych chodzi o znalezienie dolnyobringch granic interwatu maiwych
wartdsciich rozproszenia. W zaizku z tym pojawia & problem minimalizacji/maksymalizacji
sumy kwadradw roznicy elemertiw n-wymiarowego wektora oraz ich przetnej wart&ci.
Problem maksymalizaciji jest o wiele trudniejszy w @enaniu z problemem minimalizaciji,
dlatego wskazano niebtte teoretyczne wnioski dotyaze rozwazania. Ponadto przedstawiono
wstepne algorytmy stzace do znalezienia rozazania obu probledw, ktore wykorzystug ich
szcze@lne cechy.



