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Abstract

The subject of the presented paper is a mathematical analysis and numerical solution of the sys-
tem of nonlinear nonstationary reaction-diffusion equations. Firstly, using the invariant region
technique, the proof of both the existence and uniqueness ofthe solution and problem data con-
tinuous dependence is carried out. After time discretization of the problem the Galerkin finite
elements method is applied and a priori error estimates of the method are derived. A suitable
mesh adaptivity is discussed as well. The method is finally implemented and tested on several
examples.
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Introduction

Reaction-diffusion equations provide an efficient mathematical model for description of changes
in concentration of one or more substances under an influenceof two basic physical (and chemi-
cal) processes - diffusion and reaction. Using these equations one can also describe several
mechanisms that occure in nature (see [5]). One of them is theevolution of bacteria popula-
tions.

Let us denoteui = ui(x, t), i = 1,2, . . . ,N, concentrations ofN types of bacteria at timet and
placex, then the mathematical model of the evolution of bacteria populations is described by
the system of nonlinear nonstationary reaction-diffusionequations (see [6],[7],[8])

∂ui

∂ t
= Di ∆ui +

(

r i −
N

∑
j=1

ai j u j

)

ui, in QT , i = 1,2, . . . ,N, (1)

whereQT = Ω× (0,T) andDi, r i > 0,ai j ≥ 0 are given constants. For each functionui , i =
1,2, . . . ,N, we also prescribe initial and boundary conditions

ui(x,0) = u0i(x) in Ω, (2)
∂ui

∂n
= gi on ΓN × (0,T), (3)

ui = uDi on ΓD × (0,T), (4)
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whereu0 : Ω → R
N, g: ΓN × (0,T) → R

N anduD : ΓD × (0,T) → R
N are given functions and

ΓN, ΓD are parts of the boundary∂Ω such thatΓN ∪ΓD = ∂Ω andΓN ∩ΓD = /0.

1 Weak Formulation

Let us denoteI = (0,T) and suppose that for eachi = 1,2, . . . ,N, there exist functions̃uDi ∈
L2(I ,H1(Ω))∩ L∞(I ,L2(Ω)) with ũ′Di ∈ L2(I ,H−1(Ω)) such that for almost allt ∈ I holds
ũDi(t)|ΓD = uDi(t) in the sense of traces. Further, letgi ∈ L2(I ,L2(ΓN)) andu0i ∈ L2(Ω) for
eachi = 1,2, . . . ,N and in order to exclude trivial solutions let us also supposethat for each
i = 1,2, . . . ,N, one has‖u0i‖2 ≥ mi > 0.

If we then define V = {v ∈ H1(Ω)| v = 0 on ΓD in the sense of traces}, we call
uuu ∈ L∞(I ,L2(Ω))N ∩ L2(I ,H1(Ω))N the weak solution of the problem (1) provided that for
eachi = 1,2, . . . ,N, holds

• dui
dt ∈ L2(I ,V∗),

• ui(0) = u0i,

• ui(t)− ũDi(t) ∈V for almost allt ∈ I

• and for eachv∈V and almost allt ∈ I holds
(

dui
dt (t),v

)

+Di(∇ui(t),∇v) =
(

(r i −
N
∑
j=1

ai j u j(t))ui(t),v
)

+Di(gi ,v)ΓN .

This formulation can be easily derived using integration and Green’s theorem.

2 Existence and Uniqueness

The existence and uniqueness of the solution of the problem (1) follow from the boundedness of
this solution. The boundedness of the solution of the problem (1) can be proved by construction
of the invariant region(see [4] or [10]).

Definition 1. The invariant region of the problem (1) is every closed setΣ ⊂ R
N with the pro-

perty

uuu0,uuuD ∈ Σ for all t ∈ [0,T], x∈ Ω ⇒ uuu(x, t) ∈ Σ for all t ∈ [0,T], x∈ Ω. (5)

Let us denotefi(zzz) =
(

r i −∑N
j=1ai j zj

)

zi. If one wants to certify thatΣ is the invariant

region of the problem (1), it is sufficient (see [10]) to provethat for eachzzz∈ ∂Σ the vector
fff (zzz) points inside the setΣ. Consideringaii > 0 for eachi = 1,2, . . . ,N, we can defineΣ =
×N

i=1[0,Mi], whereMi > max{‖u0i‖∞, ‖uDi‖∞, r i/aii}. Consequently, for everyzzz∈ ∂Σ there
existsi ∈ {1,2, . . . ,N} such thatzi = 0 orzi = Mi and thus we can denotezzziL ,zzziR ∈ ∂Σ such that
ziL
i = 0 andziR

i = Mi. Finally, it is obvious, that vectorsfff (zzziL), fff (zzziR) points inside the setΣ if
and only if fi(zzziL) > 0 and fi(zzziR) < 0. In the second case one has

fi(zzz
iR) =






r i −

N

∑
j=1
j 6=i

ai j z
iR
j −aii Mi






Mi < −Mi

N

∑
j=1
j 6=i

ai j x
iR
j ≤ 0, (6)

while in the first case holds

fi(zzz
iL) = (r i −

N

∑
j=1
j 6=i

ai j z
iL
j −aii .0) ·0 = 0. (7)
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Thus the vectorfff (zzziL) is tangent to∂Σ and does not points inside the setΣ. Nevertheless, this
drawback can be removed by showing that the problem (1) isf-stable.

Definition 2. We call the problem (1) f-stable, if there exists a sequence of functions{ fff m}
∞
k=1

such that‖ fff − fff m‖C 1(Σ)N
m→∞
−→ 0 implies‖uuu−uuum‖C (I ,L2(Ω))N

m→∞
−→ 0, where uuu is the solution of

the problem (1) with the function fff on the right-hand side and uuum is the solution of the problem
(1) with the function fff m on the right-hand side.

Remark 1. The f -stability of the problem (1) can be shown using the sequence fff m satisfying

fm,i(zzz) = fi(zzz)+ ‖u0i‖2−zi
m .

Theorem 1. (Existence, uniqueness and data continuous dependence) Let the functions uuu0, ũuuD

and ggg satisfy assumptions from the previous section. If the problem (1) is f-stable, then there
exists a unique solution uuu of the problem (1) and positive constants Bi = Bi(T), i = 1,2,3,
independent from uuu, such that :

sup
t∈[0,T]

‖uuu(t)‖2
2 ≤ B1 K (uuu0, ũuuD,ggg), (8)

T
∫

0

‖∇uuu(t)‖2
2dt ≤ B2 K (uuu0, ũuuD,ggg), (9)

T
∫

0

‖(uuu)′(t)‖2
−1,2dt ≤ B3 K (uuu0, ũuuD,ggg), (10)

where

K (uuu0, ũuuD,ggg) = ‖uuu0‖
2
2 + sup

t∈[0,T]

‖ũuuD(t)‖2
2 +

T
∫

0

‖ũuu′D(t)‖2
−1,2 +‖ũuuD(t)‖2

1,2 +‖ggg(t)‖2
2,ΓN

dt. (11)

Proof. Sketch of the proof: Sinceuuu is bounded,fff (uuu) is Lipschitz-continuous and the existence
and uniqueness come from the Banach fix-point theorem and Gronwall’s lemma respectively.
Estimates (8)-(10) can be derived from the weak formulationusing Young’s inequality.

Previous theorem also implies that for sufficiently smooth data (K (uuu0, ũuuD,ggg) < ∞), the
solution of the problem (1) belongs toC ((0,T),L2(Ω)).

3 Numerical Solution

Let us choosep∈ N, denoteτ = T/p and define a partition of the interval[0,T]: tk = kτ, for
k = 0,1, . . . , p. Further, let us denoteuk

i (x) = ui(x, tk), gk
i (x) = gi(x, tk) anduk

Di(x) = uDi(x, tk),
for i = 1,2, . . . ,N andk = 1,2, . . . , p. We also supposeu0

i (x) = u0,i(x) for i = 1,2, . . . ,N and

approximate the time derivative using the backward difference, i.e. u′i(x, tk+1) ≈
uk+1

i (x)−uk
i (x)

τ
for k = 0,1, . . . , p−1.

Then the time-discretization (see [9]) of the problem (1) reads: For eachk = 0,1, . . . , p−1
find a functionuuuk+1 : Ω → R

N such that for eachi = 1,2, . . . ,N, holds

uk+1
i −uk

i

τ
= Di ∆uk+1

i +

(

r i −
N

∑
j=1

ai j u
k
j

)

uk+1
i in Ω, (12)

∂uk+1
i

∂n
(x) = gk+1

i (x) = gi(x, tk+1) on ΓN, (13)

uk+1
i (x) = uk+1

Di (x) = uDi(x, tk+1) on ΓD, (14)

122



where we used linearizationuk
ju

k+1
i ≈ uk+1

j uk+1
i . Consequently, the corresponding weak for-

mulation of the problem (12)-(14) reads: For eachk = 0,1, . . . , p−1 andi = 1,2, . . . ,N, find
uk+1

i ∈ H1(Ω) such that

• uk+1
i − ũk+1

Di ∈V

• and for allv∈V holds
( 1

τ − r i
)

(uk+1
i ,v)+Di(∇uk+1

i ,∇v)+
N
∑
j=1

ai j (uk
ju

k+1
i ,v) = 1

τ (uk
i ,v)+Di(g

k+1
i ,v)ΓN .

3.1 Finite Elements Method

Let us define the triangulationTh of the domainΩ consisting of a finite number of triangular
elementsKi and satisfyingKi ∩K j ∈ { /0, a common vertex, edge or face} for eachK j ,Ki ∈ Th

(see [1]). Further, let us define a finite-dimensional spaceXh = {vh ∈C(Ω)| vh|K ∈ P1(K) ∀K ∈
Th} ⊂ H1(Ω) and define alsoVh = Xh∩V.

If we denote{ϕm
h }

Nh
m=1 the basis of the spaceVh anduk

hDi ∈ Xh theXh-interpolation ofũk
Di ,

we can define the solution of (12)-(14) obtained by the finite elements method asuk
hi = uk

hDi +

∑Nh
m=1ck

i,mϕm
h , whereck

i,m ∈ R, i = 1,2, . . . ,N. The functionuk
hi then satisfies

• uk+1
hi −uk+1

hDi ∈Vh

• and for alls= 1,2, . . . ,Nh holds
Nh

∑
m=1

bk
i,smck+1

i,m = f k
i,s, where

bk
i,sm =

(

1
τ
− r i

)

(ϕm,ϕs)+Di(∇ϕm,∇ϕs)+
N

∑
j=1

ai j (u
k
jϕm,ϕs) and (15)

f k
i,s =

1
τ
(uk

hi,ϕs) + Di(g
k+1
i ,ϕs)ΓN −

−

(

1
τ
− r i

)

(uk+1
hDi ,ϕs) − Di(∇uk+1

hDi ,∇ϕs) −
N

∑
j=1

ai j (u
k
h ju

k+1
hDi ,ϕs). (16)

Thus one can compute a vectorck+1
i = (ck+1

i,s )Nh
s=1 by solving the system of linear equations

B
k
i ck+1

i = f k
i with a matrixB

k
i = (bk

i,sm)Nh
s,m=1 and a right-hand sidef k

i = ( f k
i,s)

Nh
s=1.

3.2 Mesh Adaptivity

When using some advanced techniques (e.g. [2]) for mesh-adaptation, we have to combine the
properties of allN functions and thus it is necessary to construct one functionthat is a ”com-
bination” of them. This function should change its value rapidly wherever any ofN functions
changes its value rapidly. One can construct such a functionfor instance in a following way: At
each nodePj of the triangulationTh let us order all valuesuk

hi(Pj), i = 1,2, . . . ,N, in such a way
thatuk

him
(Pj) ≥ uk

him+1
(Pj) for m= 1,2, . . . ,N−1. Then the value of the compound functionψk

h
atPj is defined by

ψk
h(Pj) =

N

∑
m=1

(−1)m+1uk
him(Pj). (17)

However, one has to also choose a suitable projection between a new and the old mesh. This
projection can reduce an order of convergence or even resultin a nonconsistency of the method.
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4 Error Analysis

While solving partial differential equations numerically,one has to estimate the error of applied
numerical method. The required estimates are provided by the following theorem (see [3]).

Theorem 2. Letτ ∈
(

0, 1
ρ+‖A‖∞M

)

, whereρ = maxi r i, M = maxi Mi and‖A‖∞ = maxi ∑N
j=1ai j .

Further, let ui,u′i ∈ L∞(0,T,Hs+1(Ω)), u′′i ∈ L∞(0,T,L2(Ω)) and gi ∈ L∞(0,T,Hs+1(ΓN)) for
each i= 1,2, . . . ,N, and any s≥ 0. Then there exist constants CL,CH > 0 independent fromτ,h
andβ = maxi Di, such that

‖eeeh‖
2
S ,∞ = max

0≤k≤p
‖eeek

h‖
2
S = max

0≤k≤p
0≤i≤N

‖ek
hi‖

2
2 ≤ CL

(

τ2 +βh2s+h2(s+1) +β 2h2(s+1)
)

,

|eeeh|
2
S ,2 = max

0≤i≤N

(

τDi

p

∑
k=0

|ek
hi|

2
1

)

≤ CH

(

τ2 +βh2s+h2(s+1) +β 2h2(s+1)
)

.

The Theorem rests upon division of the error into two parts. The estimate of the discretiza-
tion error comes from the approximative properties of the finite element spaces. The error of
the numerical method is estimated using Young’s inequalityand boundedness ofuuuh and time
derivatives ofuuu.

5 Numerical Results

5.1 Example 1 - Neumann Boundary Conditions

In Ω = [0,1]2 we solve a problem (12)-(14) withN = 3, ΓD = /0 and coefficientsDi = 10−4 and
r i = 1, for i = 1,2 a 3. In additiona11 = a22 = a33 = 1, a12 = a23 = a31 = 2 anda21 = a13 =
a32 = 7. Initial conditions are chosen in such a way thatu0i = χMi , for i = 1,2,3, where

M1 = {(x,y) ∈ Ω| (x−0.23)2 +(y−0.2)2 ≤ (1/4)2}, (18)

M2 = {(x,y) ∈ Ω| (x−0.67)2 +(y−0.75)2 ≤ (1/5)2}, (19)

M3 = {(x,y) ∈ Ω| (x−0.75)2 +(y−0.5)2 ≤ (3/10)2}. (20)

The invariant region of this problem is a block[0,M1]× [0,M2]× [0,M3], whereMi =
max{‖u0i‖∞,1}= 1 for i = 1,2,3. Further, we chooseT = 100 withp= 200 and thusτk = 0.5.
Neumann boundary conditions are homogeneous, i.e.gk

i = 0, for i = 1,2,3 andk = 0,1, . . . , p.
The interpolation of the initial condition and a solution computed atT = 100 are depicted on
Figures 1 and 2.

5.2 Example 2 - Dirichlet Boundary Conditions

In Ω = [0,1]2 we solve a problem (12)-(14) withN = 3, ΓN = /0 and coefficientsDi = 10−4 and
r i = 1, for i = 1,2,3. In additiona11 = a22 = a33 = 1, a12 = a23 = a31 = 2 anda21 = a13 =
a32 = 7. Initial conditions are chosen in such a way thatu0i = χMi , for i = 1,2,3, where

M1 = {(x,y) ∈ Ω| 9(x−0.4)2 +25(y−0.65)2 ≤ 1}, (21)

M2 = {(x,y) ∈ Ω| (x−0.67)2 +(y−0.65)2 ≤ (1/5)2}, (22)

M3 = {(x,y) ∈ Ω| (x−0.6)2 +(y−0.4)2 ≤ (3/10)2}. (23)

We chooseT = 50 with p = 100 and thusτk = 0.5. Dirichlet boundary conditions are
uk

Di(x,y) = y, for all i = 1,2,3 andk = 0,1, . . . , p.
Since‖uk

Di‖∞ = 1, the invariant region of this problem is the same as the previous one. The
interpolation of the initial condition and a solution computed atT = 50 are depicted on Figures
3 and 4.
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Fig. 1. The interpolation of the initial condition of Example 1 on anisotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 2724 elements, 1301 nodes)
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Fig. 2. The solution of Example 1 computed at T= 100on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 3694 elements, 1899 nodes)
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Fig. 3. The interpolation of the initial condition of Example 2 on anisotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 1760 elements, 3501 nodes)
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Fig. 4. The solution of Example 2 computed at T= 50 on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 5021 elements, 9830 nodes)

Conclusion

We have successfully derived and tested a numerical method for solving reaction-diffusion
equations. We have also proven that for sufficiently smooth and suitable data the solution of the
equations is continuous and belongs to the spaceC ((0,T),L2(Ω)). For numerical solution we
have used the Galerkin finite elements method and derived a priori error estimates on isotropic
meshes. We have used adaptively refined meshes as well, however, the error estimates are no
longer valid on them. In order to obtain error estimates on adapted meshes a better projection
should be used.
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NUMERICKÉ ŘEŠEŃI REAKČNĚ-DIFUZNÍCH ROVNIC

Obsahem p̌redlǒzeńe pŕace je matematicḱa anaĺyza a numericḱe řěseńı soustavy nelinéarńıch
nestaciońarńıch difuzňe-reaǩcńıch rovnic. Nejprve je s vyǔzitı́m invariantńıho regionu prove-
den d̊ukaz existence a jednoznačnosti řěseńı a spojit́e źavislosti na datech́ulohy. Počasov́e
diskretizaci probĺemu je aplikov́ana Galerkinova metoda konečných prvk̊u a odvozeny apriornı́
odhady chyby numericḱe metody. Rovňež je diskutov́ana vhodńa adaptace použitých triangu-
laćı. Na źavěr je ceĺa metoda implementována a otestov́ana na r̊uzńych p̌rı́kladech.

NUMERISCHEL ÖSUNG REAKTIONSDIFFUSERGLEICHUNGEN

Der Inhalt der vorgelegten Arbeit besteht in der mathematischen Analyse und der numerischen
Lösung des Systems nichtlinearer nicht stationärer reaktionsdiffuser Gleichungen. Zunächst
wird unter Verwendung einer invarianten Region der Beweis derExistenz und der Eindeutigkeit
der Lösung und der kontinuierlichen Abhängigkeit von den Daten der Aufgabe erbracht. Nach
einer zeitlichen Diskretisierung des Problems wird die Galerkin-Methode der finiten Elemente
angewandt und es werden A-priori-Schätzungen des Fehlers der numerischen Methode abgelei-
tet. Ebenfalls wird eine geeignete Adaption der gebrauchten Triangulationen diskutiert. Zum
Abschluss wird die gesamte Methode implementiert und an verschiedenen Beispielen getestet.

NUMERYCZNE ROZWIA֒ZYWANIE R ẂNAŃ REAKCYJNO-DYFUZYJNYCH

Przedmiotem niniejszego opracowania jest analiza matematyczna oraz numeryczne rozwia֒zanie
układu nieliniowych ŕownán niestacjonarnych dyfuzyjno-reakcyjnych. W pierwszej kolejnósci
przy wykorzystaniu niezmiennego regionu przeprowadzono dowód na istnienie i jednoznaczność
rozwia֒zania oraz ci֒agła֒ zalėznósć od danych zadania. Po czasowej dyskretyzacji problemu zas-
tosowano metod֒e Galerkina elementów skónczonych oraz oszacowano a priori bła֒d metody nu-
merycznej. Oḿowiono tak̇ze odpowiedni֒a adaptacje֒ zastosowanych triangulacji. W zakończe-
niu przedstawiono zastosowanie całej metody i sprawdzono ja֒ na ŕożnych przykładach.
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